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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 91 |. This is test number [ 102 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are

not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed
Rubi % 100. (91) %0.(0)
Mathematica | % 98.9 ( 90 ) %11 (1)
Maple %91.21 (83) | %8.79 (8)
Maxima % 81.32 (74) | % 18.68 (17 )
Fricas %91.21 (83 ) | %8.79 (8)
Sympy %549 (5) | %94.51 (86)
Giac % 83.52 (76) | % 16.48 (15)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 67.03 28.57 3.3 11
Maple 73.63 17.58 0. 8.79
Maxima 68.13 13.19 0. 18.68
Fricas 38.46 52.75 0. 8.79
Sympy 5.49 0. 0. 94.51
Giac 57.14 26.37 0. 16.48




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.32 136.4 0.95 109. 1.

Mathematica 2.34 277.16 1.88 162. 1.63
Maple 0.09 222.58 1.48 141. 1.32
Maxima 1.23 239.86 1.61 151.5 1.43
Fricas 2.35 672.3 5.02 444, 4.75
Sympy 0.26 27.2 0.69 31. 0.65
Giac 1.7 685.49 6.92 243.5 2.15
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1.4 list of integrals that has no closed form an-
tiderivative

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.



11

1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi
A grade: ([} 2,63, B, B0, [0, 2. 16,7 T8[9 20,21, 22,23
B7,38,[89 43| /44 7,48 4960, 1} pT, 53
@@@L@@@@@L@L@@@@L
[84,[85186187,88}89}90},91] }
B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { [1)2B)0, 56,810} [T} T2 3} ) 5,617 1)
[7, 9, 50} 51} 52, 53, 54,65, 56} 57} 58, 59} 60} 6T} 62} 63} (64 63 67} 633
§5,80,57,65, 89,60, 01

B grade: {70} 22 7 26,27 28, 0 52 ) 5, 7 5 3, ) 68 60 704 71 75, 7 7
84}

C grade: {}
F grade: {

l\D
B
R
B
B
EE
B
B
2

15
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2.1.3 Maple

A grade: { [T} 3,5} 6} B0} 0} TT} T2 20|[21) [22) [23) 25} 26,27, 28 29)
(5T} 32} 34} 35} 35 37 B, 59, 0, 4T} 43} 43} 45} 46 7 48} 419} 50} 5T} 53, o3, 596064
66} 70} (71} [72} 75} 76} 77} 78} 83} 88},89},90},01

B grade: (2720 532 52 4, 61} 62,63 6 68 69, 73, 74

C grade: { }

F grade: {[79}[80} {81} [82}[84}[85}[86} 87}

=
@
A
EX
g
B
E
[
2z
2

2.1.4 Maxima

A gade: (B IO T 9 T 019 10 ) TR 1 ) 1, 3
[331[34}35}[36}[37}[38}[39} [40} 41} [42} [43} [44} [45} |46} [47} [48} [49}[50}
[72}[75}[76}[77,[83} 88} 189,00} 1]

B grade: {[5}[71}[61}[62}[63}[67} (68} (69} [73} 74 [78) }

C grade: { }

F grade: { [1}[2 B} 4} T} b3} 55} 56} 58} [79} {80} 81} 82, B4 83} 8G}, 87 }

21.5 FriCAS
A grade: { [T} 2| B4} 6l [L1) [12) 13} 14} 15| p2} 23} 24 [25}32] 83} B4} |85} A1} 2} [43) [£4} 45} (47} 50} b
(6243164} 57,83, 88,8990, 91]}

B grade: { 5,780, [10}/16} 7 [ 104 20| 21,26, 27) 25,2 0L 5 56,7, 85 5[} 16 15,
555658 59, 60, 01 62,62 64 65, 60 7 08, 69 70, 71 (72 73, 7, 73, 7O, 78

C grade: { }

F grade: { [79 80,81} {82} [84}[85}[86}87}

E
B
%g

3
Els
%E

5
Bl
EIE
=

~J

21.6 Sympy
A grade: (2B, B9

B grade: { }
C grade: {}

@m-mmm@m@ml@llll
[7,88,00,01)
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2.1.7 Giac

A grade: (155,100 7 20, 1) 2627, 25250 55, 55,50 0, 5 ) 7
[48,[49; 150} 51} 53} 55, (56}, (57} 58, 59} 60463, (64} (65} (66, (704 713,72, [75}[763,[77} 78,88} {89 [90, 1] }

B grade: { 2[4 [7,0}[12}[13} 1415} [18}[22}[24} 25} 33} 37, [42} [2} >4} 61} (62, [67} (68} 09} 73} 74}

C grade: { }

F grade { [T} 23,32 57 13} 70} B0, 1) B2 83,1, 85 86,7

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — ,
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 67 66 0 136 51 72
normalized size | 1 1. 0.86 0.85 0. 1.74 0.65  0.92
time (sec) N/A 0.066 0.08 0.075 0. 2.065 0.395 1.306
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 51 81 0 101 37 96
normalized size | 1 1. 1.76 2.79 0. 3.48 1.28 331
time (sec) N/A 0.137 0.019 0.051 0. 2.061 0.289 1.298
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Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 39 47 0 89 31 55
normalized size | 1 1. 0.78 0.94 0. 1.78 0.62 11
time (sec) N/A 0.054 0.091 0.041 0. 2125 0425 1.341
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 19 19 33 47 0 47 17 45
normalized size | 1 1. 1.74 2.47 0. 247 089 237
time (sec) N/A 0.089 0.012 0.035 0. 1.994 0174 1.34
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 16 31 21 38 73 0 30
normalized size | 1 1. 1.94 1.31 2.38 4.56 0. 1.88
time (sec) N/A 0.086 0.016 0.033 1.478  2.205 0. 1.333
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 18 18 15 20 23 78 0 24
normalized size | 1 1. 0.83 111 1.28 4.33 0. 1.33
time (sec) N/A 0.033 0.019 0.033 1.404 2.02 0. 1.32
Problem 7, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 24 24 75 42 80 232 0 63
normalized size | 1 1. 3.12 1.75 3.33 9.67 0. 2.62
time (sec) N/A 0.132 0.022 0.039 1.246 2133 0. 1.385
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Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 19 19 29 15 16 109 0 16
normalized size | 1 1. 1.53 0.79 0.84 5.74 0. 0.84
time (sec) N/A 0.039 0.018 0.038 1.366  1.996 0. 1.417
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 40 40 139 58 112 424 0 85
normalized size | 1 1. 3.48 1.45 2.8 10.6 0. 2.12
time (sec) N/A 0.151 0.023 0.043 1.301  2.139 0. 1.402
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 37 37 41 28 32 176 0 32
normalized size | 1 1. 1.11 0.76 0.86 4.76 0. 0.86
time (sec) N/A 0.047 0.019 0.041 1.363  1.987 0. 1.388
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 101 101 103 113 123 267 0 0
normalized size | 1 1. 1.02 1.12 1.22 2.64 0. 0.
time (sec) N/A 0.076 0.032 0.041 1.389  2.277 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 83 83 82 92 117 189 0 1439
normalized size | 1 1. 0.99 111 1.41 2.28 0. 17.34
time (sec) N/A 0.168 0.079 0.033 2159  2.359 0. 1.7
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Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 71 79 95 197 0 7223
normalized size | 1 1. 1.03 1.14 1.38 2.86 0. 104.68
time (sec) N/A 0.068 0.027 0.035 1.361  2.303 0. 2.784
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 56 58 70 120 0 558
normalized size | 1 1. 1.14 1.18 1.43 2.45 0. 11.39
time (sec) N/A 0.084 0.048 0.035 2511  2.255 0. 1.437
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 37 37 48 45 62 134 0 1669
normalized size | 1 1. 1.3 1.22 1.68 3.62 0. 4511
time (sec) N/A 0.036 0.02 0.027  1.521 2.3 0. 1.658
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 26 26 52 42 62 170 0 66
normalized size | 1 1. 2. 1.62 2.38 6.54 0. 2.54
time (sec) N/A 0.029 0.024 0.036 1.535  2.351 0. 1.413
Problem 17 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 36 26 34 171 0 47
normalized size | 1 1. 1.44 1.04 1.36 6.84 0. 1.88
time (sec) N/A 0.078 0.059 0.077  1.388  2.495 0. 1.364




21

Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 60 60 107 75 112 367 0 159
normalized size | 1 1. 1.78 1.25 1.87 6.12 0. 2.65
time (sec) N/A 0.068 0.027 0.082 1.142 2.89 0. 1.512
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 72 60 68 316 0 84
normalized size | 1 1. 1.26 1.05 1.19 5.54 0. 1.47
time (sec) N/A 0.088 0.245 0.081 1.128  2.795 0. 1.362
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 98 98 151 109 166 585 0 239
normalized size | 1 1. 1.54 1.11 1.69 5.97 0. 2.44
time (sec) N/A 0.092 0.029 0.084 1.26 2.723 0. 1.427
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 87 87 104 94 97 473 0 113
normalized size | 1 1. 1.2 1.08 1.11 5.44 0. 1.3
time (sec) N/A 0.108 0.545 0.085 1.132 21 0. 1.384
Problem 22, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 113 113 240 204 173 333 0 7808
normalized size | 1 1. 212 1.81 1.53 2.95 0. 69.1
time (sec) N/A 0.186 3.197 0.04 1.477  2.063 0. 6.669
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Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 152 167 140 321 0 0

normalized size | 1 1. 1.25 1.37 1.15 2.63 0. 0.

time (sec) N/A 0.131 1.023 0.041 0974  1.993 0. 0.

Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B A A F B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 76 76 162 145 111 240 0 1432
normalized size | 1 1. 213 1.91 1.46 3.16 0. 18.84
time (sec) N/A 0.113 2.362 0.039 1.476  2.016 0. 1.879
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 68 68 111 108 90 230 0 3830
normalized size | 1 1. 1.63 1.59 1.32 3.38 0. 56.32
time (sec) N/A 0.074 0.439 0.036 1119  2.322 0. 4.538
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 43 43 97 61 81 288 0 100
normalized size | 1 1. 2.26 1.42 1.88 6.7 0. 2.33
time (sec) N/A 0.056 0.233 0.044 1.069  2.434 0. 1.572
Problem 27 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 42 42 91 43 53 246 0 69

normalized size | 1 1. 217 1.02 1.26 5.86 0. 1.64
time (sec) N/A 0.047 0.544 0.042 1107  2.282 0. 1.539
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Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 95 95 250 120 165 581 0 232
normalized size | 1 1. 2.63 1.26 1.74 6.12 0. 2.44
time (sec) N/A 0.118 1.951 0.051 1101 2.778 0. 1.636
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 79 79 127 104 93 446 0 123
normalized size | 1 1. 1.61 1.32 1.18 5.65 0. 1.56
time (sec) N/A 0.07 1.409 0.053 1.086  2.394 0. 1.619
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 165 165 994 183 252 856 0 363
normalized size | 1 1. 6.02 1.11 1.53 519 0. 2.2
time (sec) N/A 0.16 6.2 0.054 1.075  2.974 0. 1.652
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 114 166 140 628 0 177
normalized size | 1 1. 0.93 1.36 1.15 515 0. 1.45
time (sec) N/A 0.101 1.51 0.055 1.04 2.428 0. 1.408
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 205 205 771 271 234 455 0 0
normalized size | 1 1. 3.76 1.32 1.14 2.22 0. 0.
time (sec) N/A 0.189 6.266 0.053 1.037  2.396 0. 0.
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Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 103 103 203 226 153 342 0 3497
normalized size | 1 1. 1.97 2.19 1.49 3.32 0. 33.95
time (sec) N/A 0.145 4.227 0.052 1515  2.168 0. 3.227
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 133 133 637 193 173 346 0 0
normalized size | 1 1. 4.79 1.45 1.3 2.6 0. 0.
time (sec) N/A 0.116 6.156 0.043 1118 2124 0. 0.
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 86 86 241 125 150 383 0 194
normalized size | 1 1. 2.8 1.45 1.74 4.45 0. 2.26
time (sec) N/A 0.086 2.26 0.061 1.085  2.497 0. 2.06
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 64 64 126 63 76 327 0 95
normalized size | 1 1. 1.97 0.98 1.19 511 0. 1.48
time (sec) N/A 0.053 0.976 0.056  1.101  2.047 0. 2.067
Problem 37 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 141 141 897 170 231 720 0 410
normalized size | 1 1. 6.36 1.21 1.64 511 0. 291
time (sec) N/A 0.135 6.183 0.065  1.152 2.74 0. 1.985
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Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 113 113 212 141 132 575 0 180
normalized size | 1 1. 1.88 1.25 1.17 5.09 0. 1.59
time (sec) N/A 0.086 2.207 0.068 1.064  2.018 0. 2.048
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 229 229 1229 254 338 1060 0 504
normalized size | 1 1. 5.37 1.11 1.48 4.63 0. 2.2
time (sec) N/A 0.208 6.2 0.068 1.106  2.955 0. 2.15
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 167 167 515 230 192 834 0 255
normalized size | 1 1. 3.08 1.38 1.15 4.99 0. 1.53
time (sec) N/A 0.134 1.758 0.069 1118  2.284 0. 2.032
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 275 275 1017 412 294 528 0 0
normalized size | 1 1. 3.7 1.5 1.07 1.92 0. 0.
time (sec) N/A 0.248 6.275 0.059 1.148 2133 0. 0.
Problem 42, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 139 139 263 368 208 431 0 5307
normalized size | 1 1. 1.89 2.65 1.5 3.1 0. 38.18
time (sec) N/A 0.175 6.266 0.057 1709  2.248 0. 7.192
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Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 180 180 383 309 224 414 0 0
normalized size | 1 1. 213 1.72 1.24 2.3 0. 0.
time (sec) N/A 0.157 5.459 0.049 1.093  2.066 0. 0.
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 118 118 352 214 188 444 0 261
normalized size | 1 1. 2.98 1.81 1.59 3.76 0. 2.21
time (sec) N/A 0.114 5132 0.069 1.108  2.565 0. 2.71
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 83 83 162 90 97 389 0 116
normalized size | 1 1. 1.95 1.08 1.17 4.69 0. 1.4
time (sec) N/A 0.058 1.16 0.063 1.12 2.049 0. 2.648
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 161 161 1128 192 254 818 0 405
normalized size | 1 1. 7.01 1.19 1.58 5.08 0. 2.52
time (sec) N/A 0.157 6.193 0.075 1174  3.035 0. 2.77
Problem 47 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 137 137 188 184 162 633 0 217
normalized size | 1 1. 1.37 1.34 1.18 4.62 0. 1.58
time (sec) N/A 0.104 3.677 0.077 1.07 2.199 0. 2.645
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 274 274 1491 317 410 1289 0 647
normalized size | 1 1. 5.44 1.16 1.5 4.7 0. 2.36
time (sec) N/A 0.241 6.287 0.082 1173  3.983 0. 2.684
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 194 194 233 301 231 922 0 317
normalized size | 1 1. 1.2 1.55 1.19 4.75 0. 1.63
time (sec) N/A 0.157 3.919 0.082 1.069  2.634 0. 2.653
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 402 402 660 442 522 1661 0 873
normalized size | 1 1. 1.64 1.1 1.3 413 0. 217
time (sec) N/A 0.306 6.259 0.127  1.154  4.568 0. 2.8
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 274 274 289 361 0 840 0 626
normalized size | 1 1. 1.05 1.32 0. 3.07 0. 2.28
time (sec) N/A 0.354 3.124 0.079 0. 2.327 0. 1.342
Problem 52, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 158 158 249 565 378 481 0 451
normalized size | 1 1. 1.58 3.58 2.39 3.04 0. 2.85
time (sec) N/A 0.339 2.592 0.068 1.655  2.289 0. 1.196
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Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 168 168 139 205 0 597 0 325
normalized size | 1 1. 0.83 1.22 0. 3.55 0. 1.93
time (sec) N/A 0.223 1.375 0.065 0. 2.278 0. 1.386
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 94 94 170 238 194 278 0 248
normalized size | 1 1. 1.81 2.53 2.06 2.96 0. 2.64
time (sec) N/A 0.163 0.723 0.059 1572 2123 0. 1.148
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 90 90 79 100 0 435 0 159
normalized size | 1 1. 0.88 1.11 0. 4.83 0. 1.77
time (sec) N/A 0.106 0.336 0.05 0. 2.046 0. 1.334
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 75 65 0 450 0 127
normalized size | 1 1. 1.14 0.98 0. 6.82 0. 1.92
time (sec) N/A 0.129 0.105 0.056 0. 2.377 0. 1.436
Problem 57 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 47 53 63 246 0 81
normalized size | 1 1. 0.94 1.06 1.26 4.92 0. 1.62
time (sec) N/A 0.06 0.131 0.062  1.068  2.055 0. 1.208
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Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 179 162 0 644 0 282
normalized size | 1 1. 1.47 1.33 0. 5.28 0. 2.31
time (sec) N/A 0.307 0.827 0.069 0. 2.683 0. 1.351
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 108 108 95 144 131 500 0 194
normalized size | 1 1. 0.88 1.33 1.21 4.63 0. 1.8
time (sec) N/A 0.104 0.456 0.076 1.064 2154 0. 1.181
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 169 169 150 273 227 902 0 339
normalized size | 1 1. 0.89 1.62 1.34 5.34 0. 2.01
time (sec) N/A 0.151 2.164 0.083 1.095 2.412 0. 1.244
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 297 297 526 1211 1079 1388 0 992
normalized size | 1 1. 1.77 4.08 3.63 4.67 0. 3.34
time (sec) N/A 0.914 6.48 0.103 1.796  2.896 0. 1.233
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 217 217 373 724 684 986 0 693
normalized size | 1 1. 1.72 3.34 3.15 4.54 0. 3.19
time (sec) N/A 0.562 3.807 0.099 1.53 2.632 0. 1.216




30

Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-2) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 148 148 246 352 396 640 0 355
normalized size | 1 1. 1.66 2.38 2.68 4.32 0. 2.4
time (sec) N/A 0.295 3.26 0.089 1.556  2.249 0. 1.177
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 72 72 109 75 100 663 0 100
normalized size | 1 1. 1.51 1.04 1.39 9.21 0. 1.39
time (sec) N/A 0.065 0.373 0.092 0987 2199 0. 1.219
Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 140 140 244 189 194 1004 0 274
normalized size | 1 1. 1.74 1.35 1.39 7.17 0. 1.96
time (sec) N/A 0.122 2.506 0.153 1.092  2.374 0. 1.298
Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 219 219 589 343 304 1770 0 448
normalized size | 1 1. 2.69 1.57 1.39 8.08 0. 2.05
time (sec) N/A 0.198 6.231 0.122 1.225 2.59 0. 1.239
Problem 67 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 382 382 683 1449 1469 2137 0 1246
normalized size | 1 1. 1.79 3.79 3.85 5.59 0. 3.26
time (sec) N/A 1.432 6.604 0.118 1.933 3.59 0. 1.286
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Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 285 285 501 882 1004 1569 0 794
normalized size | 1 1. 1.76 3.09 3.52 5.51 0. 2.79
time (sec) N/A 0.85 6.438 0.109 1.811  3.095 0. 1.27
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 206 206 316 542 625 1152 0 651
normalized size | 1 1. 1.53 2.63 3.03 5.59 0. 3.16
time (sec) N/A 0.396 3.959 0.115 1.849  2.483 0. 1.237
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 95 95 241 96 146 1219 0 153
normalized size | 1 1. 2.54 1.01 1.54 12.83 0. 1.61
time (sec) N/A 0.077 2.589 0.119 1.146 2.46 0. 1.27
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 178 178 456 234 259 1818 0 320
normalized size | 1 1. 2.56 1.31 1.46 10.21 0. 1.8
time (sec) N/A 0.153 3.227 0.13 1.202  2.599 0. 1.346
Problem 72, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 265 265 494 410 379 2344 0 516
normalized size | 1 1. 1.86 1.55 1.43 8.85 0. 1.95
time (sec) N/A 0.239 4.675 0137 1.219  3.015 0. 1.238
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Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 366 366 564 1215 1346 2412 0 1218
normalized size | 1 1. 1.54 3.32 3.68 6.59 0. 3.33
time (sec) N/A 1.37 5.419 0.123 1.896  4.005 0. 1.35
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 264 264 395 668 894 1789 0 867
normalized size | 1 1. 1.5 2.53 3.39 6.78 0. 3.28
time (sec) N/A 0.571 3.594 0.12 1.712  3.002 0. 1.324
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 116 116 259 117 189 1901 0 174
normalized size | 1 1. 2.23 1.01 1.63 16.39 0. 1.5
time (sec) N/A 0.088 2.064 0.131 1.14 2.846 0. 1.225
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 205 205 528 278 308 2732 0 300
normalized size | 1 1. 2.58 1.36 1.5 13.33 0. 1.46
time (sec) N/A 0.173 2.034 0.198 1123  3.255 0. 1.334
Problem 77 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 300 300 673 476 439 3507 0 578
normalized size | 1 1. 2.24 1.59 1.46 11.69 0. 1.93
time (sec) N/A 0.271 1.634 0.165 1.24 4.431 0. 1.361
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Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 26 26 41 26 68 203 0 59
normalized size | 1 1. 1.58 1. 2.62 7.81 0. 2.27
time (sec) N/A 0.074 0.041 0.025 1.85 2.354 0. 1.296
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 229 229 205 0 0 0 0 0
normalized size | 1 1. 0.9 0. 0. 0. 0. 0.
time (sec) N/A 0.45 2.52 0.392 0. 0. 0. 0.
Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 179 179 166 0 0 0 0 0
normalized size | 1 1. 0.93 0. 0. 0. 0. 0.
time (sec) N/A 0.268 1.194 0.248 0. 0. 0. 0.
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 109 109 109 0 0 0 0 0
normalized size | 1 1. 1. 0. 0. 0. 0. 0.
time (sec) N/A 0.145 0.257 0.488 0. 0. 0. 0.
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 765 765 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 4173 12.792 0.164 0. 0. 0. 0.
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Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) F(-2)
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 2.463 3.184 0.644 0. 0. 0. 0.
Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 435 435 910 0 0 0 0 0
normalized size | 1 1. 2.09 0. 0. 0. 0. 0.
time (sec) N/A 0.803 6.579 0.556 0. 0. 0. 0.
Problem 85 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 276 276 270 0 0 0 0 0
normalized size | 1 1. 0.98 0. 0. 0. 0. 0.
time (sec) N/A 0.367 1.088 0.473 0. 0. 0. 0.
Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 48 0 0 0 0 0
normalized size | 1 1. 1. 0. 0. 0. 0. 0.
time (sec) N/A 0.055 0.875 0.239 0. 0. 0. 0.
Problem 87 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 140 140 78 0 0 0 0 0
normalized size | 1 1. 0.56 0. 0. 0. 0. 0.
time (sec) N/A 0.13 1.244 0.229 0. 0. 0. 0.
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Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 1.979 3.069 0.542 0. 0. 0. 0.
Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.855 2.185 0.041 0. 0. 0. 0.
Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.487 1.52 0.23 0. 0. 0. 0.
Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 1.7 2.852 0.189 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules

integrand size

integral was to solve. In this test, problem number [5] had the largest ratio of [ 0.6364 ]

is given. The larger this ratio is, the harder the




Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized .
# grade steps unique antiderivative l?‘::fgj;d %
used rules leaf size
1 A 5 4 1. 13 0.308
2 A 9 7 1. 13 0.538
3 A 5 4 1. 13 0.308
4 A 8 6 1. 11 0.546
5 A 8 7 1. 11 0.636
6 A 3 2 1. 13 0.154
7 A 8 7 1. 13 0.538
8 A 4 3 1. 13 0.231
9 A 9 8 1. 13 0.615
10 A 4 3 1. 13 0.231
11 A 8 5 1. 19 0.263
12 A 6 4 1. 19 0.21
13 A 8 5 1. 19 0.263
14 A 5 4 1. 19 0.21
15 A 6 5 1. 17 0.294
16 A 4 2 1. 17 0.118
17 A 3 1 1. 19 0.053
18 A 7 6 1. 19 0.316
19 A 3 1 1. 19 0.053
20 A 9 6 1. 19 0.316
21 A 3 1 1. 19 0.053
22 A 8 6 1. 21 0.286
23 A 11 7 1. 21 0.333
24 A 6 6 1. 21 0.286
25 A 9 7 1. 19 0.368
26 A 6 4 1. 19 0.21
27 A 3 2 1. 21 0.095
28 A 10 7 1. 21 0.333
29 A 3 2 1. 21 0.095
30 A 13 9 1. 21 0.429
31 A 3 2 1. 21 0.095

Continued on next page
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Table 2.1 — continued from previous page

number of num?)er of no.rma.lize.d integrand —
# | grade steps unique antldem./atlve leaf size mtogrand leaf size
used rules leaf size
32 A 16 8 1. 21 0.381
33 A 7 6 1. 21 0.286
34 A 13 8 1. 19 0.421
35 A 8 5 1. 19 0.263
36 A 3 2 1. 21 0.095
37 A 12 7 1. 21 0.333
38 A 3 2 1. 21 0.095
39 A 17 9 1. 21 0.429
40 A 3 2 1. 21 0.095
41 A 19 8 1. 21 0.381
42 A 7 6 1. 21 0.286
43 A 16 9 1. 19 0.474
44 A 10 5 1. 19 0.263
45 A 3 2 1. 21 0.095
46 A 14 9 1. 21 0.429
47 A 3 2 1. 21 0.095
48 A 21 9 1. 21 0.429
49 A 3 2 1. 21 0.095
50 A 25 9 1. 21 0.429
51 A 13 9 1. 21 0.429
52 A 8 6 1. 21 0.286
53 A 10 9 1. 21 0.429
54 A 7 6 1. 21 0.286
55 A 6 6 1. 19 0.316
56 A 6 5 1. 19 0.263
57 A 3 2 1. 21 0.095
58 A 15 11 1. 21 0.524
59 A 3 2 1. 21 0.095
60 A 3 2 1. 21 0.095
61 A 9 6 1. 21 0.286
62 A 8 6 1. 21 0.286
63 A 7 6 1. 21 0.286

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;2?22? %
used rules leaf size

64 A 3 2 1. 21 0.095
65 A 3 2 1. 21 0.095
66 A 3 2 1. 21 0.095
67 A 9 6 1. 21 0.286
68 A 8 6 1. 21 0.286
69 A 7 6 1. 21 0.286
70 A 3 2 1. 21 0.095
71 A 3 2 1. 21 0.095
72 A 3 2 1. 21 0.095
73 A 8 6 1. 21 0.286
74 A 7 6 1. 21 0.286
75 A 3 2 1. 21 0.095
76 A 3 2 1. 21 0.095
77 A 3 2 1. 21 0.095
78 A 6 5 1. 9 0.556
79 A 8 5 1. 21 0.238
80 A 6 5 1. 21 0.238
81 A 5 4 1. 19 0.21
32 A 14 6 1. 21 0.286
83 A 0 0 0. 0 0.
84 A 7 4 1. 21 0.19
85 A 6 4 1. 21 0.19
86 A 2 2 1. 21 0.095
87 A 4 4 1. 21 0.19
88 A 0 0 0. 0 0.
89 A 0 0 0. 0 0.
90 A 0 0 0. 0 0.
91 A 0 0 0. 0 0.
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Chapter 3

Listing of integrals

31 | S'®

i+tan(x)
Optimal. Leaf size=78

ix i 3i 1 5 i
16 B(—tan(@) +1) 16(tan(x) + 1) 32(-tan() + 2  32(tan(x) + )2  24(tan(x) + iy

[Out] (-I/16)*x - 1/(32*(I - Tan[x])"2) - (I/8)/(I - Tan[x]) + (I/24)/(I + Tan[x]
)73 - 5/(32*%(I + Tan[x])"2) - ((3*I)/16)/(I + Tan[x])

Rubi [A] time = 0.0659966, antiderivative size = 78, normalized size of antiderivative =
number of rules

1., number of steps used = 5, number of rules used = 4, integrand size = 13, “ntegrand size ~
0.308, Rules used = {3516, 848, 88, 203}

ix i 3i 1 5 N i

16  8(—tan(x) +i) 16(tan(x)+i) 32(-tan(x) +i)? 32(tan(x) +1)2 24(tan(x) +i)3

Antiderivative was successfully verified.

[In] Int[Sin[x]~4/(I + Tan[x]),x]

[Out] (-I/16)*x - 1/(32%(I - Tan[x])"2) - (I/8)/(I - Tan[x]) + (I/24)/(I + Tan[x]
)73 - 5/(32%(I + Tan[x])"2) - ((3%I)/16)/(I + Tan[x])

Rule 3516

39
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Int[sin[(e_.) + (f£_)*(x_ )] " (m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x)])"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x"2)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 848

Int[((d) + (e_)*xx_))"(m )*x((f_.) + (g_)*x(x_))"(m_)*((a_) + (c_.)*x(x_)"2
)~ (p_.), x_Symbol] :> Int[(d + e*x) " (m + p)*(f + g*x) "n*(a/d + (c*x)/e) p,
x] /; FreeQl{a, c, d, e, £, g, m, n}, x] && NeQ[exf - dxg, 0] && EqQ[c*d"2
+ axe”2, 0] && (IntegerQ[p] || (GtQ[a, 0] && GtQ[d, 0] && EqQ[m + p, 01))

Rule 88

Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f_.)*(x
)" (p_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x) m*(c + d*x) n*x(e + fx
x)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, p}, x] && IntegersQ[m, n] && (Inte
gerQlpl |1 (GtQ[m, 0] && GeQ[n, -11))

Rule 203
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt

la, 2]1)/(Rtl[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

4

sin4(x) X
dx = Sub ——dx,x,
J 7t = s St[f o) xxtan(x)]

4
= Subst (f e dx, x,tan(x))

dx, x, tan(

_ Subst f 1 _ i B i N 5 N 3i i
TP\ T6Ci T B 02 8+ x0T 16G+ )7 | 16 + )2 16(1+22)

1 i i 5 3i

1
—iSubst

X 1 1 i 5

T 30— tan()?  8(i—tan(x) | 24( + tan(0)? 32 + tan(@)? _ 16( + tan(x)) 16

31

Mathematica [A] time = 0.0800587, size = 67, normalized size = 0.86

T 716 32(—tan()?  8(i—tan(x) « 24( + tan(0)? 320 + tan(@)? _ 16( + tan(x))

sec(x) (—32 sin(x) — 27 sin(3x) + 5 sin(5x) — 56i cos(x) — 9i cos(3x) + i cos(5x) + 24 tan ™~ (tan(x))(cos(x) — isin(x)))

384(tan(x) + i)
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Antiderivative was successfully verified.

[In] Integrate[Sin[x]~4/(I + Tan([x]),x]

[Out] (Sec[x]*((-56%I)*Cos[x] - (9*I)*Cos[3*x] + I*Cos[5*x] + 24xArcTan[Tan[x]]*(
Cos[x] - I*Sin[x]) - 32*Sin[x] - 27*Sin[3*x] + 5%Sin[5*x]))/(384%(I + Tan[x

1))

Maple [A] time = 0.075, size = 66, normalized size = 0.9

| l, N
s 1 G- 5 = 5 , InGi+tan @)

tan (¥)—i 32 (tan (x) - i) 32 (i+tan ()’ i+tan(x) 32 (i + tan (x)) 32

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~4/(I+tan(x)),x)

[Out] 1/8*I/(tan(x)-I)-1/32/(tan(x)-I)"2-1/32%1n(tan(x)-I)+1/24*I/(I+tan(x))"~3-3/
16*I/(I+tan(x))-5/32/(I+tan(x))"2+1/32%x1n(I+tan(x))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(I+tan(x)),x, algorithm="maxima"

[Out] Exception raised: RuntimeError

Fricas [A] time = 2.06533, size = 136, normalized size = 1.74

1 (—24i xe@1) - 2,£0102) 1. 9 ¢(81) _ 17 p(61) _ 18 ¢(20) 4. 3)e(~41)
384

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(x)~4/(I+tan(x)),x, algorithm="fricas")

[Out] 1/384%(-24xIxx*xe” (4%Ixx) — 2%e” (10%Ixx) + Oxe” (8*I*xx) - 12%e” (6*%I*x) - 18%e
“(2%I%xx) + 3)xe” (-4%xI*x)

Sympy [A] time = 0.395444, size = 51, normalized size = 0.65

ix eéix 3 e4ix eZix 3 e—Zix e—4ix
- = + +
16 192 128 32 64 128

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**4/(I+tan(x)),x)

[Out] -I*x/16 - exp(6%I*x)/192 + 3xexp(4*I*x)/128 - exp(2xI*x)/32 - 3*exp(-2*I*x)
/64 + exp(-4*Ixx)/128

Giac [A] time = 1.3062, size = 72, normalized size = 0.92

. 4 3 , 2 .
t 21t 13i t 11 ¢ 8 1 1
3itan(x)” + an (x)” + ?3)1 an (x) +2 an (x) + i1 log (tan () + 1) —  log (tan () - 1
48 (tan (x) +7)”(tan (x) — 1) 32 32

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(I+tan(x)),x, algorithm="giac")

[Out] -1/48*(3*Ixtan(x)”"4 + 21*xtan(x)”3 + 13*%Ixtan(x)"2 + 1lixtan(x) + 8*I)/((tan(
x) + I)73*%(tan(x) - I)72) + 1/32*xlog(tan(x) + I) - 1/32*xlog(tan(x) - I)
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39 fsm_?’(x)dx
) i+tan(x)

Optimal. Leaf size=29

. 5
1 1
sln5(x) _ giCOSS(X) + gicose’(x)

[Out] (I/3)*Cos[x]”3 - (I/5)*Cos[x]~5 + Sin[x]~5/5

Rubi [A] time = 0.136883, antiderivative size = 29, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 13, = ==

0.538, Rules used = {3518, 3108, 3107, 2565, 14, 2564, 30}

integrand size

. 5
1
Sm5(x) _ giCOSS(x) + gi cos3(x)

Antiderivative was successfully verified.

[In] Int[Sin[x]~3/(I + Tan([x]),x]
[Out] (I/3)*Cos[x]"3 - (I/5)*Cos[x]"5 + Sin[x]~5/5

Rule 3518

Int[sinf(e_.) + (f_)*(x_ )] " (m_.)*((a_) + (b_.)*tan[(e_.) + (f{_.)*(x_)])"(n
_.), x_Symbol] :> Int[(Sin[e + f*x] m*(a*Cos[e + f*x] + b*Sin[e + f*x])"n)/
Cosl[e + f*x]°n, x] /; FreeQ[{a, b, e, £}, x] && IntegerQ[(m - 1)/2] && ILtQ
[n, 0] & ((LtQ[m, 5] && GtQ[n, -4]) || (EqQ[m, 5] && EqQ[n, -1]))

Rule 3108

Int[cos[(c_.) + (d_)*(x )] "(m_.)*sin[(c_.) + (d_)*x )] (n_.)*(cos[(c_.)
+ (d_)*(x_)I*x(a_.) + (b_D*sinl[(c_.) + (d_.)*(x_)1)"(p_), x_Symbol] :> Dis
t[a"p*b~p, Int[(Cosl[c + d*x] m*Sin[c + d*x]"n)/(b*Cos[c + d*x] + a*Sin[c +
d*x])"p, x], x] /; FreeQ[{a, b, c, d, m, n}, x] && EqQ[a”2 + b~2, 0] && ILt
Qlp, 0]

Rule 3107

Int[cos[(c_.) + (d_.)*(x_ )] (m_.)*sin[(c_.) + (d_.)*(x_ )1 (n_.)*(cos[(c_.)
+ (d_)*(x_)I*x(a_.) + (b_)*sin[(c_.) + (d_.)*(x)1)"(p_.), x_Symbol] :> In
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t [ExpandTriglcos[c + d*x] m*sin[c + d*x] n*(axcos[c + d*x] + bxsin[c + d*x]
)7p, x]1, x] /; FreeQ[{a, b, ¢, d, m, n}, x] && IGtQ[p, O]

Rule 2565

Int[(cos[(e_.) + (f_)x(x )]I*(a_.)) " (m_.)*sin[(e_.) + (f_D)*xx)D]I"(m_.), x_
Symbol] :> -Dist[(a*f)~(-1), Subst[Int[x"m*(1 - x72/a"2)"((n - 1)/2), x], x
, axCos[e + fxx]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] &&

| (IntegerQ[(m - 1)/2] && GtQ[m, 0] && LeQ[m, nl)

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 2564

Int[cos[(e_.) + (f_)*(x_ )] (m_.)*((a_.)*sinl(e_.) + (£_D)*x)D1)"(m_.), x_
Symbol] :> Dist[1/(axf), Subst[Int[x"m*(1 - x72/a"2) " ((n - 1)/2), x], x, ax*
Sinle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] && !(In
tegerQ[(m - 1)/2] && LtQ[0, m, n])

Rule 30
Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQm, -1]

Rubi steps
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f sjn3(x) = f cos(x) sins(x) i

i+ tan(x) r= i cos(x) + sin(x)

- —(i f cos(x)(cos(x) + i sin(x)) sin®(x) dx)

_ —(i f (cos2(x) sin®(x) + i cos(x) sin(x)) dx)

- —(i f cos2(x) sin’(x) dx) ; f cos(x) sin(x) dx

— i Subst ( f 2 (1 - 22) dx, , cos(x)) + Subst ( f o, x, Sin(x))

3 sin® (x)

+ i Subst ( f (xz - x4) dx, x, cos(x))
sin®(x)
5

1 1
= §i cos®(x) — gi cos®(x) +

Mathematica [A] time = 0.019013, size = 51, normalized size = 1.76

. 1 1 1 1 1
sn;(x) - sin(3x) + % sin(5x) + giCOS(x) + 4—81'005(3’6) - @iCOS(Sx)

Antiderivative was successfully verified.

[In] Integrate[Sin[x]"3/(I + Tan[x]),x]

[Out] (I/8)*Cos[x] + (I/48)*Cos[3*x] - (I/80)*Cos[b*x] + Sin[x]/8 - Sin[3*x]/16 +
Sin[5%*x]/80

Maple [B] time = 0.051, size = 81, normalized size = 2.8

ln(3)-)  f G gl () i (5)e) R ()¢ ) S e 5)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~3/(I+tan(x)),x)

[Out] -1/4*I/(tan(1/2*x)-I)"2+1/6/(tan(1/2*x)-I)"3+1/8/(tan(1/2*x)-I1)+I/(tan(1/2%
x)+I)"4+2/5/(tan(1/2*x)+I1)"5-2/3/(tan(1/2*x)+I1)~3-1/8/(tan(1/2*x)+1)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(I+tan(x)),x, algorithm="maxima"

[Out] Exception raised: RuntimeError

Fricas [A] time = 2.06113, size = 101, normalized size = 3.48

L (~31 €319 + 107 1) + 30 £?) — 5)e(-31)

240

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(I+tan(x)),x, algorithm="fricas")

[Out] 1/240%(-3*%I*e” (8%Ixx) + 10%Ixe” (6*I*xx) + 30xI*e” (2xI*x) — 5%I)*e” (-3%I*x)

Sympy [A] time = 0.289148, size = 37, normalized size = 1.28

ieSix l'e3z'x Z'e—ix ie—Six

80 24 "8 "8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**3/(I+tan(x)),x)

[Out] -Ixexp(5*I*x)/80 + I*xexp(3*I*x)/24 + Ixexp(-I*x)/8 - Ixexp(-3*Ix*x)/48

Giac [B] time = 1.29783, size = 96, normalized size = 3.31
4

1 \? 1 1 1\2 1 \? 1
=31 tan(ix) -12 tan(ix)+5i 15 tan(ix) + 601 tan(ix) -10 tan(ix) —20i tan(ix)+7

24 (—i tan (1 x) - 1)3 120 (tan (% x) + i)5

2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(I+tan(x)),x, algorithm="giac")

[Out] -1/24%(-3*Ixtan(1/2*x)"2 - 12xtan(1/2*x) + 5%I)/(-Ixtan(1/2*x) - 1)°3 - 1/1
20* (15*xtan(1/2*x) "4 + 60*xI*xtan(1/2*x)"3 - 10*tan(1/2*x)"2 - 20*Ixtan(1/2%*x)
+ 7)/(tan(1/2%x) + I)°5
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33 | S g

i+tan(x)
Optimal. Leaf size=50

ix i i 1
8 8(—tan(x)+i) A(tan(x)+i) 8(tan(x) + i)

[Out] (-I/8)*x - (I/8)/(I - Tan[x]) - 1/(8*%(I + Tan[x])"2) - (I/4)/(I + Tan[x])

Rubi [A] time = 0.0539709, antiderivative size = 50, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 13, e -

0.308, Rules used = {3516, 848, 88, 203}

integrand size

ix i i 1
8 8(—tan(x)+i) 4(tan(x)+i) 8(tan(x) + i)

Antiderivative was successfully verified.

[In] Int[Sin[x]"2/(I + Tan[x]),x]

[Out] (-I/8)*x - (I/8)/(I - Tan[x]) - 1/(8+(I + Tan[x])~"2) - (I/4)/(I + Tan[x])

Rule 3516

Int[sin[(e_.) + (£_)*(x )] " (m )*x((a_) + (b_.)*tan[(e_.) + (f_)*(x)D1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x~2)"(w/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 848

Int[((d_) + (e_.)*(x_))"(m_)*x((f_.) + (g_.)*x(x_)) " (n_)*((a_) + (c_.)*(x_)"2
)" (p_.), x_Symbol]l :> Int[(d + e*x)”~(m + p)*(f + g*x) n*x(a/d + (c*x)/e) p,
x] /; FreeQl{a, c, d, e, £, g, m, n}, x] && NeQ[exf - dxg, 0] && EqQ[c*d"2
+ axe”2, 0] && (IntegerQ[p] || (GtQla, 0] && GtQ[d, 0] && EqQ[m + p, 01))

Rule 88

Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f_.)*(x
D)~ (p_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x) m*(c + d*x) n*x(e + fx
x)7°p, x1, x] /; FreeQ[{a, b, c, d, e, £, p}, x] && IntegersQ[m, n] && (Inte
gerQlpl |1 (GtQ[m, 0] && GeQ[n, -11))
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Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 || GtQ[b, 01)

Rubi steps

2

sinz(x) X
———dx="Sub ——dx,x, t
fi+tan(x) bt [f (i+x) (1 +x2)2 o an(x)]
2
= Subst (f = x;(i o dx, x,tan(x))

i 1 i i
= Subst [f [_8(—1' P TR TR Y (o xz)] dx, x, tan(x)]

i 1 ) i Ll 1
T T8 —tan(y)  8(+tan(x)?  4(i+tan() 8 o) 142
ix i 1 i

8 8(i-tan(x)) 8(i+tan(x)? 4( + tan(x))

dx, x, tan(x))

Mathematica [A] time = 0.091249, size = 39, normalized size = 0.78

i (—31' sin(2x) + cos(2x) + 2 tan™* (tan(x))(tan(x) + i) + 3)
16(tan(x) + 1)

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~2/(I + Tan[x]),x]

[Out] ((-I/16)*(3 + Cos[2*x] - (3*I)*Sin[2*x] + 2*ArcTan[Tan[x]]1*(I + Tan[x])))/(
I + Tan[x])

Maple [A] time = 0.041, size = 47, normalized size = 0.9

é _ In (tan (x) — 1) ~ i 1 N In (i + tan (x))

tan (x) —i 16 i+ tan (x) - 8 (i + tan (x))2 16

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sin(x)~2/(I+tan(x)),x)

[Out] 1/8*I/(tan(x)-I)-1/16*1n(tan(x)-I)-1/4*I/(I+tan(x))-1/8/(I+tan(x))"2+1/16%1
n(I+tan(x))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(I+tan(x)),x, algorithm="maxima")

[Out] Exception raised: RuntimeError

Fricas [A] time = 2.12543, size = 89, normalized size = 1.78

l (_41' xe@i%) 4 pl6ix) _ 9 p(dix) _ 2)6(—2ix)
3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(I+tan(x)),x, algorithm="fricas")

[Out] 1/32%(-4xIxx*xe” (2*%xI*x) + e~ (6*xI*x) - 2%e~ (4*xI*x) - 2)*e” (-2*%I*x)

Sympy [A] time = 0.425476, size = 31, normalized size = 0.62

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**2/(I+tan(x)),x)

[Out] -I*x/8 + exp(4*Ix*x)/32 - exp(2xI*x)/16 - exp(-2*I*x)/16
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Giac [A] time = 1.3412, size = 55, normalized size = 1.1

i tan (x)2 +3tan(x)+2i 1 1 |
B ! -—1 _
8 (tan (1) + )2 (tan (1) — 1) +7¢ log (tan (x) + i) I log (tan (x) — i)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(I+tan(x)),x, algorithm="giac")

[Out] -1/8*(I*tan(x)~2 + 3xtan(x) + 2*I)/((tan(x) + I)"2x(tan(x) - I)) + 1/16%log
(tan(x) + I) - 1/16%xlog(tan(x) - I)
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34 [ gy
) i+tan(x)

Optimal. Leaf size=19

.3
1
sm3(x) N 5'(:083 )

[Out] (I/3)*Cos[x]~3 + Sin[x]~3/3

Rubi [A] time = 0.0893613, antiderivative size = 19, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 11, e e T

0.546, Rules used = {3518, 3108, 3107, 2565, 30, 2564}

integrand size

. 3
3 1
51n3(x) + 5'0083(36)

Antiderivative was successfully verified.

[In] Int[Sin[x]/(I + Tan[x]),x]

[Out] (I/3)*Cos[x]~3 + Sin[x]~3/3

Rule 3518

Int[sinl(e_.) + (£_)*(x_)]1"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n
_.), x_Symbol] :> Int[(Sin[e + f*x] mx(a*Cos[e + f*x] + b*Sin[e + f*x])"n)/
Cosle + f*x]°n, x] /; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && ILtQ
[n, 0] && ((LtQ[m, 5] && GtQ[n, -41) || (EqQ[m, 5] && EqQ[n, -11))

Rule 3108

Int[cos[(c_.) + (d_)*(x_ )1 (m_.)*sin[(c_.) + (d_.)*(x_)]1"(n_.)*(cos[(c_.)
+ (d_)*(x_)]*x(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(p_), x_Symbol] :> Dis
t[a"p*b~p, Int[(Cos[c + d*x] m*Sin[c + d*x]"n)/(b*Cos[c + d*x] + a*Sin[c +
d*x])"p, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && EqQ[a"2 + b~2, 0] && ILt
Qlp, O]

Rule 3107

Int[cos[(c_.) + (d_)*(x_ )] (m_.)*sin[(c_.) + (d_)*(x_ )] (n_.)*(cos[(c_.)
+ (d_)*x_)I*x(a_.) + (b_)*sin[(c_.) + (@_)*(x)1)"(p_.), x_Symbol] :> In
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t [ExpandTrigl[cos[c + d*x] m*sin[c + d*x] nx(axcos[c + d*x] + bxsin[c + d*x]
)7p, x]1, x]1 /; FreeQ[{a, b, ¢, d, m, n}, x] && IGtQ[p, O]

Rule 2565

Int[(cos[(e_.) + (f_)x(x )]I*(a_.)) " (m_.)*sin[(e_.) + (f_D)*xx)D]I"(_.), x_
Symbol] :> -Dist[(a*f)~(-1), Subst[Int[x"m*(1 - x72/a"2)"((n - 1)/2), x], x
, axCos[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] &&

| (IntegerQ[(m - 1)/2] && GtQ[m, 0] && LeQ[m, nl)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 2564

Int[cos[(e_.) + (f_D)*x )] (n_.)*((a_.)*sin[(e_.) + (f_D)*x)D1)"(m_.), x_
Symbol] :> Dist[1/(axf), Subst[Int[x"m*x(1 - x72/a"2) " ((n - 1)/2), x], x, a*
Sin[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] && !'(In
tegerQ[(m - 1)/2] && LtQ[0, m, nl])

Rubi steps

f ifltnz:zzx) ax = f icﬁ%)f;f()@ ax
= ~(i [ cost@)(cos@) + isin() sin(x) dx)
- —(i f (cos?(x) sin(x) + i cos(x) sin’(x)) dx)
- —(i f cos2(x) sin(x) dx) ; f cos(x) sin(x) dx
— i Subst ( f 2 dx, x, Cos(x)) + Subst ( f 2 dx, %, sin(x))

sin®(x)
3

1
- _9 3 +
3ZCOS (X)

Mathematica [A] time = 0.01213, size = 33, normalized size = 1.74

. 1 1 1
S”;(x) — £ 5In(3Y) + Jicos(x) + —icos(3)

Antiderivative was successfully verified.
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[In] Integrate[Sin[x]/(I + Tan[x]),x]

[Out] (I/4)*Cos[x] + (I/12)*Cos[3*x] + Sinl[x]/4 - Sin[3*x]/12

Maple [B] time = 0.035, size = 47, normalized size = 2.5

sen(&)-) ilan(5)+) "+ S 5)+) 3 n (3) )
S\tan{5) i) +iltan{S)+i] +oftan|{Z)+i) —_(tan|;)+i
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(I+tan(x)),x)

[Out] 1/2/(tan(1/2xx)-I)+I/(tan(1/2%x)+I)"2+2/3/(tan(1/2*x)+I)"3-1/2/(tan(1/2xx)+
I)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(I+tan(x)),x, algorithm="maxima"

[Out] Exception raised: RuntimeError

Fricas [A] time = 1.99361, size = 47, normalized size = 2.47

1 . )
(i) + 3i)e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(I+tan(x)),x, algorithm="fricas")

[Out] 1/12%(I*xe” (4*xI*x) + 3*I)*e” (-I*x)
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Sympy [A] time = 0.17362, size = 17, normalized size = 0.89

ieSix ie—ix
+
12 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(I+tan(x)),x)

[Out] Ixexp(3*I*x)/12 + I*xexp(-Ix*x)/4

Giac [B] time = 1.3401, size = 45, normalized size = 2.37
1 \2
i 3 tan (E x) -1
o(=itan(tx)-1) 1)L
“ttan| s xf— 6(tan(5x)+z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(I+tan(x)),x, algorithm="giac")

[Out] -1/2*I/(-Ixtan(1/2*x) - 1) - 1/6%(3xtan(1/2*x)"2 - 1)/(tan(1/2*x) + I)~3
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35  [2Y gy

i+tan(x)

Optimal. Leaf size=16
sin(x) — i cos(x) + i tanh_l(cos(x))

[Out] I*ArcTanh[Cos[x]] - I*Cos[x] + Sin[x]

Rubi [A] time = 0.0864813, antiderivative size = 16, normalized size of antiderivative
1., number of steps used = 8, number of rules used = 7, integrand size = 11, number of rules _

integrand size
0.636, Rules used = {3518, 3108, 3107, 2637, 2592, 321, 206}

sin(x) — i cos(x) + i tanh_l(cos(x))

Antiderivative was successfully verified.

[In] Int[Cscl[x]/(I + Tan[x]),x]
[Out] I*ArcTanh[Cos[x]] - I*Cos[x] + Sin[x]

Rule 3518

Int[sinl[(e_.) + (f_)*(x_)]"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])"(n
_.), x_Symbol] :> Int[(Sin[e + f*x] m*(a*Cos[e + f*x] + b*Sin[e + f*x])"n)/
Cosle + f*x]°n, x] /; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && ILtQ
[n, 0] && ((LtQ[m, 5] && GtQ[n, -41) || (EqQ[m, 5] && EqQ[n, -11))

Rule 3108

Int[cos[(c_.) + (d_.)*(x_ )] (m_.)*sin[(c_.) + (d_.)*(x_ )1 (n_.)*(cos[(c_.)
+ (d_D)*(x_)I*x(a_.) + (b_.)*sin[(c_.) + (d_.)*(x)1)"(p_), x_Symbol] :> Dis
t[a"p*b~p, Int[(Cosl[c + d*x] m*Sin[c + d*x]"n)/(b*Cos[c + d*x] + a*Sin[c +
d*x])"p, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && EqQ[a"2 + b~2, 0] && ILt
Qlp, 0]

Rule 3107

Int[cos[(c_.) + (d_)*(x )] (m_.)*sin[(c_.) + (d_.)*x )] (n_.)*(cos[(c_.)
+ (d_)*(x_)]*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(p_.), x_Symbol] :> In
t [ExpandTrigl[cos[c + d*x] m*sin[c + d*x] "n*(a*cos[c + d*x] + b*sin[c + d*x]
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)°p, x], x] /; FreeQ[{a, b, c, d, m, n}, x] && IGtQ[p, O]

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 2592

Int[((a_.)*sin[(e_.) + (f_D)*x)])"(m_.)*tan[(e_.) + (£_D)*E& D1 " (n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
ff*x)"(m + n)/(@"2 - £f£72*xx"2)"((n + 1)/2), x], x, (a*xSin[e + fx*x])/ff], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - Dx(cxx)"(m - n + 1)*(a + bxx™n) " (p + 1))/(b*(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps



csc(x) 3 cot(x)
fi+ tan(x) ax = f icos(x) + sin(x) ax
=—(i f cot(x)(cos(x) + isin(x)) dx)
=—(i f (i cos(x) + cos(x) cot(x)) dx)
=—(i f cos(x) cot(x) dx) + f cos(x) dx
. . x2
= sin(x) + i Subst ( f -2 dx, x, cos(x))
= —icos(x) + sin(x) + i Subst (f 1—1—352 dx, x, cos(x))

=itanh™’ (cos(x)) — i cos(x) + sin(x)

Mathematica [A] time = 0.015746, size = 31, normalized size = 1.94

sin(x) —icos(x) —ilog (sin (;—C)) +ilog (COS (;—C))
Antiderivative was successfully verified.

[In] Integratel[Csc[x]/(I + Tan[x]),x]

[Out] (-I)*Cos[x] + I*Logl[Cos[x/2]] - I*Log[Sin[x/2]] + Sin[x]
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Maple [A] time = 0.033, size = 21, normalized size = 1.3
n—1 . X
2 (tan (x/2) +i)  —iln (tan (E))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)/(I+tan(x)),x)

[Out] 2/(tan(1/2*x)+I)-I*1n(tan(1/2*x))




Maxima [B] time = 1.47837, size = 38, normalized size = 2.38
2 _ ( sin (x) )
= —ilog| ————

sin(x) cos (x) +1
cos(x)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(I+tan(x)),x, algorithm="maxima")

[Out] 2/(sin(x)/(cos(x) + 1) + I) - Ixlog(sin(x)/(cos(x) + 1))

Fricas [B] time = 2.20494, size = 73, normalized size = 4.56

—i e +ilog (e(i") + 1) —ilog (e(i") - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(I+tan(x)),x, algorithm="fricas")

[Out] -Ixe~(I*x) + Ixlog(e~(I*x) + 1) - Ixlog(e”(I*x) - 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

csc (x)
tan (x) + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(I+tan(x)),x)

[Out] Integral(csc(x)/(tan(x) + I), x)

Giac [A] time = 1.33305, size = 30, normalized size = 1.88

2i

. , 1
- : —ilog (—z tan(z x))
x) +1

—1 tan (E




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(I+tan(x)),x, algorithm="giac")

[Out] -2%I/(-I*tan(1/2*x) + 1) - Ixlog(-I*tan(1/2%*x))

60
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36 [So0 gy

i+tan(x)

Optimal. Leaf size=18

ix + i cot(x) + log(tan(x)) + log(cos(x))

[Out] I*x + I*Cot[x] + Log[Cos[x]] + Log[Tan[x]]

Rubi [A] time = 0.0333998, antiderivative size = 18, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 13, i L

integrand size
0.154, Rules used = {3516, 44}

ix + i cot(x) + log(tan(x)) + log(cos(x))

Antiderivative was successfully verified.

[In] Int[Csc[x]~2/(I + Tan[x]),x]
[Out] I*x + I*Cot[x] + Logl[Cos[x]] + Logl[Tan[x]]

Rule 3516

Int[sin[(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 44

Int[((a ) + (b_.)*(x ))"(m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + bx*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*xd, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rubi steps



2
[-5204— gu ( JE—— tan(x))

i + tan(x) x2(i + x)

= Subst (f(_zl_ e é + %) dx, x,tan(x))

= ix + i cot(x) + log(cos(x)) + log(tan(x))

Mathematica [A] time = 0.0191565, size = 15, normalized size = 0.83

ix + i cot(x) + log(sin(x))

Antiderivative was successfully verified.

[In] Integrate[Csc[x]"2/(I + Tan[x]),x]

[Out] Ixx + I*Cot[x] + Log[Sin[x]]

Maple [A] time = 0.033, size = 20, normalized size = 1.1

i
tan (x)

—In (i + tan (x)) + In (tan (x)) +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~2/(I+tan(x)),x)

[Out] -1n(I+tan(x))+1ln(tan(x))+I/tan(x)

Maxima [A] time = 1.40432, size = 23, normalized size = 1.28

—log (tan (x) + i) + log (tan (x))

i
tan (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(I+tan(x)),x, algorithm="maxima"



[Out] I/tan(x) - log(tan(x) + I) + log(tan(x))
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Fricas [A] time = 2.02021, size = 78, normalized size = 4.33

(e(Zi") - 1) log (e(zix) - 1) -2
2210 _ ]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(I+tan(x)),x, algorithm="fricas")

[Out] ((e~(2xI*x) - 1)*log(e”(2*I*x) - 1) - 2)/(e”(2xI*x) - 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

csc? (x)
tan (x) + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**2/(I+tan(x)),x)

[Out] Integral(csc(x)**2/(tan(x) + I), x)

Giac [A] time = 1.32035, size = 24, normalized size = 1.33

—log (tan (x) + i) + log (Jtan (x)|)

i
tan (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)”2/(I+tan(x)),x, algorithm="giac")

[Out] I/tan(x) - log(tan(x) + I) + log(abs(tan(x)))
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3.7  [L20 gy

i+tan(x)

Optimal. Leaf size=24
1, 1 1.
—csc(x) - Eztanh (cos(x)) + EZ cot(x) csc(x)

[Out] (-I/2)*ArcTanh[Cos[x]] - Cscl[x] + (I/2)*Cot[x]*Cscl[x]

Rubi [A] time = 0.13226, antiderivative size = 24, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 13, e -

0.538, Rules used = {3518, 3108, 3107, 2606, 8, 2611, 3770}

integrand size

—csc(x) — %itanh_l(cos(x)) + %i cot(x) csc(x)

Antiderivative was successfully verified.

[In] Int[Csc[x]~3/(I + Tan[x]),x]
[Out] (-I/2)*ArcTanh[Cos[x]] - Cscl[x] + (I/2)*Cot[x]*Cscl[x]

Rule 3518

Int[sin[(e_.) + (f_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_)*x(x_)]1)"(n
_.), x_Symbol] :> Int[(Sin[e + f*x] m*(a*Cos[e + f*x] + b*Sin[e + f*x])"n)/
Cosle + f*x]°n, x] /; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && ILtQ
[n, 0] && ((LtQ[m, 5] && GtQ[n, -41) || (EqQ[m, 5] && EqQ[n, -1]1))

Rule 3108

Int[cos[(c_.) + (d_)*(x_ )1 (m_.)*sin[(c_.) + (d_.)*(x_ )] (n_.)*(cos[(c_.)
+ (d_)*(x_)]*x(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(p_), x_Symbol] :> Dis
t[a"p*b~p, Int[(Cos[c + d*x] m*Sin[c + d*x]"n)/(b*Cos[c + d*x] + a*Sin[c +
d*x])"p, x], x] /; FreeQ[{a, b, c, d, m, n}, x] & EqQ[a"2 + b~2, 0] && ILt
Qlp, O]

Rule 3107

Int[cos[(c_.) + (d_)*(x )]~ (m_.)*sin[(c_.) + (d_.)*x_ )] (n_.)*(cos[(c_.)
+ (d_D)*(x_)]*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(p_.), x_Symbol] :> In
t [ExpandTriglcos[c + d*x] “m*sin[c + d*x] n*(a*cos[c + d*x] + bxsin[c + d*x]
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)7p, xJ, x] /; FreeQ[{a, b, ¢, d, m, n}, x] && IGtQ[p, O]

Rule 2606

Int[((a_.)*sec[(e_.) + (£_)*(x_)1) " (m_.)*x((b_.)*tan[(e_.) + (£f_.)*x(x_)]1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*xx)"(m - 1)*(-1 + x72)"((n - 1)/2)
, x], x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] &% IntegerQ[(n - 1)/2]
&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2611

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*x((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
n_), x_Symbol] :> Simp[(b*(a*Secle + fx*x]) m*(b*Tanl[e + f*x])~(n - 1))/ (£x*(
m+n-1)), x] - Dist[(b™2%(n - 1))/(m + n - 1), Int[(a*Secl[e + fx*xx]) mx(b
*Tan[e + fxx])~(n - 2), x], x] /; FreeQ[{a, b, e, £, m}, x] && GtQ[n, 1] &&
NeQ[m + n - 1, 0] &% IntegersQ[2*m, 2#n]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

f csc3(x) = f cot(x) csc?(x) I

i+ tan(x) r= i cos(x) + sin(x)

=- (i f cot(x) csc?(x)(cos(x) + i sin(x))dx)

=- (i f (i cot(x) csc(x) + cot?(x) csc(x)) dx)

=- (i f cot?(x) csc(x) dx) + f cot(x) csc(x) dx

= %icot(x) csc(x) + %i f csc(x) dx — Subst( f 1dx, x, csc(x))

= —%itanh_l(cos(x)) —csc(x) + %i cot(x) csc(x)
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Mathematica [B] time = 0.021679, size = 75, normalized size = 3.12

gt (3) - oot (5) it (5) o (3) # 1on (o 3)) - 308 s 3)
an (¢10) 5 81CSC 5 8ZSGC 5 21 og |sin 5 21 og | Ccos 5

Antiderivative was successfully verified.

[In] Integrate[Csc[x]"3/(I + Tan[x]),x]

[Out] -Cot[x/2]/2 + (I/8)*Csc[x/2]72 - (I/2)*LoglCos[x/2]] + (I/2)*Logl[Sin[x/2]]
- (I/8)*Sec[x/2]72 - Tan[x/2]/2

Maple [B] time = 0.039, size = 42, normalized size = 1.8

gn(3) gl g e G) -3l 5o )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~3/(I+tan(x)),x)

[Out] -1/2*%tan(1/2*x)-1/8*Ixtan(1/2*x) "2+1/8*%I/tan(1/2*x)"2-1/2/tan(1/2*x)+1/2*I*
In(tan(1/2%*x))

Maxima [B] time = 1.24577, size = 80, normalized size = 3.33

_(fozz?;ﬂ - i)(COS () +1)° __sin(x)  isin (x)? N 11, ( sin (x) )
8 sin (x)* 2(cos(®)+1)  8(cos(x) +1)* 2 cos (x) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)”3/(I+tan(x)),x, algorithm="maxima")

[Out] -1/8*(4*sin(x)/(cos(x) + 1) - I)*(cos(x) + 1)72/sin(x)"2 - 1/2*sin(x)/(cos(
x) + 1) - 1/8*Ixsin(x)"2/(cos(x) + 1)72 + 1/2*%Ixlog(sin(x)/(cos(x) + 1))
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Fricas [B] time = 2.13258, size = 232, normalized size = 9.67

(—ie(‘“x) +2i e _ i) log (e(ix) + 1) + (ie(‘“x) —2ie 4 i) log (e(ix) - 1) — 6B 4 27 (%)
2(d¥*>—2eQW)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(I+tan(x)),x, algorithm="fricas")

[Out] 1/2%((-I*e™ (4*I*x) + 2xIxe”(2xIxx) - I)*log(e” (I*x) + 1) + (Ixe”(4xIxx) - 2
xI*xe” (2xI*x) + I)*xlog(e”(Ixx) - 1) - 6*Ixe”(3*I*x) + 2%Ixe” (I*x))/(e” (4*I*x

) - 2%e”(2%I*x) + 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

csc? (x)
tan (x) + i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**3/(I+tan(x)),x)

[Out] Integral(csc(x)**3/(tan(x) + I), x)

Giac [B] time = 1.3854, size = 63, normalized size = 2.62

2
tan|=x
2

Verification of antiderivative is not currently implemented for this CAS.

) 1 \? 1 .
' (1 )2 61 tan(i x) +4 tan(i x) —1
——itan|=x] —

5 +§z 1og(

1 \2
8 tan (5 x)

[In] integrate(csc(x)~3/(I+tan(x)),x, algorithm="giac")

[Out] -1/8*Ixtan(1/2*x)"2 - 1/8%(6xI*tan(1/2*x)"2 + 4xtan(1/2*x) - I)/tan(1/2*%x)”
2 + 1/2xIxlog(abs(tan(1/2*x))) - 1/2%tan(1/2%x)
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38  [o00 gy

i+tan(x)
Optimal. Leaf size=19

t2 1
L@ () + —icot3(x)
2 3

[Out] -Cot[x]~2/2 + (I/3)*Cot[x]~3

Rubi [A] time = 0.038832, antiderivative size = 19, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 13, e -

0.231, Rules used = {3516, 848, 43}

integrand size

cot?(x)
2

1
+ ~icot®
3100 (%)

Antiderivative was successfully verified.

[In] Int[Csc[x]~4/(I + Tan[x]),x]
[Out] -Cotl[x]~2/2 + (I/3)*Cotl[x]"3

Rule 3516

Int[sin[(e_.) + (£_)*(x )] " (m )*x((a_) + (b_.)*tan[(e_.) + (f_)*(x)D1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x~2)"(w/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 848

Int[((d_) + (e_.)*(x_))"(m_)*x((f_.) + (g_.)*x(x_)) " (n_)*((a_) + (c_.)*(x_)"2
)" (p_.), x_Symbol]l :> Int[(d + e*x)”~(m + p)*(f + g*x) n*x(a/d + (c*x)/e) p,
x] /; FreeQl{a, c, d, e, £, g, m, n}, x] && NeQ[exf - dxg, 0] && EqQ[c*d"2
+ axe”2, 0] && (IntegerQ[p] || (GtQla, 0] && GtQ[d, 0] && EqQ[m + p, 01))

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4%n + 4, 0]) || LtQ[9%m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])



Rubi steps

4 1+x?
fde: Subst fidx,x,tan(X))

i + tan(x) x4(i + x)

= Subst f ! -Zx dx, x,tan(x))
X

i 1
= Subst f(—— + F) dx, x, tan(x))

x4

1 1
=-3 cot?(x) + gicot3(x)

Mathematica [A] time = 0.0175136, size = 29, normalized size = 1.53

csc?(x) + %'cot(x) csc?(x)

1
—Zicot(x) —
3100 (%)

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~4/(I + Tan([x]),x]

[Out] (-I/3)*Cotl[x] - Csclx]"2/2 + (I/3)*Cot[x]*Csc[x]"2

69

Maple [A] time = 0.038, size = 15, normalized size = 0.8

S
2 (tan(¥))*  (tan (x))°

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)"4/(I+tan(x)) ,x)

[Out] -1/2/tan(x)"2+1/3*I/tan(x)"3

Maxima [A] time = 1.36622, size = 16, normalized size = 0.84

_z' (-3i tan (x) — 2)
6 tan (x)3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(I+tan(x)),x, algorithm="maxima"

[Out] -1/6*%I*(-3*xIxtan(x) - 2)/tan(x)”3

Fricas [B] time = 1.99596, size = 109, normalized size = 5.74

2 (6640 — 3620 11)
3 (e(6ix) — 3eix) 4 3p(2ix) 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)”4/(I+tan(x)),x, algorithm="fricas")

[Out] 2/3*%(6%e” (4*xIxx) — 3*xe” (2xI*x) + 1)/(e”(6*%I*x) - 3*xe” (4*xI*x) + 3*xe” (2*xI*x)
- 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**4/(I+tan(x)),x)

[Out] Timed out

Giac [A] time = 1.41731, size = 16, normalized size = 0.84

3 tan (x) - 2i
6 tan (x)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(I+tan(x)),x, algorithm="giac")



[Out] -1/6%(3*tan(x) - 2*I)/tan(x)”"3

71



72

39 [L00 g

i+tan(x)

Optimal. Leaf size=40

3 1 1 1
CSC3(X) - gitanh_l(COS(x)) + Zicot(x) csc®(x) - gz’cot(x) csc(x)

[Out] (-I/8)*ArcTanh[Cos[x]] - (I/8)*Cot[x]*Cscl[x] - Csclx]~3/3 + (I/4)x*Cot[x]*Cs
clx]~"3

Rubi [A] time = 0.150726, antiderivative size = 40, normalized size of antiderivative =

. . b f rul
1., number of steps used = 9, number of rules used = 8, integrand size = 13, e

integrand size
0.615, Rules used = {3518, 3108, 3107, 2606, 30, 2611, 3768, 3770}

3
cscg(x) - %'tanh_l(cos(x)) + }Ii cot(x) esc3(x) — %i cot(x) csc(x)

Antiderivative was successfully verified.

[In] Int[Csc[x]"5/(I + Tan[x]),x]

[Out] (-I/8)*ArcTanh[Cos[x]] - (I/8)*Cot[x]*Csc[x] - Csc[x]~3/3 + (I/4)*Cot[x]*Cs
c[x]"3

Rule 3518

Int[sin[(e_.) + (f_)*(x_)]1 " (m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n
_.), x_Symbol] :> Int[(Sin[e + f*x] m*(a*Cos[e + f*x] + bxSin[e + fx*x])"n)/
Cosl[e + f*x]°n, x] /; FreeQ[{a, b, e, £}, x] && IntegerQ[(m - 1)/2] && ILtQ
[n, 0] && ((LtQ[m, 5] && GtQ[n, -41) || (EqQ[m, 5] && EqQ[n, -11))

Rule 3108

Int[cos[(c_.) + (d_)*(x )] (m_.)*sin[(c_.) + (d_.)*x )] (n_.)*(cos[(c_.)
+ (d_D)*(x_)]*x(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(p_), x_Symbol] :> Dis
t[a"p*b”p, Int[(Cosl[c + d*x] m*Sin[c + dxx]"n)/(b*Cos[c + d*x] + a*Sin[c +
d*x])"p, %], x] /; FreeQ[{a, b, c, d, m, n}, x] && EqQ[a”2 + b~2, 0] && ILt
Qlp, 0]

Rule 3107
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Int[cos[(c_.) + (d_.)*(x )] (m_.)*sin[(c_.) + (d_.)*(x )] (n_.)*(cos[(c_.)

+ (d_D*(x_)]*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(p_.), x_Symbol] :> In
t [ExpandTrigl[cos[c + d*x] m*sin[c + d*x] n*(axcos[c + d*x] + b*sin[c + d*x]
)7p, x], x] /; FreeQ[{a, b, c, d, m, n}, x] && IGtQ[p, 0]

Rule 2606

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*x((b_.)*tanl[(e_.) + (£_.)*(x_)1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*xx)"(m - 1)*(-1 + x"2)"((n - 1)/2)
, x]1, x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] &% IntegerQ[(n - 1)/2]
&& ! (IntegerQ[m/2] && LtQ[0, m, n + 1])

Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2611

Int[((a_.)*sec[(e_.) + (£_.)*(x_)])"(m_.)*x((b_.)*tanl[(e_.) + (£_.)*(x_)1)"(
n_), x_Symbol] :> Simp[(bx(a*Secl[e + f*x]) m*(b*xTanl[e + fxx])~(n - 1))/ (£x*(
m+n-1)), x] - Dist[(b™2%x(n - 1))/(m + n - 1), Int[(a*Sec[e + f*x]) m*(b
*Tan[e + f*x])"(n - 2), x], x] /; FreeQ[{a, b, e, f, m}, x] && GtQ[n, 1] &&
NeQ[m + n - 1, 0] &% IntegersQ[2*m, 2#n]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)]*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + dx*x
J*x(bxCsclc + d*x])"(n - 1))/(d*x(n - 1)), x] + Dist[(b"2x(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &%
IntegerQ[2+*n]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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f csc(x) P _f cot(x) csc*(x) dx

i+ tan(x) *= icos(x) + sin(x)
= - (i f cot(x) esct(x)(cos(x) + i sin(x)) dx)
= - (i f (i cot(x) csc3(x) + cot?(x) csc3(x)) dx)
= - (i f cot?(x) esc3(x) dx) + f cot(x) csc3(x) dx
= }Licot(x) csc3(x) + Lllifcs@(x) dx — Subst (f x2 dx, x, csc(x))
3
csc () + jz'cot(x) csc3(x) + éi f cse(x) dx
csc(x)
3

= —%icot(x) cse(x) —

1 _ 1 1
= —gitanh 1(cos(x)) - gicot(x) csc(x) — + Zicot(x) csc(x)

Mathematica [B] time = 0.0233137, size = 139, normalized size = 3.48

7 (3) g0t (3)+ ot (5) - s (5) - gt (5) 3 () 0w o () - govos o
12 an 5 12 (610) 5 64ZCSC 5 321080 5 64ZS€C 5 32186C 5 81 og | sin 5 81 og|co

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~5/(I + Tan[x]),x]

[Out] -Cotl[x/2]/12 - (I/32)*Csc[x/2]"2 - (Cotl[x/2]*Csc[x/2]1°2)/24 + (1/64)*Csclx/
2174 - (I/8)*LoglCos[x/2]] + (I/8)*Logl[Sin[x/2]] + (I/32)*Sec[x/2]72 - (I/6
4)xSec[x/2]174 - Tanl[x/2]1/12 - (Sec[x/2] " 2xTan[x/2])/24

Maple [A] time = 0.043, size = 58, normalized size = 1.5

gon(3) g ) - 25 (o B + g (n G -5 ln B) -z (n )+ nfen )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)"5/(I+tan(x)),x)

[Out] -1/8*tan(1/2*x)-1/64*Ixtan(1/2%x) 4-1/24%tan(1/2%*x) " 3+1/64*I1/tan(1/2*x) "4-1
/8/tan(1/2*x)-1/24/tan(1/2*x) ~3+1/8*I*x1n(tan(1/2*x))
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Maxima [B] time = 1.30085, size = 112, normalized size = 2.8

8 sin(x) 24 sin(x)3 . 4
(Cos(x)+l + (cos()+1)> 31)(COS () +1) sin (x) sin (x)3 i sin (x)4 1, ( sin (x)
192 sin (x)* 8(cos(x) +1) 24(cos(x) +1)° 64(cos(x)+1)* 8 cos (x) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(I+tan(x)),x, algorithm="maxima"

[Out] -1/192*%(8*sin(x)/(cos(x) + 1) + 24*sin(x)~3/(cos(x) + 1)°3 - 3*I)*(cos(x) +
1)74/sin(x)"4 - 1/8*sin(x)/(cos(x) + 1) - 1/24*sin(x)"3/(cos(x) + 1)°3 - 1
/64xI*xsin(x) "4/ (cos(x) + 1)74 + 1/8*I*xlog(sin(x)/(cos(x) + 1))

Fricas [B] time = 2.13878, size = 424, normalized size = 10.6

(~31€®19 + 121 ¢©19) — 181 1) + 121 @1 - 3i) log (e +1) + (37 8%) — 121 £®19) + 181 ¢4 — 121?19 + 3i) log (e
24 (e8i) — 4.¢(6) 1 6o4i7) — 4200 +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(I+tan(x)),x, algorithm="fricas")

[Out] 1/24%((-3xI*e” (8*I*x) + 12*%I*e” (6%xI*x) - 18+Ixe” (4*I*x) + 12xI*e” (2%Ixx) -
3xI)xlog(e”(I*x) + 1) + (3*I*xe~(8*I*x) - 12xI*xe”(6%I*x) + 18xI*e” (4xI*x) -
12xI*e” (2xI*x) + 3xI)*log(e”(I*x) - 1) + 6xIxe” (7*Ixx) + 106*I*xe~(5*I*x) -
22*xI*e” (3*%I*x) + 6*%Ixe” (I*x))/(e”(8%I*x) - 4*e”(6*Ixx) + 6kxe” (4*xI*x) - 4xe”
(2xIx*x) + 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**5/(I+tan(x)),x)
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[Out] Timed out

Giac [B] time = 1.40169, size = 85, normalized size = 2.12

4 3
” 1 4 1 ) 1 3 50itan(%x) +24tan(%x) +8tan(%x)—3i+1ll ) 1 1t
641 an 2x 7 an 2x v 81 og | |tan 2x 5 an
192tan(5x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(I+tan(x)),x, algorithm="giac")

[Out] -1/64*Ixtan(1/2*x)"4 - 1/24xtan(1/2*x)"3 - 1/192%(50*Ixtan(1/2*x)"4 + 24x*ta
n(1/2xx)"3 + 8xtan(1/2*x) - 3*I)/tan(1/2*x)"4 + 1/8*Ixlog(abs(tan(1/2*x)))
- 1/8*tan(1/2*x)
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310  [S00 g

i+tan(x)
Optimal. Leaf size=37

cot?(x)
2

t4 1
cot™(x) N

cot3(x) —

1
—icotd(x) - -
51c0 (x) 31

[Out] -Cot[x]"2/2 + (I/3)*Cot[x]~3 - Cotl[x]~4/4 + (I/5)*Cot[x]”5

Rubi [A] time = 0.0469125, antiderivative size = 37, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 13, e -

0.231, Rules used = {3516, 848, 75}

integrand size

cot?(x)
2

1. 5 cot*(x) 1. 3
gzcot (x) - 1 + gzcot (x) -
Antiderivative was successfully verified.

[In] Int[Csc[x]~6/(I + Tan[x]),x]
[Out] -Cot[x]~2/2 + (I/3)*Cotl[x]~3 - Cotl[x]~4/4 + (I/5)*Cot[x]”5

Rule 3516

Int[sin[(e_.) + (f_)*x )] " (m )*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x)1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x~2)"(w/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 848

Int[((d_) + (e_.)*(x_))"(m_)*x((f_.) + (g_.)*x(x_)) " (n_)*x((a_) + (c_.)*(x_)"2
)" (p_.), x_Symbol]l :> Int[(d + e*x)~(m + p)*(f + g*x) n*x(a/d + (c*x)/e) p,
x] /; FreeQl{a, c, d, e, £, g, m, n}, x] && NeQ[exf - dxg, 0] && EqQ[c*d"2
+ axe”2, 0] && (IntegerQ[p] || (GtQla, 0] && GtQ[d, 0] && EqQ[m + p, 01))

Rule 75

Int[((d_.)*(x_))"(n_.)*x((a_) + (b_.)*x(x_))*x((e_) + (f_.)*x(x_))"(p_.), x_Sym
bol] :> Int[ExpandIntegrand[(a + bx*x)*(d*x) nx(e + f*x)7p, x], x] /; FreeQ[
{a, b, d, e, £, n}, x] && IGtQ[p, 0] && EqQ[b*e + axf, 0] && !(ILtQ[n + p
+ 2, 0] && GtQ[n + 2xp, 0])
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Rubi steps

i+ tan(x) S tan(x)]

= Subst ( f (_i-'_x;# dx, x, tan(x))

i 1 i 1
= Subst (f (_E + T A + ;) dx,x,tan(x))

t4 1
cot'(x) + g'cotS(x)

2
fﬂdx—Subst[f(l-'_x)

1 1
=-3 cot?(x) + gicotg’(x) -

Mathematica [A] time = 0.018521, size = 41, normalized size = 1.11

—Ei cot(x) — cse’(x)

1 1
- 4y _ s 2
B 1 + 5100t(x) csc*(x) 151C0t(x) csce(x)

Antiderivative was successfully verified.
[In] Integrate[Csc[x]76/(I + Tan[x]),x]

[Out] ((-2*%I)/15)*Cot[x] - (I/15)*Cot[x]*Csc[x]"2 - Cscl[x]~4/4 + (I/5)*Cot[x]*Csc
[x]~4

Maple [A] time = 0.041, size = 28, normalized size = 0.8
- 1~ gt 2
4 (tan(x))” 2 (tan(x))” (tan(x))” (tan(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)"6/(I+tan(x)) ,x)

[Out] -1/4/tan(x)"4-1/2/tan(x) "2+1/3*xI/tan(x) ~3+1/5%I/tan(x)"5
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Maxima [A] time = 1.36274, size = 32, normalized size = 0.86

i(30i tan (x)3 + 20 tan (x)2 +15i tan (x) + 12)
60 tan (x)5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~6/(I+tan(x)),x, algorithm="maxima")

[Out] 1/60%I%(30*I*tan(x)~3 + 20%tan(x)~2 + 15xIxtan(x) + 12)/tan(x)”5

Fricas [B] time = 1.98741, size = 176, normalized size = 4.76

4 (3061 —10 4 4 5219 — 1)
15 (e(1019) — 5,¢(81) 1 10¢(6:) — 10241 + 52 - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)”6/(I+tan(x)),x, algorithm="fricas")

[Out] -4/15%(30*%e~(6*xI*x) - 10*%e” (4xI*x) + bxe~(2xI*x) - 1)/(e”(10%I*x) - b*xe™ (8%
I*x) + 10*e~(6xI*x) - 10%e” (4*I%xx) + 5*xe”(2xI*x) - 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**6/(I+tan(x)),x)

[Out] Timed out

Giac [A] time = 1.38777, size = 32, normalized size = 0.86

30 tan (x)3 —20i tan (x)2 +15 tan (x) —12i
60 tan (x)5




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)”6/(I+tan(x)),x, algorithm="giac")

[Out] -1/60%(30*tan(x)"3 - 20*Ixtan(x)~2 + 15%tan(x) - 12x%I)/tan(x)”5

80
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3.11 fsin5(c + dx)(a + btan(c + dx)) dx

Optimal. Leaf size=101

acos’(c +dx) 2acosP(c+dx) acos(c+dx) b sin5(c +dx) b sin3(c +dx) bsin(c+dx) b tanh_l(sin(c
- - - - - +
5d 3d d 5d 3d d d

[Out] (b*ArcTanh[Sin[c + d*x]])/d - (a*xCos[c + d*x])/d + (2*a*xCos[c + d*x]~3)/(3*
d) - (axCos[c + d*x]~5)/(5%d) - (b*Sin[c + d*x])/d - (b*Sin[c + d*x]~3)/(3x%
d) - (bxSin[c + d*x]~5)/(5%d)

Rubi [A] time = 0.0764194, antiderivative size = 101, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 5, integrand size = 19, number of rules

integrand size
0.263, Rules used = {3517, 2633, 2592, 302, 206}

acos®(c+dx) 2acos®(c+dx) acos(c+dx) bsin’(c+dx) bsin®(c+dx) bsin(c + dx) N b tanh_l(sin(c |

5d 3d d 5d 3d d d

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]~5%(a + bxTan[c + d*x]),x]

[Out] (b*ArcTanh[Sin[c + d*x]])/d - (axCos[c + d*x])/d + (2*axCos[c + d*x]~3)/(3*
d) - (axCos[c + d*x]~5)/(5%d) - (b*Sin[c + d*x])/d - (b*Sin[c + d*x]~3)/(3%
d) - (bxSin[c + d*x]~5)/(5%d)

Rule 3517

Int[sinl(e_.) + (£_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], x]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, 0]

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x2)"((n - 1)/2), x], x], x, Cos[c + d*xx]], x] /; FreeQl{c, d}, x]
& I1GtQ[(n - 1)/2, 0]

Rule 2592

Int[((a_.)*sin[(e_.) + (f_)*(x)])"(m_.)*tan[(e_.) + (f£_D)*x )] " (n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
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ff*x)"(m + n)/(@"2 - ff72xx"2) " ((n + 1)/2), x], x, (axSin[e + fxx])/ff], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, O] && IGtQ[n, 0] && Gt
Qm, 2*n - 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

f sin®(c + dx)(a + b tan(c + dx)) dx = f (a sin®(c + dx) + bsin’(c + dx) tan(c + dx)) dx

=a f sin®(c + dx)dx + b fsin5(c + dx) tan(c + dx) dx

d

_acos(c +dx) .\ 2acos?(c+dx) acos’(c + dx)

x6 . .
a Subst (f (1 —2x% + x4) dx, x, cos(c + dx)) bSubst (f 152 4%, X, sin(c + a
- +

bSubst(f(—l—xZ—x4+

d 3d 5d

d

_acos(c +dx) N 2acos?(c+dx) acos®(c+dx) bsin(c+dx) b sina(c +¢

d 3d 5d d

b tanh ™ (sin(c + dx)) _acos(c +dx) s 2a cos3(c + dx) a cos®(c + dx) _ bsi

d d 3d

Mathematica [A] time = 0.0317254, size = 103, normalized size = 1.02

5acos(c +dx) bacos(3(c+dx)) acos(b(c+dx)) b sins(c +dx) b sins(c +dx) bsin(c + dx) N b tanh_l(sil

84 * 184 80d 54 34 i

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~5*(a + b*Tan[c + d*x]),x]

d
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[Out] (b*ArcTanh[Sin[c + d*x]])/d - (5*%a*Cos[c + d*x])/(8xd) + (5*axCos[3*(c + dx
x)]1)/(48xd) - (a*Cos[5*(c + d*x)])/(80*d) - (b*Sin[c + d*x])/d - (b*Sin[c +
d*x]~3)/(3*%d) - (b*Sin[c + dxx]~5)/(5*d)

Maple [A] time = 0.041, size = 113, normalized size = 1.1

b (sin (dx + c))5 b (sin (dx + c))3 bsin (dx + ¢) N bln(sec(dx +c)+tan(dx +c)) 8acos(dx+c) acos(dx
5d 3d d d 15d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 5% (a+b*tan(d*x+c)),x)

[Out] -1/5%b*xsin(d*x+c)~5/d-1/3*b*sin(d*x+c) ~3/d-b*sin(d*x+c)/d+1/d*b*x1ln(sec(d*x+
c)+tan(d*x+c))-8/15*axcos (d*x+c)/d-1/5/d*a*xcos (d*x+c)*sin(d*x+c) ~4-4/15/d*a
*cos (d*x+c) *sin(d*x+c) "2

Maxima [A] time = 1.38921, size = 123, normalized size = 1.22

2 (3 cos (dx + c)5 —10 cos (dx + c)3 +15 cos (dx + c))a + (6 sin (dx + c)5 + 10 sin (dx + C)3 —15 log (sin (dx + ¢) +
30d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 5% (at+b*tan(d*x+c)),x, algorithm="maxima"

[Out] -1/30%(2*%(3*cos(d*x + c)”5 - 10*cos(d*x + c)~3 + 15*xcos(d*x + c))*a + (6xsi
n(d*x + ¢)75 + 10*sin(d*x + c)~3 - 16%log(sin(d*x + c) + 1) + 15xlog(sin(dx*
x + c) - 1) + 30*sin(d*x + c))*b)/d

Fricas [A] time = 2.27656, size = 267, normalized size = 2.64

6acos(dx+c)5—20acos(dx+c)3+30acos(dx+c)—15b10g(sin(dx+c)+1)+15blog(—sin(dx+c)+1)+2
- 30d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(dxx+c) 5% (atb*tan(d*x+c)),x, algorithm="fricas")

[Out] -1/30%(6*axcos(d*x + c)”5 - 20*axcos(d*x + c)~3 + 30*axcos(d*x + c) — 15%xbx*
log(sin(d*x + c) + 1) + 16xb*log(-sin(d*x + c) + 1) + 2% (3*b*cos(d*x + c)”4
- 11xb*cos(d*x + c)~2 + 23*b)*sin(d*x + c))/d

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**5*(a+b*tan(d*x+c)),x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 5*(atb*tan(d*x+c)),x, algorithm="giac")

[Out] Timed out
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312  [sin*(c+dx)(a + btan(c + dx)) dx

Optimal. Leaf size=83

_sin3(c + dx) cos(c + dx)(a + btan(c + dx)) _ sin(c + dx) cos(c + dx)(3a + 4b tan(c + dx)) N Bax blog(cos(c + dx
44 8d 8 d

[Out] (3%axx)/8 - (bxLogl[Cos[c + d*x]])/d - (Cos[c + d*x]*Sin[c + d*x]~3*(a + bxT
an[c + d*x]))/(4xd) - (Cos[c + d*x]*Sin[c + d*xx]*(3%a + 4xbxTan[c + dx*x]))/
(8%d)

Rubi [A] time = 0.168075, antiderivative size = 83, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 19, L

0.21, Rules used = {819, 635, 203, 260}

integrand size

sin3(c + dx) cos(c + dx)(a + btan(c + dx)) sin(c + dx) cos(c + dx)(3a + 4b tan(c + dx)) N 3ax blog(cos(c + dx’
4d 8d 8 d

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x] 4*(a + bxTan[c + d*x]),x]

[Out] (3*ax*x)/8 - (bxLogl[Cos[c + d*x]])/d - (Cos[c + d*x]*Sin[c + d*x] 3*(a + bxT
anl[c + d*x]))/(4xd) - (Cos[c + d*x]*Sin[c + d*x]*(3*a + 4xbxTan[c + d*x]))/
(8%d)

Rule 819

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[((d + exx)"(m - 1)*(a + c*x"2)"(p + 1)*(a*x(exf + dxg
) - (cxd*f - axexg)*xx))/(2xaxcx(p + 1)), x] - Dist[1/(2xa*xcx(p + 1)), Int[(
d + exx)”"(m - 2)*(a + c*xx"2)"(p + 1)*Simp[axex(exf*x(m - 1) + dxg*m) - c*d~2
*f*x(2%p + 3) + ex(akxexgkm - cxd*xfx(m + 2xp + 2))*x, x], x], x] /; FreeQ[{a,
c, d, e, £, g}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] && GtQ[m, 1] &&
(EqQld, 01 || (EqQ[m, 2] && EqQ[p, -3] && RationalQ[a, c, d, e, f, gl) ||
'TLtQ[m + 2%xp + 3, 0])

Rule 635

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist([d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
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}, x] & 'NiceSqrtQ[-(axc)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

Subst ( f x4(a+b}2 dx, x, tan(c + dx)]

(1+x2)

f sind(c + dx)(a + b tan(c + dx)) dx = -

x2 a X
5 bst [ f © +4}; ) dx, x, tan(c +
_cos(c +dx)sin”(c + dx)(a + b tan(c + dx)) N (1+x2)

4d 4d
3 _Cos(c + dx) sin3(c + dx)(a + btan(c + dx)) _ cos(c + dx) sin(c + dx)(3a + 4bt
- 4d 8d
3 _cos(c + dx) sin®(c + dx)(a + b tan(c + dx)) ~ cos(c + dx) sin(c + dx)(3a + 4bt
B 4d 8d
_ 3ax  blog(cos(c +dx)) cos(c + dx) Sin3(c + dx)(a + btan(c + dx)) cos(c-
T8 d - 4d -

Mathematica [A] time = 0.078587, size = 82, normalized size = 0.99

1o 2
3a(c + dx) . asin(2(c + d)) . asin(4(c + dx)) ) b(Z cos*(c + dx) — cos(c + dx) + log(cos(c + dx)))
8d 4d 32d d

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~4*(a + b*Tan[c + d*x]),x]

[Out] (3*ax(c + d*x))/(8xd) - (bx(-Cos[c + d*x]~2 + Cos[c + d*x]~4/4 + Log[Coslc
+ d*xx]]))/d - (axSin[2*x(c + d*x)])/(4*d) + (a*Sin[4*(c + d*x)])/(32*d)
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Maple [A] time = 0.033, size = 92, normalized size = 1.1

_b (sin (dx + c))4 _ b (sin (dx + c))2 _ bln (cos (dx + ¢)) _acos (dx + ¢) (sin (dx + c))3 _ 3asin (dx + c) cos (dx + ¢)
4d 2d d 4d 8d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) ~4*(a+b*xtan(d*x+c)),x)

[Out] -1/4/dxbx*sin(d*x+c)~4-1/2/d*bxsin(d*x+c) " 2-b*1n(cos(d*x+c))/d-1/4/d*a*cos(d
*x+c)*sin(d*x+c) "3-3/8/d*a*sin(d*x+c)*cos (d*x+c)+3/8*axx+3/8/d*a*c

Maxima [A] time = 2.15915, size = 117, normalized size = 1.41

3_ 2 _
3 (dx + c)a +4b log (tan (dx + 0)2 + 1) _ 5atan(dx+c) 8btzzn(dx+c) +3atzan(dx+c) 6b
tan(dx+c)” +2 tan(dx+c)"+1

8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dxx+c) 4*(at+bxtan(d*x+c)),x, algorithm="maxima")

[Out] 1/8%(3*(d*x + c)*a + 4xbxlog(tan(d*x + c)72 + 1) - (6xaxtan(d*x + c)~3 - 8%
b*xtan(d*x + c)”2 + 3*axtan(d*x + c) - 6%b)/(tan(d*x + c)”4 + 2*tan(d*x + c)

"2+ 1))/d

Fricas [A] time = 2.35933, size = 189, normalized size = 2.28

2bcos(dx+c)4—3adx—8bcos(dx+c)2+8blog(—cos(dx+c))—(2acos(dx+c)3—5acos(dx+c))sin(dx+c
- 8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dxx+c) 4*(at+bxtan(d*x+c)),x, algorithm="fricas")

[Out] -1/8x(2xbxcos(d*x + c)~4 - 3*a*xd*x - 8xb*cos(d*x + c)~2 + 8*bxlog(-cos(d*x
+ ¢c)) - (2xaxcos(d*x + ¢)”3 - b*axcos(d*x + c))*sin(d*x + c))/d
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + btan (c + dx)) sin? (c+dx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**4*(atb*tan(d*x+c)),x)

[Out] Integral((a + bxtan(c + d*x))*sin(c + d*x)**4, x)

Giac [B] time = 1.69996, size = 1439, normalized size = 17.34

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c) ~4*(at+b*tan(d*x+c)),x, algorithm="giac")

[Out] 1/32x%(12*%a*xd*x*tan(d*x) “4*xtan(c)”4 - 16*bxlog(4*(tan(c)”2 + 1)/(tan(d*x) 4%
tan(c) "2 - 2xtan(d*x) "3*tan(c) + tan(d*x) 2xtan(c)”2 + tan(d*x)~2 - 2*xtan(d
*x)*xtan(c) + 1))*tan(d*x) 4xtan(c)~4 + 24*a*xd*x*tan(d*x) “4*xtan(c)”2 + 24*ax*
dxxxtan(d*x) "2*tan(c) "4 + 1lxbxtan(d*x) “4*tan(c)”4 - 32*bxlog(4*(tan(c)~2 +
1)/ (tan(d*x) “4*xtan(c) "2 - 2*xtan(d*x) “3*tan(c) + tan(d*x) 2*tan(c)”2 + tan(
d*x)~2 - 2*tan(d*x)*tan(c) + 1))*tan(d*x) 4*tan(c)~2 + 12*axtan(d*x) 4*tan(
c)~3 - 32xb*log(4*x(tan(c)~2 + 1)/(tan(d*x) “4*tan(c)~2 - 2*tan(d*x) 3*tan(c)
+ tan(d*x) "2*xtan(c)”2 + tan(d*x)~2 - 2*tan(d*x)*tan(c) + 1))*tan(d*x)  2*ta
n(c)~4 + 12xaxtan(d*x) "3*tan(c) 4 + 12*axd*x*tan(d*x) 4 + 48*axd*x*tan(d*x)
“2*xtan(c) "2 + 6*xbxtan(d*x) “4*tan(c) 2 - 32*xbxtan(d*x) " 3*tan(c) 3 + 12*a*xd*x
*tan(c) "4 + 6*bxtan(d*x) "2*tan(c)”4 - 16*%bxlog(4*(tan(c)~2 + 1)/(tan(d*x) "4
*tan(c) "2 - 2*xtan(d*x) 3*tan(c) + tan(d*x) " 2*tan(c)”2 + tan(d*x)~2 - 2%tan(
dxx)*tan(c) + 1))*tan(d*x)~4 + 20*a*tan(d*x) 4xtan(c) - 64*bxlog(4x(tan(c)”
2 + 1)/(tan(d*x) “4*tan(c) "2 - 2*tan(d*x) "3*tan(c) + tan(d*x) " 2*tan(c)”2 + t
an(d*x) "2 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x) " 2*xtan(c) 2 + 24xaxtan(d*x) "3*t
an(c)~2 + 24xaxtan(d*x) "2*xtan(c)”~3 - 16xbxlog(4*(tan(c)~2 + 1)/(tan(d*x) ~4x*
tan(c) "2 - 2xtan(d*x) "3*tan(c) + tan(d*x) 2xtan(c)”2 + tan(d*x)~2 - 2*xtan(d
*x)*tan(c) + 1))*tan(c)~4 + 20xaxtan(d*x)*tan(c) 4 + 24*axd*x*xtan(d*x)~2 -
13*bxtan(d*x) "4 - 64*b*tan(d*x) "3*tan(c) + 24*a*xd*x*tan(c) 2 - 36*bxtan(d*x
)"2*tan(c)”2 - 64xbxtan(d*x)*tan(c)”3 - 13*b*tan(c)~4 - 32xbxlog(4*(tan(c)”
2 + 1)/(tan(d*x) “4*tan(c) "2 - 2*tan(d*x) " 3*tan(c) + tan(d*x) 2*xtan(c)”2 + t
an(d*x) "2 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x)~2 - 20*a*tan(d*x)~3 - 24*axtan
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(d*x)"2xtan(c) - 32xbxlog(4*(tan(c)”2 + 1)/(tan(d*x) 4*tan(c)”2 - 2*tan(d*x
)" 3xtan(c) + tan(d*x) " 2*tan(c)”~2 + tan(d*x)~2 - 2*xtan(d*x)*tan(c) + 1))*tan
()72 - 24*axtan(d*x)*tan(c)”~2 - 20*axtan(c) 3 + 12*a*xd*x + 6xbxtan(d*x) "2

- 32*xbxtan(d*x)*tan(c) + 6xb*tan(c)”2 - 16xb*log(4*(tan(c)~2 + 1)/(tan(d*x)
“4xtan(c) "2 - 2*xtan(d*x) "3*xtan(c) + tan(d*x) " 2*tan(c)”2 + tan(d*x)"2 - 2*ta
n(d*x)*tan(c) + 1)) - 12*axtan(d*x) - 12*axtan(c) + 11xb)/(d*tan(d*x) 4*tan
(c)~4 + 2xdxtan(d*x) “4xtan(c)”2 + 2xd*tan(d*x) "2*xtan(c)”4 + dxtan(d*x)~4 +

4xd*xtan(d*x) “2*tan(c) "2 + d*tan(c) 4 + 2xdxtan(d*x)~2 + 2*d*tan(c)”2 + d)
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313  [sin’(c+dx)(a + btan(c + dx)) dx

Optimal. Leaf size=69

acos’(c+dx) acos(c+dx) bsin’(c+dx) bsin(c+dx) b tanh_l(sin(c + dx))
- - —~ +
3d d 3d d d

[Out] (b*ArcTanh[Sin[c + d*x]])/d - (a*Cos[c + d*x])/d + (a*Cos[c + d*xx]~3)/(3%d)
- (b*Sin[c + d*x])/d - (b*Sin[c + d*x]~3)/(3*d)

Rubi [A] time = 0.0679413, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 5, integrand size = 19, e =

integrand size
0.263, Rules used = {3517, 2633, 2592, 302, 206}

acos(c+dx) acos(c+dx) bsin’(c+dx) bsin(c+dx) b tanh_l(sin(c + dx))
- - - +
3d d 3d d d
Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]~3%(a + bxTan[c + d*x]),x]

[Out] (b*ArcTanh[Sin[c + d*x]]1)/d - (a*Cos[c + d*x])/d + (a*Cos[c + d*x]~3)/(3%*d)
- (b*Sin[c + d*x])/d - (b*Sin[c + d*x]~3)/(3*d)

Rule 3517

Int[sinl(e_.) + (£_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])™n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 2633

Int[sinl[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x~2)"((n - 1)/2), x], x], x, Coslc + dxx]], x] /; FreeQ[{c, d}, x]
& IGtQL(n - 1)/2, 0]

Rule 2592

Int[((a_.)*sin[(e_.) + (f_)*(x)])"(m_.)*tan[(e_.) + (f_D*&)DI"(n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
ffxx)"(m + n)/(@"2 - ff72xx"2)"((n + 1)/2), x], x, (axSin[e + fxx])/ff], x]
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1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDividel[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Q[m, 2*n - 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps

f sin®(c + dx)(a + btan(c + dx)) dx = f (a sin®(c + dx) + bsin®(c + dx) tan(c + dx)) dx
=a f sin®(c + dx)dx + b fsin3(c + dx) tan(c + dx) dx
4
a Subst (f (1 - xz) dx, x, cos(c + dx)) bSubst (f ﬁ? dx, x, sin(c + dx))
- +

d d
b Subst (f (—1 -x2 + 1_17) dx, x, sin(c + a

_acos(c+dx)  acos(c+dx)

d i 3d - d
acos(c+dx) acos®(c+dx) bsin(c+dx) bsind(c + dx) bSubst (f
= — —+ — — +
d 3d d 3d
b tanh™ (sin(c +dx)) acos(c+ dx) N acos’(c+dx) bsin(c+dx) bsin
B d d 3d d

Mathematica [A] time = 0.0267371, size = 71, normalized size = 1.03

3acos(c+dx) acos(3(c+dx)) bsin’(c+dx) bsin(c+dx) b tanh ™ (sin(c + dx))
- + - - +
4d 12d 3d d d

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~3*(a + b*Tan[c + d*x]),x]

[Out] (b*ArcTanh[Sin[c + d*x]]1)/d - (3*a*Cos[c + d*x])/(4xd) + (a*Cos[3*(c + d*x)
1)/(12xd) - (b*Sin[c + d*x])/d - (b*Sin[c + d*x]~3)/(3*d)
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Maple [A] time = 0.035, size = 79, normalized size = 1.1

_b (sin (dx + c))3 _ bsin (dx + ¢) N bln (sec (dx + c) + tan (dx + c)) _acos (dx + c) (sin (dx + c))2 ~ 2acos (dx + c)
3d d d 3d 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) ~3*(atb*xtan(d*x+c)),x)

[Out] -1/3*b*sin(d*x+c) ~3/d-b*sin(d*x+c)/d+1/d*b*x1ln(sec(d*x+c)+tan(d*x+c))-1/3/dx*
axcos (d*x+c)*sin(d*xx+c) ~2-2/3*axcos (d*x+c)/d

Maxima [A] time = 1.36148, size = 95, normalized size = 1.38

2 (cos (dx + c)3 -3 cos (dx + c))a - (2 sin (dx + c)3 -3 log(sin(dx +c) +1) + 3 log (sin (dx + ¢) — 1) + 6 sin (dx + c):
6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c) 3% (at+b*tan(d*x+c)),x, algorithm="maxima")

[Out] 1/6%(2*(cos(d*x + c)~3 - 3*cos(d*x + c))*a - (2xsin(d*x + c)~3 - 3xlog(sin(
dxx + c) + 1) + 3xlog(sin(d*x + c) - 1) + 6*sin(d*x + c))*b)/d

Fricas [A] time = 2.30315, size = 197, normalized size = 2.86

2acos(dx+c)3—6acos(dx+c)+3b10g(sin(dx+c)+1)—3blog(—sin(dx+c)+1)+2(bcos(dx+c)2—4b)sin(
6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c) 3% (at+b*tan(d*x+c)),x, algorithm="fricas")

[Out] 1/6*(2*axcos(d*x + c)~3 - 6%a*cos(d*x + c) + 3*bxlog(sin(d*x + c) + 1) - 3%
bxlog(-sin(d*x + c) + 1) + 2x(bxcos(d*x + c)~2 - 4xb)*sin(d*x + c))/d
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Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + btan (¢ + dx)) sin® (¢ + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**3*(atb*tan(d*x+c)),x)

[Out] Integral((a + bxtan(c + d*x))*sin(c + d*x)**3, x)

Giac [B] time = 2.78391, size = 7223, normalized size = 104.68

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~3*(atbxtan(d*x+c)),x, algorithm="giac")

[Out] -1/6%(3*b*xlog(2x(tan(1/2*c)~2 + 1)/(tan(1/2*d*x) "4*tan(1/2*c)~2 + 2xtan(1/2
*d*x) "4*tan(1/2*c) + 2xtan(1/2*d+*x) "3*tan(1/2*c)”2 + tan(1/2xd*x)~4 + 2%tan
(1/2*d*x) "2xtan(1/2%c) "2 - 2*tan(1/2*d*x) "3 + 2xtan(1/2*d*x)*tan(1/2%c)”~2 +
2%tan(1/2*d*x) "2 + tan(1/2*c)”2 - 2*tan(1/2*d*x) - 2*xtan(1/2*c) + 1))*tan(
1/2*d*x) “6*tan(1/2%c) "6 - 3*b*xlog(2*(tan(1/2*c)~2 + 1)/(tan(1/2*d*x) 4*tan(
1/2%c)~2 - 2*xtan(1/2xd*x) "4*tan(1/2*c) - 2*tan(1/2*d*x) ~3*xtan(1/2*c)”~2 + ta
n(1/2xd*x) "4 + 2*tan(1/2*d*x) "2*xtan(1/2*c)~2 + 2*tan(1/2*d*x)~3 - 2*tan(1/2
*dxx)*tan(1/2xc) "2 + 2xtan(1/2*d*x) "2 + tan(1/2%c)”2 + 2xtan(1/2*d*x) + 2%t
an(1/2%c) + 1))*tan(1/2*d*x) "6*tan(1/2%c) 6 + 4*axtan(1/2*d*x) "6*tan(1/2*c)
"6 + 9%bxlog(2+(tan(1/2*c)~2 + 1)/(tan(1/2*%d*x) 4*tan(1/2%c)~2 + 2xtan(1/2x%
d*x) “4xtan(1/2%c) + 2*tan(1/2*xd*x) " 3*tan(1/2*c)”2 + tan(1/2*d*x)~4 + 2xtan(
1/2*d*x) "2xtan(1/2%c) "2 - 2*xtan(1/2*d*x) "3 + 2*tan(1/2*d*x)*tan(1/2*c)”~2 +
2+%tan(1/2*%d*x) "2 + tan(1/2*c)~2 - 2*tan(1/2*d*x) - 2*tan(1/2*c) + 1))*tan(l
/2*d*x) “6xtan(1/2xc) "4 - 9*b*xlog(2*(tan(1/2*c)~2 + 1)/(tan(1/2*d*x) 4*xtan(1
/2*%c) "2 - 2xtan(1/2*d*x) “4*tan(1/2*c) - 2*tan(1/2*d*x) " 3*tan(1/2*c)”2 + tan
(1/2*%d*x) "4 + 2*xtan(1/2xd*x) " 2*tan(1/2*c)”2 + 2xtan(1/2*d*x)~3 - 2*tan(1/2x%
d*x)*tan(1/2*c) "2 + 2xtan(1/2*d*x) "2 + tan(1/2*c)”~2 + 2xtan(1/2*d*x) + 2*ta
n(1/2*xc) + 1))*tan(1/2*d*x) "6*xtan(1/2*c) "4 - 12%b*tan(1/2*d*x) “6*xtan(1/2*c)
~5 + 9*bxlog(2*(tan(1/2*c)~2 + 1)/(tan(1/2*xd*x) ~4*xtan(1/2%c)~2 + 2xtan(1/2x%
d*x) “4*xtan(1/2*c) + 2xtan(1/2*d*x) " 3*tan(1/2*c)”~2 + tan(1/2*d*x)~4 + 2*tan(
1/2*d*x) "2*xtan(1/2*c) "2 - 2%tan(1/2*d*x) "3 + 2*tan(1/2xd*x)*tan(1/2xc)~2 +
2%tan(1/2*%d*x) "2 + tan(1/2*c)~2 - 2%tan(1/2*d*x) - 2*tan(1/2*c) + 1))*tan(l
/2%d*xx) “4*tan(1/2*c) "6 - 9xb*xlog(2*x(tan(1/2xc)"2 + 1)/(tan(1l/2*d*x) 4xtan(1l
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/2*%c) "2 - 2xtan(1/2*d*x) “4xtan(1/2*c) - 2*tan(1/2*d*x) " 3*tan(1/2*c)”2 + tan
(1/2*%d*x) "4 + 2*xtan(1/2xd*x) " 2*tan(1/2*c)”2 + 2xtan(1/2*d*x)~3 - 2*tan(1/2x%
d*x)*tan(1/2*c) "2 + 2xtan(1/2*d*x) "2 + tan(1/2*c)”~2 + 2xtan(1/2*d*x) + 2*ta
n(1/2xc) + 1))*tan(1/2*d*x) "4*xtan(1/2*c) "6 — 12*b*xtan(1/2*d*x) "5*xtan(1/2*c)
6 + 12*axtan(1/2*xd*x) “6xtan(1/2%c)~4 + 12*axtan(1/2*d*x) 4xtan(1/2%c)”6 +

9%bxlog (2% (tan(1/2*c) 2 + 1)/(tan(1/2*xd*x) “4*xtan(1/2%c) "2 + 2*tan(1/2*d*x)”
4xtan(1/2*c) + 2*tan(1/2*d*x) ~3*tan(1/2*c)”"2 + tan(1/2*d*x) "4 + 2xtan(1/2x*d
*x) "2%tan(1/2*c) "2 - 2xtan(1/2*d*x) "3 + 2*tan(1/2*xd*x)*tan(1/2*c)~2 + 2*tan
(1/2*%d*x) "2 + tan(1/2%c)”"2 - 2*tan(1/2*d*x) - 2xtan(1/2*c) + 1))*tan(1/2xdx*
x)"6xtan(1/2*c) "2 - 9xb*xlog(2*x(tan(1/2xc)~2 + 1)/(tan(1l/2*d*x) “4xtan(1/2*c)
~2 - 2xtan(1/2*dx*x) “4*xtan(1/2*c) - 2*tan(1/2*d*x) "3*xtan(1/2%c)”2 + tan(1/2%
d*x)~4 + 2*tan(1/2*d*x) "2*tan(1/2*c) "2 + 2xtan(1/2*d*x)~3 - 2*tan(1/2*d*x)*
tan(1/2*c) "2 + 2*tan(1/2*d*x) "2 + tan(1/2*c)~2 + 2*tan(1/2*d*x) + 2*tan(1/2
*c) + 1))*tan(1/2*xd*x) “6xtan(1/2*c) "2 - 40*b*tan(1/2*d*x) “6xtan(1/2*c) 3 +

27*b*xlog(2x(tan(1/2%c) "2 + 1)/(tan(1/2*d*x) “4*tan(1/2*c) "2 + 2xtan(1/2*d*x)
“4xtan(1/2%c) + 2*xtan(1/2xd*x) "3*tan(1/2*c)”2 + tan(1/2*d*x)~4 + 2*tan(1/2x*
d*x) "2xtan(1/2%c) "2 - 2*tan(1/2*d*x) "3 + 2*xtan(1/2*d*x)*tan(1/2xc)”2 + 2xta
n(1/2%d*x) "2 + tan(1/2%c)”2 - 2*xtan(1/2*d*x) - 2xtan(1/2%c) + 1))x*tan(1/2*d
*xx) “4*xtan(1/2xc) "4 - 27xb*xlog(2*(tan(1/2*c)~2 + 1)/(tan(1/2*d*x) ~4xtan(1/2x*
c)"2 - 2+tan(1/2*d*x) “4*xtan(1/2*c) - 2*tan(1/2*d*x) " 3*tan(1/2*c)”~2 + tan(1/
2xd*x) "4 + 2xtan(1/2*d*x) "2xtan(1/2*c)”2 + 2xtan(1/2*d*x) "3 - 2*xtan(1/2*d*x
)xtan(1/2%c) "2 + 2*tan(1/2*d*x) "2 + tan(1/2%c)~2 + 2*tan(1/2*d*x) + 2*tan(1
/2xc) + 1))*tan(1/2*d*x) “4xtan(1/2%c)~4 - 60*bxtan(1/2*d*x) 5*xtan(1/2*c) 4

- 60*bxtan(1/2*xd*x) “4*xtan(1/2%c) "5 + 9*bxlog(2x(tan(1/2%c)~2 + 1)/(tan(1/2x*
d*x) "4*xtan(1/2*c) "2 + 2¥tan(1/2*d*x) “4*xtan(1/2*c) + 2*tan(1/2*d*x) " 3*tan(1/
2%c) "2 + tan(1/2*d*x) "4 + 2xtan(1/2*d*x) " 2*xtan(1/2*c)”"2 - 2xtan(1/2*d*x) "3

+ 2*%tan(1/2*xd*x)*tan(1/2%c) "2 + 2*xtan(1/2*d*x)~2 + tan(1/2%c)~2 - 2*tan(1/2
xd*x) - 2%tan(1/2*xc) + 1))*tan(1/2*d*x) "2*tan(1/2xc)~6 - 9*b*xlog(2*x(tan(1/2
*c)72 + 1)/(tan(1/2*xd*x) “4xtan(1/2%c) "2 - 2*xtan(1/2*xd*x) “4xtan(1/2*c) - 2%t
an(1/2*d*x) "3*tan(1/2*c) "2 + tan(1/2*d*x) "4 + 2*tan(1/2*d*x) "2*tan(1/2*c) "2
+ 2*xtan(1/2*d*x) "3 - 2*tan(1/2*d*x)*tan(1/2*c)”"2 + 2*tan(1/2*d*x) "2 + tan(
1/2*c) "2 + 2xtan(1/2*d*x) + 2*xtan(1/2*xc) + 1))*tan(1/2*d*x) " 2*xtan(1/2*c)”6

- 40*b*tan (1/2*d*x) "3*tan(1/2*c) "6 - 12*a*tan(1/2xd*x) 6*xtan(1/2*c)~2 - 96%*
axtan(1/2*d*x) “5*xtan(1/2*c)~3 - 108*axtan(1/2*d*x) “4*xtan(1/2xc)~4 - 96*ax*ta
n(1/2xd*x) ~3*tan(1/2%c) "5 - 12*axtan(1l/2*d*x) " 2*tan(1/2*c)~6 + 3xb*xlog(2*(t
an(1/2%c)"2 + 1)/ (tan(1/2*d*x) “4*tan(1/2*c) "2 + 2*xtan(1/2*d*x) “4*tan(1/2*c)
+ 2*xtan(1/2*d*x) “3*tan(1/2*c) 2 + tan(1/2xd*x)~4 + 2%tan(1/2*d*x) " 2*xtan(1/
2xc) "2 - 2%tan(1/2*d*x) "3 + 2*tan(1/2xd*x)*tan(1/2*c)”2 + 2*tan(1/2*d*x)~2

+ tan(1/2*c) "2 - 2xtan(1/2*d*x) - 2*tan(1/2*c) + 1))*tan(1/2*d*x)~6 - 3*bxl
og(2x(tan(1/2xc)~2 + 1)/(tan(1/2*d*x) “4*tan(1/2*c) "2 - 2xtan(1/2*d*x) “4*tan
(1/2%c) - 2xtan(1/2*d*x) "3*xtan(1/2*c)"2 + tan(1/2*d*x) "4 + 2*xtan(1/2*d*x) "2
*tan(1/2%c) "2 + 2*xtan(1/2*d*x)"3 - 2*tan(1/2*xd*x)*tan(1/2*c)"2 + 2xtan(1/2%
d*x)~2 + tan(1/2xc)”2 + 2xtan(1/2*d*x) + 2*tan(1/2xc) + 1))*tan(1/2*d*x)~6

- 12xbxtan(1/2*d*x) “6*tan(1/2%c) + 27*bxlog(2x(tan(1/2*c)~2 + 1)/ (tan(1/2xd
*x) “4xtan(1/2*c) "2 + 2xtan(1/2*d*x) “4*tan(1/2*c) + 2*xtan(1/2*d*x) " 3*tan(1/2
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*c)72 + tan(1/2*xd*x) "4 + 2xtan(1/2*d*x) " 2*xtan(1/2*c) "2 - 2%tan(1/2*d*x)"3 +
2%tan (1/2*xd*x) *tan(1/2xc) "2 + 2*xtan(1/2*d*x) "2 + tan(1/2xc)~2 - 2xtan(1/2*
dxx) - 2xtan(1/2%c) + 1))*tan(1l/2*d*x) 4xtan(1/2%c)”2 - 27*bxlog(2*(tan(1/2
*c)72 + 1)/ (tan(1/2*d*x) “4xtan(1/2%c) "2 - 2*xtan(1/2*xd*x) “4xtan(1/2%c) - 2%t
an(1/2*d*x) "3*tan(1/2*c) "2 + tan(1/2*d*x) 4 + 2*tan(1/2*d*x) "2*tan(1/2%c) "2
+ 2%tan(1/2*d*x) "3 - 2xtan(1/2*d*x)*tan(1/2*c)~2 + 2xtan(1/2*d*x) "2 + tan(
1/2*c)~2 + 2xtan(1/2*d*x) + 2*xtan(1/2*xc) + 1))*tan(1/2*d*x) 4*tan(1/2*c) "2
+ 60*b*tan(1/2*d*x) “5*tan(1/2*c) "2 + 120*bxtan(1/2*d*x) “4*tan(1/2*c)~3 + 27
xb*xlog (2% (tan(1/2*c)”"2 + 1)/(tan(1/2xd*x) “4xtan(1/2*c)~2 + 2*xtan(1l/2*d*x) "4
xtan(1/2*c) + 2xtan(1/2*d*x) " 3*tan(1/2*c)”2 + tan(1/2*d*x)~4 + 2*xtan(1/2xdx*
x)"2xtan(1/2xc) "2 - 2%tan(1/2*d*x)~3 + 2xtan(1/2*d*x)*tan(1/2*c)~2 + 2xtan(
1/2*d*x) "2 + tan(1/2%c)”2 - 2*xtan(1/2*d*x) - 2*tan(1/2*c) + 1))*tan(1/2*xd*x
)"2xtan(1/2%c) "4 - 27*bxlog(2x(tan(1/2*c)~2 + 1)/(tan(1/2*d*x) ~4*xtan(1/2*c)
2 - 2%tan(1/2*d*x) “4xtan(1/2*c) - 2%tan(1/2*d*x) " 3*tan(1/2*c)~2 + tan(1/2*
d*x)~4 + 2*tan(1/2*d*x) "2*xtan(1/2*c) "2 + 2xtan(1/2*d*x)~3 - 2%tan(1/2*d*x)*
tan(1/2*c)”2 + 2%tan(1/2*d*x)~2 + tan(1/2*c)”2 + 2%tan(1/2*d*x) + 2*xtan(1/2
xc) + 1))*tan(1/2*d*x) "2xtan(1/2*c)~4 + 120*b*tan(1/2*d*x) ~3*xtan(1/2*c)~4 +
60xbxtan (1/2xd*x) "2*tan(1/2*c) "5 + 3*b*log(2*(tan(1/2%c)”2 + 1)/(tan(1/2*d
*x) “4xtan(1/2*c) "2 + 2xtan(1/2*d*x) “4*tan(1/2*c) + 2*xtan(1/2*d*x) " 3*tan(1/2
*c) "2 + tan(1/2*xd*x) "4 + 2xtan(1/2*d*x) " 2*tan(1/2*c)”2 - 2xtan(1/2*d*x)~3 +
2%tan(1/2*xd*x)*tan(1/2*c) "2 + 2*xtan(1/2*d*x) "2 + tan(1/2*c)"2 - 2xtan(1/2%
d*x) - 2xtan(1/2xc) + 1))*tan(1/2*c)”"6 - 3*b*log(2*(tan(1/2%c)”2 + 1)/(tan(
1/2%d*x) “4*tan(1/2*c) "2 - 2xtan(1/2*d*x) “4xtan(1/2*c) - 2*tan(1/2*d*x) " 3*ta
n(1/2xc)”"2 + tan(1/2+d*x) "4 + 2*xtan(1/2*d*x) "2*xtan(1/2*c) 2 + 2*xtan(1/2*d*x
)73 - 2%tan(1/2*d*x)*tan(1/2*c) "2 + 2*tan(1/2*d*x) "2 + tan(1/2*c)”2 + 2*tan
(1/2*%d*x) + 2xtan(1/2%c) + 1))*tan(1/2*c)”6 - 12xbxtan(1/2*d*x)*tan(1/2*c)”
6 - 4xaxtan(1/2*d*x)~6 + 108xaxtan(1/2*d*x) 4*tan(1/2*c)~2 + 128*a*xtan(1/2*
d*x) "3*tan(1/2*c) "3 + 108*axtan(1/2*d*x) " 2*tan(1/2xc)~4 - 4xaxtan(1/2%c)”6
+ 9%bxlog(2x(tan(1/2%c) "2 + 1)/(tan(1/2*d*x) “4*tan(1/2*c)~2 + 2xtan(1/2*xd*x
) 4xtan(1/2%c) + 2*xtan(1/2*d*x) ~3*xtan(1/2*c)”2 + tan(1/2*d*x)~4 + 2xtan(1/2
*dxx) "2*%tan(1/2*c) "2 - 2xtan(1/2*d*x) "3 + 2*tan(1/2*xd*x)*tan(1/2*c) 2 + 2*t
an(1/2*d*x) "2 + tan(1/2*c)”2 - 2xtan(1/2*d*x) - 2*xtan(1/2*c) + 1))*tan(1/2*
d*x) "4 - 9xbxlog(2*x(tan(1/2%c)”2 + 1)/(tan(1/2*d*x) “4*tan(1/2%c)”2 - 2x*tan(
1/2*xd*x) “4xtan(1/2*c) - 2*xtan(1/2*xd*x) "3xtan(1/2*c)”2 + tan(1/2*xd*x)~4 + 2%
tan(1/2*d*x) "2*%tan(1/2*c) "2 + 2*xtan(1/2*d*x) "3 - 2*tan(1/2*d*x)*tan(1/2xc)”
2 + 2xtan(1/2xd*x) "2 + tan(1/2*c)~2 + 2xtan(1/2*d*x) + 2%tan(1/2*c) + 1))x*t
an(1/2*d*x) "4 + 12xbxtan(1/2*d*x)~5 - 60*b*tan(1/2*d*x) “4xtan(1/2*c) + 27*b
xlog (2% (tan(1/2%c)~2 + 1)/(tan(1/2*xd*x) “4*xtan(1/2%c) "2 + 2*tan(1/2xd*x) ~4*t
an(1/2*c) + 2xtan(1/2*d*x) " 3*tan(1/2%c)”~2 + tan(1/2xd*x) "4 + 2xtan(1/2*d*x)
“2xtan(1/2*c) "2 - 2*xtan(1/2xd*x) "3 + 2*tan(1/2*xd*x)*tan(1/2*c)~2 + 2*tan(1/
2%d*x) "2 + tan(1/2*c)”2 - 2xtan(1/2*d*x) - 2*xtan(1/2*c) + 1))*tan(1/2*d*x)”
2xtan(1/2%c) "2 - 27xbxlog(2x(tan(1/2%c)~2 + 1)/(tan(1/2*d*x) ~4*xtan(1/2*c) "2
- 2xtan(1/2*d*x) “4*xtan(1/2*c) - 2*tan(1/2*d*x) "3*tan(1/2*c)~2 + tan(1/2*d*
x)"4 + 2xtan(1/2*dx*xx) "2*%tan(1/2%c) "2 + 2*xtan(1/2*d*x) "3 - 2*tan(1/2*d*x)x*ta
n(1/2xc)~2 + 2*xtan(1/2*d*x) "2 + tan(1/2*c)~2 + 2*tan(1/2*xd*x) + 2xtan(1/2*c
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) + 1))*tan(1/2*d*x) "2*xtan(1/2*c) "2 - 120*b*tan(1/2*d*x) “3*tan(1/2%c)"2 - 1
20*bxtan (1/2*d*xx) "2*tan(1/2*c) "3 + 9xb*xlog(2*x(tan(1/2xc)~2 + 1)/(tan(1/2x*dx
x) “4xtan(1/2*c) "2 + 2xtan(1/2*d*x) “4xtan(1/2*c) + 2*xtan(1/2*d*x) " 3xtan(1/2*
c)"2 + tan(1/2*d*x) "4 + 2xtan(1/2*d*x) "2xtan(1/2*c)”2 - 2*xtan(1/2*d*x)"3 +
2%tan (1/2*xd*x)*tan(1/2*c) "2 + 2xtan(1/2*d*x)”"2 + tan(1/2*c)~2 - 2xtan(1/2x*d
*x) - 2%tan(1/2%c) + 1))*tan(1/2xc)”4 - 9*bxlog(2x(tan(1/2*c)"2 + 1)/(tan(1
/2%d*x) "4*xtan(1/2*c) "2 - 2xtan(1/2*d*x) ~4*tan(1/2*c) - 2*xtan(1/2*d*x) "3*tan
(1/2*%c)"2 + tan(1/2*d*x) "4 + 2*xtan(1/2*xd*x) " 2xtan(1/2%c) 2 + 2*tan(1/2*d*x)
~3 - 2xtan(1/2*dx*xx)*tan(1/2%c)”"2 + 2*xtan(1/2*d*x)”"2 + tan(1/2*c)~2 + 2xtan(
1/2*d*x) + 2*xtan(1/2xc) + 1))*tan(1/2*c)~4 - 60*b*tan(1/2*xd*x)*tan(1/2*c) "4
+ 12*b*tan(1/2*c) "5 - 12*axtan(1/2*d*x) 4 - 96*axtan(1/2xd*x) ~3*tan(1/2x*c)
- 108*a*tan(1/2xd*x) ~2*tan(1/2*c) 2 - 96*axtan(1/2xd*x)*tan(1/2xc)~3 - 12%
axtan(1/2%c) "4 + 9*bxlog(2x(tan(1/2%c)~2 + 1)/(tan(1/2*d*x) “4*tan(1/2xc) "2
+ 2xtan(1/2*d*x) “4*tan(1/2%c) + 2*tan(1/2*xd*x) " 3*xtan(1/2*c) 2 + tan(1l/2*d*x
)"4 + 2xtan(1/2*dx*xx) "2*%tan(1/2*c) "2 - 2xtan(1/2*d*x)"3 + 2xtan(1/2*d*x)*tan
(1/2*%c) "2 + 2xtan(1/2%d*x)"2 + tan(1/2*c)”2 - 2xtan(1/2*d*x) - 2*tan(1/2*c)
+ 1))*tan(1/2%d*x) "2 - 9*xbxlog(2*(tan(1/2*%c)”2 + 1)/(tan(1/2*d*x) ~4*xtan(1/
2%c) "2 - 2xtan(1/2*d#*x) “4xtan(1/2*c) - 2*tan(1/2*d*x) " 3*tan(1/2*c)”2 + tan(
1/2%d*x) "4 + 2xtan(1/2*d*x) "2*¥tan(1/2%c)”"2 + 2xtan(1/2xd*x) "3 - 2*xtan(1/2*d
*x)*xtan(1/2*c) "2 + 2*xtan(1/2*d*xx) "2 + tan(1/2*c) "2 + 2xtan(1/2*d*x) + 2*tan
(1/2*%c) + 1))*tan(1/2%d*x)"2 + 40*bxtan(1/2*d*x) "3 + 60*b*tan(1/2*d*x) "2*xta
n(1/2%c) + 9*b*xlog(2*(tan(1/2*c)~2 + 1)/(tan(1/2*d*x) 4*tan(1/2%c)”2 + 2%ta
n(1/2*xd*xx) “4xtan(1/2*c) + 2*tan(1/2*xd*x) “3xtan(1/2*c)”2 + tan(1/2xd*x)~4 +
2%tan (1/2*xd*x) "2*xtan(1/2*c) "2 - 2*xtan(1/2*d*x) "3 + 2xtan(1/2*dx*xx)*tan(1/2*c
)72 + 2xtan(1/2%d*x) "2 + tan(1/2*c)”2 — 2xtan(1/2%d*x) - 2*xtan(1/2xc) + 1))
*tan(1/2%c) "2 - 9xbxlog(2*x(tan(1/2xc)~2 + 1)/(tan(1/2*d*x) “4*tan(1/2%c)”~2 -
2%tan (1/2*d*x) “4xtan(1/2*c) - 2¥tan(1/2*d*x) " 3*tan(1/2xc)~2 + tan(1/2*d*x)
4 + 2xtan(1/2*d*xx) " 2xtan(1/2xc) "2 + 2xtan(1/2*d*x)~3 - 2xtan(1/2*d*x)*tan(
1/2%c)”2 + 2*xtan(1/2*d*x)”2 + tan(1/2%c)”2 + 2xtan(1/2*d*x) + 2*tan(1/2*c)
+ 1))*tan(1/2%c) "2 + 60*b*tan(1/2*d*x)*tan(1/2*c)~2 + 40*b*tan(1/2*c)"3 + 1
2*xaxtan(1/2*d*x) "2 + 12*axtan(1/2*c)”2 + 3xbxlog(2*(tan(1/2xc)”2 + 1)/(tan(
1/2*xd*x) “4xtan(1/2%c) "2 + 2*xtan(1/2*xd*x) “4xtan(1/2*c) + 2*tan(1/2*d*x) ~3*xta
n(1/2xc)"2 + tan(1/2*d*x) "4 + 2*xtan(1/2*d*x) "2*xtan(1/2%c)”2 - 2*xtan(1/2*xd*x
)73 + 2xtan(1/2*d*x)*tan(1/2%c) 2 + 2*xtan(1/2*d*x)~2 + tan(1/2%c)”~2 - 2*tan
(1/2*%d*x) - 2xtan(1/2*c) + 1)) - 3*bxlog(2x(tan(1/2*c)~2 + 1)/(tan(1/2*d*x)
“4xtan(1/2*%c) "2 - 2xtan(1/2*dx*xx) “4*xtan(1/2*%c) - 2*xtan(1l/2xd*x) ~3xtan(1/2%*c)
“2 + tan(1/2*d*x)~4 + 2xtan(1/2*d*x) "2*tan(1/2*c)~2 + 2xtan(1/2*d*x)~3 - 2%
tan(1/2xd*x)*tan(1/2%c) "2 + 2*xtan(1/2xd*x) "2 + tan(1/2*c)”2 + 2*xtan(1/2*xd*x
) + 2%tan(1/2*c) + 1)) + 12*xb*tan(1/2*d*x) + 12xbxtan(1/2*c) + 4x*a)/(d*tan(
1/2*d*x) “6*xtan(1/2*c) "6 + 3*d*tan(1/2*d*x) “6*xtan(1/2*c)~4 + 3*d*tan(1/2*d*x
)"4xtan(1/2xc)”6 + 3*dxtan(1/2*d*x) “6*xtan(1/2*c) 2 + 9*dxtan(1/2*d*x) “4*tan
(1/2*%c)~4 + 3xd*xtan(1/2xd*x) " 2*tan(1/2*c)”6 + dxtan(1/2*d*x)”"6 + 9*d*tan(1/
2%d*x) “4*tan(1/2*c) "2 + 9xdxtan(1/2*d*x) " 2*tan(1/2*c)~4 + dxtan(1/2%c)"6 +
3*xdxtan(1/2*d*x) "4 + 9*d*tan(1/2*d*x) "2xtan(1/2%c)~2 + 3*d*tan(1/2*c)"4 + 3
*dxtan(1/2*d*x) "2 + 3*d*tan(1/2*c)"2 + d)
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3.14 fsinz(c + dx)(a + btan(c + dx)) dx

Optimal. Leaf size=49

sin(c + dx) cos(c + dx)(a + btan(c + dx)) N ax blog(cos(c + dx))
2d 2 d

[Out] (a*x)/2 - (bxLogl[Cos[c + d*x]])/d - (Cos[c + d*x]*Sin[c + d*x]*(a + bx*Tan[c
+ d¥x]))/(2%d)

Rubi [A] time = 0.0844788, antiderivative size = 49, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 19, T

integrand size
0.21, Rules used = {819, 635, 203, 260}

_sin(c + dx) cos(c + dx)(a + btan(c + dx)) N ax blog(cos(c + dx))
2d 2 d

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]~2%(a + bxTan[c + d*x]),x]

[Out] (a*x)/2 - (b*Logl[Cos[c + d*x]])/d - (Cos[c + d*x]*Sin[c + d*x]*(a + b*Tan[c
+ d*x]))/(2%d)

Rule 819

Int[((d_.) + (e_)*x_D)"(m_)*((f_.) + (g_.)*(x_))*((a_) + (c_.)*x_)"2)"(p
_.), x_Symbol] :> Simp[((d + exx)"(m - 1)*(a + c*x"2)"(p + 1)*(ax(exf + dxg
) - (cxd*f - axexg)*xx))/(2xaxcx(p + 1)), x] - Dist[1/(2xa*xcx(p + 1)), Int[(
d + exx)"(m - 2)*(a + c*xx"2)"(p + 1)*Simp[axex(exf*x(m - 1) + dxg*m) - c*d~2
*f*(2xp + 3) + ex(akexgkm - cxd*xfx(m + 2%p + 2))*x, x], x], x] /; FreeQ[{a,
c, d, e, £, g}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] && GtQ[m, 1] &&
(EqQld, 01 |l (EqQ[m, 2] && EqQlp, -3] &% RationalQ[a, c, 4, e, f, gl) ||
ITLtQ[m + 2*p + 3, 01)

Rule 635

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist([d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[-(a*c)]

Rule 203
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

Subst (f xz(a—w? dx, x, tan(c + dx))

(l+x2)

fsinz(c + dx)(a + btan(c + dx))dx = 7

a+2bx
_ cos(c +dx)sin(c + dx)(a + btan(c + dx)) N Subst (f 1422 dx, x, tan(c + d

B 2d 2d

1 .
_ cos(c + dx)sin(c + dx)(a + btan(c + dx)) N a Subst (f 1422 dx, x, tan(c + 4

- 2d 2d
_ax blog(cos(c + dx)) _ cos(c + dx) sin(c + dx)(a + btan(c + dx))

2 d 2d

Mathematica [A] time = 0.0480753, size = 56, normalized size = 1.14

a(c+dx)  asin(c + dx)) b (log(cos(c + dx)) — % cos?(c + dx))
2d 4d B d

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~2*(a + b*Tan[c + d*x]),x]

[Out] (ax(c + d*x))/(2xd) - (bx(-Cos[c + d*x]~2/2 + Logl[Cos[c + d*x]]1))/d - (axSi
n[2x(c + d*x)])/(4xd)

Maple [A] time = 0.035, size = 58, normalized size = 1.2

b (sin (dx + c))2 bln(cos(dx+c)) asin(dx+c)cos(dx+c) ax ac
2d d 2d 2 2d




100

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 2% (atbxtan(d*x+c)),x)

[Out] -1/2/d*b*sin(d*x+c) " 2-b*1n(cos(d*x+c))/d-1/2/d*a*sin(d*x+c)*cos (d*x+c)+1/2x%
axx+1/2/d*a*c

Maxima [A] time = 2.51148, size = 70, normalized size = 1.43

atan(dx+c)-b

(dx + c)a + blog (tan (dx + ¢)* +1) -
2d

tan(dx+c)2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dxx+c) 2*(at+bxtan(d*x+c)),x, algorithm="maxima")

[Out] 1/2*%((d*x + c)*a + b*xlog(tan(d*x + c)”2 + 1) - (axtan(d*x + c) - b)/(tan(dx*
x+c)72+ 1))/d

Fricas [A] time = 2.25526, size = 120, normalized size = 2.45

adx + b cos (dx + c)2 —acos (dx + ¢) sin (dx + ¢) — 2blog (- cos (dx + c))
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) ~2x(atb*tan(d*x+c)),x, algorithm="fricas")

[Out] 1/2%(a*d*x + bxcos(d*x + c)72 - a*cos(d*x + c)*sin(d*x + c) - 2xbxlog(-cos(
d¥x + ¢)))/d

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + btan (c + dx)) sin? (c + dx)dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c)**2*(atb*tan(d*x+c)),x)

[Out] Integral((a + bxtan(c + d*x))*sin(c + d*x)**2, x)

Giac [B] time = 1.43679, size = 558, normalized size = 11.39

4 (tan(c)2+1)

Zadxtan(dxftan(cf-—Zblog( )tan(dx)ztan(c)2

tan(dx)4 tan(c)2—2 tan(dx)3 tan(c)+tan(dx)2 tan(c)2+tan(dx)2—2 tan(dx) tan(c)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dxx+c) 2*x(at+bxtan(d*x+c)),x, algorithm="giac")

[Out] 1/4%(2xaxd*x*tan(d*x) 2*tan(c)~2 - 2xbxlog(4*(tan(c)”2 + 1)/(tan(d*x) 4*tan
()72 - 2%tan(d*x) "3*tan(c) + tan(d*x) 2*tan(c)”2 + tan(d*x)~2 - 2xtan(d*x)
*tan(c) + 1))*tan(d*x) " 2xtan(c)”2 + 2*axd*x*tan(d*x)~2 + 2*a*xd*x*tan(c) 2 +
b*tan(d*x) "2xtan(c) "2 - 2xb*log(4*(tan(c)~2 + 1)/(tan(d*x) 4*tan(c)~2 - 2%
tan(d*x) "3*xtan(c) + tan(d*x) " 2*tan(c)”2 + tan(d*x)~2 - 2*xtan(d*x)*tan(c) +
1)) *tan(d*x) "2 + 2xaxtan(d*x) " 2xtan(c) - 2*bxlog(4*(tan(c)”~2 + 1)/(tan(d*x)
“4xtan(c)”2 - 2*xtan(d*x) “3xtan(c) + tan(d*x) " 2*tan(c)”2 + tan(d*x)~2 - 2%*ta
n(d*x)*tan(c) + 1))*tan(c)”2 + 2*xaxtan(d*x)*tan(c)~2 + 2*xa*xd*x - bxtan(d*x)
"2 - 4xbxtan(d*x)*tan(c) - b*tan(c)”2 - 2*bxlog(4*(tan(c)”2 + 1)/(tan(d*x)”
4xtan(c) "2 - 2*tan(d*x) "3*tan(c) + tan(d*x) 2*tan(c)”2 + tan(d*x)~"2 - 2*xtan
(d*x)*tan(c) + 1)) - 2*axtan(d*x) - 2*axtan(c) + b)/(d*tan(d*x) 2*tan(c) "2
+ d*tan(d*x)~2 + d*tan(c)~2 + d)
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315  [sin(c+dx)(a+ btan(c + dx)) dx

Optimal. Leaf size=37

acos(c+dx) bsin(c+dx) b tanh ™! (sin(c + dx))
a4 a4 " d

[Out] (b*ArcTanh[Sin[c + d*x]])/d - (a*Cos[c + d*x])/d - (b*Sin[c + d*x])/d

Rubi [A] time = 0.0357625, antiderivative size = 37, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 17, fomer o e

0.294, Rules used = {3517, 2638, 2592, 321, 206}

integrand size

acos(c+dx) bsin(c+dx) b tanh ™" (sin(c + dx))
a4 a4 " d

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]*(a + bxTan[c + d*x]),x]

[Out] (b*ArcTanh[Sin[c + d*x]])/d - (a*Cosl[c + d*x])/d - (b*Sin[c + d*x])/d

Rule 3517

Int[sin[(e_.) + (£_)*(x_)]1 " (m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, 0]

Rule 2638

Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 2592

Int[((a_.)*sin[(e_.) + (f£_)*(x)])"(m_.)*tan[(e_.) + (£_D)*x )] " (n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
ff*x)"(m + n)/(@a"2 - £f£72%x"2)"((n + 1)/2), x], x, (a*Sin[e + f*x])/ff], x]
1 /; FreeQ[{a, e, £, m}, x] && IntegerQ[(n + 1)/2]

Rule 321
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Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - Dx(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + n¥xp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtl[a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/bl && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps

f sin(c + dx)(a + b tan(c + dx)) dx = f (asin(c + dx) + bsin(c + dx) tan(c + dx)) dx
=a fsin(c + dx) dx + bfsin(c + dx) tan(c + dx) dx

2
_a cos(c + dx) bSubst (f :? dx, x, sin(c + dx))
= - :
1 .
_acos(c+dx) bsin(c + dx) b Subst ( f =2 dx, x,sin(c + dx))
B 7

b tanh_l(sin(c +dx)) acos(c+dx) bsin(c + dx)
B d - d - d

Mathematica [A] time = 0.019747, size = 48, normalized size = 1.3

asin(c) sin(dx) _acos(c) cos(dx) _ bsin(c+dx) b tanh_l(sin(c + dx))
d d d d

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]*(a + b*Tan[c + d*x]),x]

[Out] (b*ArcTanh[Sin[c + d*x]])/d - (a*Cos[c]*Cos[d*x])/d + (a*Sin[c]*Sin[d*x])/d
- (bxSin[c + dx*x])/d
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Maple [A] time = 0.027, size = 45, normalized size = 1.2

acos(dx+c) bsin(dx+c) bln(sec(dx+c)+ tan(dx + c))
a4 a4 7 d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c)*(a+bxtan(d*x+c)) ,x)

[Out] -a*cos(d*x+c)/d-b*sin(d*x+c)/d+1/d*bx1ln(sec(d*x+c)+tan(d*x+c))

Maxima [A] time = 1.52106, size = 62, normalized size = 1.68

b(log (sin (dx + ¢) + 1) — log (sin (dx + ¢) — 1) — 2 sin (dx + ¢)) — 2a cos (dx + ¢)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(atbxtan(d*x+c)),x, algorithm="maxima"

[Out] 1/2%(b*(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1) - 2*sin(d*x + c)) - 2

*axcos(d*x + c))/d

Fricas [A] time = 2.29999, size = 134, normalized size = 3.62

2acos(dx +c¢) —blog(sin(dx +c) +1) + blog (- sin (dx + ¢) + 1) + 2bsin (dx + ¢)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(atb*xtan(d*x+c)),x, algorithm="fricas")

[Out] -1/2%(2%a*cos(d*x + c) - b*log(sin(d*x + c) + 1) + b*xlog(-sin(d*x + c) + 1)
+ 2%b*sin(d*x + c))/d

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + btan (¢ + dx)) sin (¢ + dx) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dxx+c)*(a+bxtan(d*x+c)),x)

[Out] Integral((a + b*tan(c + d*x))*sin(c + d*x), x)

Giac [B] time = 1.65799, size = 1669, normalized size = 45.11

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dxx+c)*(at+tbxtan(d*x+c)),x, algorithm="giac")

[Out] -1/2x%(b*log(2*(tan(1/2*c)~2 + 1)/(tan(1/2*d*x) 4*tan(1/2%c)~2 + 2xtan(1/2xd
*x) “4xtan(1/2xc) + 2¥tan(1/2*d*x) ~3xtan(1/2*c)~2 + tan(1/2*d*x)~4 + 2*tan(1
/2%d*x) "2*xtan(1/2*c) "2 - 2xtan(1/2*d*x) "3 + 2*tan(1/2*xd*x)*tan(1/2%c)"2 + 2
*tan(1/2*%d*x) "2 + tan(1/2*c)"2 - 2+tan(1/2*xd*x) - 2*xtan(1/2*c) + 1))*tan(1l/
2xdx*x) “2*tan(1/2%c) "2 - b*xlog(2*(tan(1/2*c)~2 + 1)/(tan(1l/2*d*x) “4xtan(1/2x*
c)"2 - 2xtan(1/2*d*xx) “4*tan(1/2*c) - 2*tan(1/2*d*x) "3xtan(1/2*c)”2 + tan(1/
2xd*x) "4 + 2xtan(1/2*d*x) "2*xtan(1/2*c)”2 + 2%tan(1/2*d*x) "3 - 2*tan(1/2xd*x
Yxtan(1/2%c) "2 + 2*xtan(1/2*d*x) "2 + tan(1/2*c)”2 + 2*xtan(1/2*d*x) + 2*tan(1
/2xc) + 1))*tan(1/2*d*x) "2xtan(1/2%c) "2 + 2*axtan(1/2*d*x) "2xtan(1/2%c)”~2 +
b*xlog(2*(tan(1/2*c)~2 + 1)/(tan(1/2xd*x) “4*tan(1/2*c)~2 + 2*xtan(1l/2*d*x)"4
xtan(1/2*c) + 2*xtan(1/2xd*x) “3*tan(1/2*c)”2 + tan(1/2*d*x)~4 + 2%tan(1/2*d*
x) "2%tan(1/2*c) "2 - 2*xtan(1/2*d*x)~3 + 2%tan(1/2*d*x)*tan(1/2*c)~2 + 2*tan(
1/2*d*x) "2 + tan(1/2%c)”2 - 2*xtan(1/2*d*x) - 2*tan(1/2*c) + 1))*tan(1/2*xd*x
)72 - bxlog(2x(tan(1/2xc)~2 + 1)/(tan(1l/2*d*x) 4*tan(1/2*c)”~2 - 2xtan(1/2*d
*x) “4xtan(1/2*c) - 2*xtan(1/2*d*x) "3*tan(1/2*c)”2 + tan(1/2*d*x)~4 + 2*tan(l
/2%d*x) "2*xtan(1/2*c) "2 + 2xtan(1/2*d*x)~3 - 2*xtan(1/2*xd*x)*tan(1/2*c)"2 + 2
xtan(1/2*d*x) "2 + tan(1/2xc)”2 + 2*tan(1/2*d*x) + 2*xtan(1/2*c) + 1))*tan(1/
2xd*x) "2 - 4xbxtan(1/2*d*x) " 2*tan(1/2*%c) + b*xlog(2x(tan(1/2xc)~2 + 1)/(tan(
1/2*d*x) “4xtan(1/2%c) "2 + 2xtan(1/2*d*x) “4*tan(1/2*c) + 2xtan(1/2*d*x) " 3*ta
n(1/2*c)”"2 + tan(1/2+d*x) "4 + 2*tan(1/2*d*x) "2*tan(1/2*c) "2 - 2*tan(1/2*d*x
)73 + 2%tan(1/2*d*x)*tan(1/2*c) "2 + 2*xtan(1/2xd*x)”2 + tan(1/2*c)~2 - 2*tan
(1/2*d*x) - 2%tan(1/2%c) + 1))*tan(1/2*c)"2 - bxlog(2x(tan(1/2*c)"2 + 1)/(t
an(1/2*d*x) “4*tan(1/2*c) "2 - 2xtan(1/2*d*x) “4xtan(1/2*c) - 2*tan(1/2*d*x)"3
*tan(1/2*c) "2 + tan(1/2*d*x)~4 + 2%tan(1/2*d*x) " 2*tan(1/2*c)~2 + 2*tan(1/2*
d*x) "3 - 2*tan(1/2*xd*x)*tan(1/2*c)”2 + 2xtan(1/2*d*x)~2 + tan(1/2*xc)”2 + 2%
tan(1/2*d*x) + 2*tan(1/2*c) + 1))*tan(1/2*c)”~2 - 4xbxtan(1/2*d*x)*tan(1/2*c
)72 - 2%axtan(1/2*d*x) "2 - 8*axtan(1/2*xd*x)*tan(1/2*c) - 2xaxtan(1/2*c)”~2 +
b*xlog(2*(tan(1/2*%c)”2 + 1)/(tan(1/2xd*x) “4*xtan(1/2%c)~2 + 2*xtan(1/2*d*x)"4
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xtan(1/2*c) + 2*xtan(1/2*d*x) "3*tan(1/2*c)”2 + tan(1/2*d*x)~4 + 2%tan(1/2*d*
x)"2xtan(1/2xc) "2 - 2%tan(1/2*d*x)~3 + 2xtan(1/2*d*x)*tan(1/2*c)~2 + 2xtan(
1/2*%d*x) "2 + tan(1/2%c)”2 - 2xtan(1/2*d*x) - 2*tan(1/2%c) + 1)) - bxlog(2x*(
tan(1/2*c)”2 + 1)/(tan(1/2*xd*x) "4xtan(1/2*c) 2 — 2¥tan(1/2*dx*xx) “4*xtan(1/2*c
) - 2xtan(1/2*d*x) "3xtan(1/2*c)”2 + tan(1/2*d*x)"4 + 2xtan(1/2*d*x) " 2*tan(1
/2%c)”2 + 2*xtan(1/2*d*x) "3 - 2%tan(1/2*d*x)*tan(1/2*c) "2 + 2xtan(1/2*d*x) "2
+ tan(1/2*c)~2 + 2xtan(1/2*d*x) + 2*tan(1/2*c) + 1)) + 4xbxtan(1/2*d*x) +
4xbxtan(1/2*c) + 2*a)/(d*tan(1/2*xd*x) " 2*xtan(1/2*c)”2 + d¥tan(1/2*d*x)"2 + d
*tan(1/2%c)”"2 + d)
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316 [ csc(c+dx)(a+ btan(c + dx))dx

Optimal. Leaf size=26

btanh™ (sin(c +dx)) a tanh_l(cos(c + dx))
d d

[Out] -((axArcTanh[Cos[c + d*x]])/d) + (b*ArcTanh[Sin[c + d*x]])/d

Rubi [A] time = 0.029023, antiderivative size = 26, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 2, integrand size = 17, e -

0.118, Rules used = {3517, 3770}

btanh™ (sin(c + dx)) _a tanh ™! (cos(c + dx))
d d

integrand size

Antiderivative was successfully verified.

[In] Int[Cscl[c + d*x]*(a + b*Tan[c + d*x]),x]
[Out] -((a*ArcTanh[Cos[c + d*x]])/d) + (b*ArcTanh[Sin[c + d*x]])/d

Rule 3517

Int[sinl[(e_.) + (£_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 3770

Int[ecscl[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps

fcsc(c + dx)(a + btan(c + dx))dx = f(a csc(c + dx) + bsec(c + dx)) dx

=a fcsc(c +dx)dx+b fsec(c + dx)dx

_a tanh ™! (cos(c + dx)) N b tanh_l(sin(c + dx))
T d d
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Mathematica [A] time = 0.0237081, size = 52, normalized size = 2.

. c dx c dx
alog (Sln (5 + 7)) alog (COS (E + ?)) btanh ™! (sin(c + dx))
d - d " d

Antiderivative was successfully verified.

[In] Integrate[Csc[c + d*x]x(a + b*Tan[c + d*x]),x]

[Out] (b*ArcTanh[Sin[c + dx*x]])/d - (a*Logl[Cos[c/2 + (d*x)/2]1)/d + (a*Log[Sinl[c/
2 + (dxx)/211)/d

Maple [A] time = 0.036, size = 42, normalized size = 1.6

aln (csc (dx + ¢) — cot (dx + ¢)) N bln (sec (dx + c) + tan (dx + ¢))
d d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)*(a+bxtan(d*x+c)),x)

[Out] 1/d*a*x1ln(csc(d*x+c)-cot(d*x+c))+1/d*bx1n(sec(d*x+c)+tan(d*x+c))

Maxima [A] time = 1.53495, size = 62, normalized size = 2.38

b(log (sin (dx + c¢) + 1) — log (sin (dx + ¢) — 1)) — 2alog (cot (dx + c) + csc (dx + ¢))
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c)),x, algorithm="maxima"

[Out] 1/2%(b*(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1)) - 2*axlog(cot(d*x +
c) + csc(d*x + ¢)))/d

Fricas [B] time = 2.35074, size = 170, normalized size = 6.54

alog(% cos(dx +c¢) + %) —alog(—% cos(dx +c) + %) —blog(sin(dx+c)+1)+blog(-sin(dx +c) +1)

2d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(a+bxtan(d*x+c)),x, algorithm="fricas")

[Out] -1/2x(axlog(1l/2%cos(d*x + c) + 1/2) - axlog(-1/2*cos(d*x + c) + 1/2) - bxlo
g(sin(d*x + ¢) + 1) + b*log(-sin(d*x + c) + 1))/d

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + btan (c + dx)) csc (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c)) ,x)

[Out] Integral((a + bxtan(c + d*x))*csc(c + d*x), x)

Giac [A] time = 1.41334, size = 66, normalized size = 2.54

s ) 1) o 2 ) o1+ 1)
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(a+b*tan(d*x+c)),x, algorithm="giac")
g g g

[Out] (b*log(abs(tan(1/2xd*x + 1/2%c) + 1)) - bxlog(abs(tan(l/2*d*x + 1/2%c) - 1)
) + axlog(abs(tan(1/2*d*x + 1/2%c))))/d
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3.17 f csc?(c + dx)(a + btan(c + dx)) dx

Optimal. Leaf size=25

blog(tan(c + dx)) _a cot(c + dx)
d d

[Out] -((axCotl[c + d*x])/d) + (b*Logl[Tan[c + d*x]])/d

Rubi [A] time = 0.0783231, antiderivative size = 25, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 1, integrand size = 19, i L

0.053, Rules used = {43}

integrand size

blog(tan(c + dx)) _a cot(c + dx)
d d

Antiderivative was successfully verified.

[In] Int[Csclc + dxx]~2x(a + bxTan[c + dx*x]),x]
[Out] -((axCot[c + dx*x])/d) + (b*Logl[Tan[c + d*x]])/d

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - a*xd, 0] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5*%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

Subst ( f % dx, x, tan(c + dx))
d
a b
Subst (f (; + ;) dx, x, tan(c + dx))

d
_ 4 cot(c + dx) N blog(tan(c + dx))

d d

f cs®(c + dx)(a + btan(c + dx)) dx =
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Mathematica [A] time = 0.0594411, size = 36, normalized size = 1.44

4 cot(c + dx) ~ b(log(cos(c + dx)) — log(sin(c + dx)))
d d

Antiderivative was successfully verified.

[In] Integrate[Csc[c + d*x]~2*(a + b*Tan[c + dx*x]),x]

[Out] -((a*Cot[c + d*x])/d) - (bx(Logl[Cos[c + d*x]] - Log[Sin[c + d*x]1))/d

Maple [A] time = 0.077, size = 26, normalized size = 1.

cot(dx+c)a bln(tan (dx + )
a7 d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 2% (a+b*tan(d*x+c)),x)

[Out] -axcot(d*x+c)/d+b*1n(tan(d*x+c))/d

Maxima [A] time = 1.38836, size = 34, normalized size = 1.36

a
tan(dx+c)

blog (tan (dx + ¢)) —
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2*x(a+bxtan(d*x+c)),x, algorithm="maxima"

[Out] (b*log(tan(d*x + c)) - a/tan(d*x + c))/d

Fricas [B] time = 2.49515, size = 171, normalized size = 6.84

blog (cos (dx + c)z) sin (dx + c¢) — blog (_}I cos (dx + c)2 + }L) sin (dx + ¢) + 2acos (dx + ¢)

- 2dsin (dx + ¢)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) " 2*x(at+bxtan(d*x+c)),x, algorithm="fricas")

[Out] -1/2%(b*log(cos(d*x + c)~2)*sin(d*x + c) - bxlog(-1/4*cos(d*x + c)~2 + 1/4)
*sin(d*x + c) + 2*xaxcos(d*x + c))/(d*sin(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + btan (c + dx)) csc? (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**2*(atbxtan(d*x+c)) ,x)

[Out] Integral((a + bxtan(c + d*x))*csc(c + d*x)**2, x)

Giac [A] time = 1.36389, size = 47, normalized size = 1.88

btan(dx+c)+a
tan(dx+c)

blog (ltan (dx + c)|) —
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~2*(atbxtan(d*x+c)),x, algorithm="giac")

[Out] (b*log(abs(tan(d*x + c))) - (b*tan(d*x + c) + a)/tan(d*x + c))/d
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3.18 f csc(c + dx)(a + btan(c + dx)) dx

Optimal. Leaf size=60

a tanh_l(cos(c + dx)) _a cot(c + dx) csc(c + dx) ~ b csc(c + dx) N btanh™ (sin(c + dx))
2d 2d d d

[Out] -(axArcTanh[Cos[c + d*x]])/(2xd) + (b*ArcTanh[Sin[c + d*x]])/d - (b*Cscl[c +
d*x])/d - (a*Cot[c + d*x]*Cscl[c + d*x])/(2%d)

Rubi [A] time = 0.0679689, antiderivative size = 60, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 19, e =

0.316, Rules used = {3517, 3768, 3770, 2621, 321, 207}

integrand size

a tanh_l(cos(c +dx)) acot(c+dx)csc(c+dx) besc(c+ dx) N btanh™ (sin(c + dx))
2d 2d d d
Antiderivative was successfully verified.

[In] Int[Csc[c + d*x]~3%(a + b*Tan[c + d*x]),x]

[Out] -(axArcTanh[Cos[c + d*x]])/(2xd) + (b*xArcTanh[Sin[c + d*x]])/d - (b*Cscl[c +
d*x])/d - (ax*Cot[c + d*x]*Cscl[c + d*xx])/(2*xd)

Rule 3517

Int[sinl[(e_.) + (f_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, 0]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)]*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Jx(b*Csclc + d*x])"(n - 1))/(d*x(n - 1)), x] + Dist[(b™2x(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &%
IntegerQ[2x*n]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQl{c, d}, x]
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Rule 2621

Int[(cscl(e_.) + (f_)*(x )]*(a_.)) " (m_ )xsecl(e_.) + (f_)*(x )] (n_.), xS
ymbol] :> -Dist[(f*a"n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x1, x, axCscle + f*x]]1, x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n
+1)/2] && !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 321

Int[((c_.)*(x D))" (m )*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*(c*xx)"(m - n + D*x(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (LtQla
, 01 Il GtQ[b, 01)

Rubi steps

fcscB(c +dx)(a + btan(c + dx))dx = f(a csc3(c + dx) + b esc?(c + dx) sec(c + dx)) dx

=a fcsc3(c +dx)dx +b f csc?(c + dx) sec(c + dx) dx

4 cot(c +dx)csc(c+dx) 1

x2
b Subst (f == dx, x, csc(,

= d + Eafcsc(c+dx)dx—

_ 4 tanh_l(cos(c + dx)) _ b csc(c + dx) a cot(c + dx) csc(c + dx) _

d

bSubst

2d d 2d

_a tanh_l(cos(c + dx)) N b tanh_l(sin(c + dx)) B b csc(c + dx) o a cot(c + dx;

2d d d

Mathematica [C] time = 0.0265519, size = 107, normalized size = 1.78

2

acsc? (%(c + dx)) asec? (%(C + dx)) alog (sin (%(c + dx))) alog (cos (%(c + dx))) besc(c + dx) o Fq (—%,1; |

+ + —

8d 8d 2d 2d

Antiderivative was successfully verified.

d
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[In] Integrate[Cscl[c + d*x]~3*(a + b*Tan[c + d*x]),x]

[Out] -(a*Csc[(c + d*x)/2]172)/(8%d) - (bxCsclc + d*x]*Hypergeometric2F1[-1/2, 1,
1/2, Sin[c + d*x]~2])/d - (axLogl[Cos[(c + d*x)/2]]1)/(2+d) + (axLog[Sin[(c +
d*x)/2]1)/(2*%d) + (a*Sec[(c + d*x)/2]72)/(8*d)

Maple [A] time = 0.082, size = 75, normalized size = 1.3

b bln(sec(dx +c) + tan(dx +c)) cot(dx+c)acsc(dx+c) aln(csc(dx+ c)— cot (dx + c))
- + - +
dsin (dx + ¢) d 2d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 3% (at+b*tan(d*x+c)),x)

[Out] -1/d*b/sin(d*x+c)+1/d*b*x1ln(sec(d*x+c)+tan(d*x+c))-1/2*%a*xcot (d*x+c)*xcsc(d*x+
c)/d+1/2/d*a*x1ln(csc(d*x+c)-cot (d*x+c))

Maxima [A] time = 1.14193, size = 112, normalized size = 1.87

a(M —log (cos (dx + ¢) + 1) + log (cos (dx + ¢) — 1)) - Zb(sin(;x+c) —log (sin (dx + ¢) + 1) + log (sin (dx + ¢)

cos(dx+c)2—1
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) " 3*(atb*tan(d*x+c)),x, algorithm="maxima")

[Out] 1/4*(a*x(2*cos(d*x + c)/(cos(d*x + c)”2 - 1) - log(cos(d*x + c) + 1) + log(c
os(d*x + ¢c) - 1)) - 2*%bx(2/sin(d*x + c) - log(sin(d*x + c) + 1) + log(sin(d

xx + ¢c) - 1)))/d

Fricas [B] time = 2.89013, size = 367, normalized size = 6.12

2acos (dx +c) — (a cos (dx + c)2 - a) log (% cos (dx +c) + %) + (a cos (dx + c)2 - a) log (—% cos (dx +c) + %) +2 (b
4(d cos (dx + c)* -
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) " 3*(at+bxtan(d*x+c)),x, algorithm="fricas")

[Out] 1/4*(2*a*cos(d*x + c) - (axcos(d*x + c)72 - a)xlog(l/2*xcos(d*x + c) + 1/2)
+ (axcos(d*x + c)72 - a)*xlog(-1/2%cos(d*x + c) + 1/2) + 2x(bxcos(d*x + c)~2

- b)*log(sin(d*x + c) + 1) - 2x(b*xcos(d*x + c)”2 - b)*xlog(-sin(d*x + c) +

1) + 4xbxsin(d*x + c))/(d*cos(d*x + ¢c)72 - d)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + btan (c + dx)) csc (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**3*(a+b*tan(d*x+c)),x)

[Out] Integral((a + bx*tan(c + d*x))*csc(c + d*x)**3, x)

Giac [B] time = 1.51231, size = 159, normalized size = 2.65

2
atan(%dx+ %c) +8b10g(|tan(%dx+ %c) +1|) —8blog(|tan(%dx+ %c) —1|) +4a10g(|tan(%dx+ %c)|) —4b

8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 3*(atbxtan(d*x+c)),x, algorithm="giac")

[Out] 1/8*(axtan(1/2*d*x + 1/2%c)~2 + 8*bxlog(abs(tan(1/2xd*x + 1/2%c) + 1)) - 8%
bxlog(abs(tan(1/2*d*x + 1/2%c) - 1)) + 4xaxlog(abs(tan(1/2xd*x + 1/2%c))) -
4xbxtan(1/2*xd*x + 1/2*%c) - (6xaxtan(1/2*dxx + 1/2%c)~2 + 4xb*tan(1/2*xd*x +
1/2*c) + a)/tan(1/2*d*x + 1/2*c)"2)/d
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3.19 f csct(c + dx)(a + btan(c + dx)) dx

Optimal. Leaf size=57

acot](c+dx) acot(c+dx) bcot?(c+ dx) N blog(tan(c + dx))
3d d 2d d

[Out] -((a*Cot[c + d*xx])/d) - (b*Cot[c + d*xx]~2)/(2xd) - (a*Cot[c + d*xx]~3)/(3%d)
+ (b*Log[Tan[c + d*x]])/d

Rubi [A] time = 0.0879247, antiderivative size = 57, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 1, integrand size = 19, e =

0.053, Rules used = {766}

integrand size

acot’(c+dx) acot(c+dx) bcot?(c + dx) N blog(tan(c + dx))
3d d 2d d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x] 4*(a + bxTan[c + d*x]),x]

[Out] -((a*xCot[c + d*x])/d) - (bxCotl[c + d*xx]~2)/(2%d) - (ax*Cot[c + d*xx]~3)/(3%*d)
+ (bxLog[Tan[c + d*x]])/d

Rule 766

Int[((e_)*(x_))"(m_)*((f_.) + (g_.)*(x_))*((a_) + (c_)*(x_)"2)"(p_.), x_
Symbol] :> Int[ExpandIntegrand[(e*xx) m*x(f + gxx)*(a + c*x"2)7p, x], x] /; F
reeQ[{a, c, e, f, g, m}, x] && IGtQ[p, O]

Rubi steps

2
Subst ( f (bei# dx, x, tan(c + dx))

fcsc4(c +dx)(a + btan(c + dx))dx = y

a b a b
~ Subst (f (F + 3 + 2 + ;) dx,x, tan(c + d.X'))
- d
acot(c +dx) beot’(c+dx) acot’(c+dx) blog(tan(c + dx))
= - - - +
d 2d 3d d
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Mathematica [A] time = 0.244585, size = 72, normalized size = 1.26

_2acot(c+dx) acot(c+dx) csc?(c + dx) _ b (CSCz(C +dx) — 2log(sin(c + dx)) + 2 log(cos(c + dx)))
3d 3d 2d

Antiderivative was successfully verified.

[In] Integrate[Csclc + d*x]~4*(a + b*Tan[c + d*x]),x]

[Out] (-2*a*Cot[c + d*x])/(3*d) - (a*Cot[c + d*x]*Cscl[c + d*x]~2)/(3*d) - (b*(Csc
[c + d*x]~2 + 2*xLog[Cos[c + d*x]] - 2xLogl[Sin[c + d*x]]))/(2xd)

Maple [A] time = 0.081, size = 60, normalized size = 1.1

b N b1n (tan (dx + ¢)) _ 2 cot (dx+c)a _ cot (dx +c)a(csc(dx + c))2

24 (sin (dx + 0))° d 3d 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) ~4*(at+b*tan(d*x+c)),x)

[Out] -1/2/d*b/sin(d*x+c) "2+b*1n(tan(d*x+c))/d-2/3*a*cot (d*x+c)/d-1/3/d*a*cot (d*x

+c)*csc(dxx+c) "2

Maxima [A] time = 1.12848, size = 68, normalized size = 1.19

6a tan(dx+c)2+3 btan(dx+c)+2a

6 blog (tan (dx + ¢)) —

tan(dx+c)3

6d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 4*(at+bxtan(d*x+c)),x, algorithm="maxima"

[Out] 1/6%(6*b*log(tan(d*x + c)) - (6xaxtan(d*x + c)~2 + 3*bxtan(d*x + c) + 2%a)/
tan(d*x + ¢)~3)/d
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Fricas [B] time = 2.79451, size = 316, normalized size = 5.54

4acos(dx + c)3 +3 (b cos (dx + c)2 - b) log (COS (dx + c)2) sin(dx+c)-3 (b cos (dx + t:)2 - b) log (—i cos (dx + c):
6 (d cos (dx + c)2 - d) sin (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) ~4x(atb*tan(d*x+c)),x, algorithm="fricas")

[Out] -1/6x(4*a*xcos(d*x + c)~3 + 3*(b*cos(d*x + c)”2 - b)*log(cos(d*x + c)~2)*sin
(d*x + ¢) - 3*(b*cos(d*x + c)~2 - b)*log(-1/4xcos(d*x + c)72 + 1/4)*sin(d*x
+ c) - 6*%axcos(d*x + c) - 3xbksin(d*x + c))/((d*cos(d*x + c)”2 - d)*sin(d*

X + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + btan (c + dx)) csct (¢ + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**4*(a+b*tan(d*x+c)),x)

[Out] Integral((a + b*tan(c + d*x))*csc(c + d*x)**4, x)

Giac [A] time = 1.36171, size = 84, normalized size = 1.47

11b tan(dx+c)3+6 a tan(dx+c)2+3 btan(dx+c)+2a

6 blog (Jtan (dx + ¢)|) —

tan(dx+c)3

6d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 4x*(atbxtan(d*x+c)),x, algorithm="giac")

[Out] 1/6*(6*bxlog(abs(tan(d*x + c))) - (1lxb*tan(d*x + c)~3 + 6*xaxtan(d*x + c)~2
+ 3*bxtan(d*x + c) + 2*a)/tan(d*x + ¢c)~3)/d
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320 [ csc®(c+dx)(a+ btan(c + dx)) dx

Optimal. Leaf size=98

3atanh™’ (cos(c +dx)) acot(c+dx)csc3(c+dx) 3acot(c+dx)csc(c+dx) bescd(c+dx)  besc(c + dx)

8d 4d 8d 3d d

[Out] (-3*axArcTanh[Cos[c + d*x]])/(8*d) + (b¥ArcTanh[Sin[c + d*x]])/d - (b*Csclc
+ d*x])/d - (3xaxCotl[c + d*x]*Cscl[c + d*x])/(8%d) - (b*Cscl[c + d*x]~3)/(3x*
d) - (ax*Cot[c + d*x]*Cscl[c + d*xx]"3)/(4xd)

Rubi [A] time = 0.0922901, antiderivative size = 98, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 6, integrand size = 19, e -

integrand size
0.316, Rules used = {3517, 3768, 3770, 2621, 302, 207}

3a tanh ™ (cos(c + dx)) a cot(c + dx) csc(c + dx) _3a cot(c + dx) csc(c + dx) ~ b csc3(c + dx) _ b csc(c + dx)

8d 4d 8d 3d d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~5*x(a + bxTan[c + d*x]),x]

[Out] (-3*%axArcTanh[Cos[c + d*x]])/(8%d) + (b*ArcTanh[Sin[c + d*x]])/d - (b*Csclc
+ d*x])/d - (3*a*Cot[c + d*x]*Cscl[c + d*x])/(8*d) - (b*Csclc + d*x]~3)/(3x*
d) - (axCot[c + d*x]*Csclc + d*x]"3)/(4x*d)

Rule 3517

Int[sinl(e_.) + (£_)*(x_)]1"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 3768

Int[(cscl(c_.) + (d_.)*(x )I*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Ix(bxCsclc + d*x])"(n - 1))/(d*(n - 1)), x] + Dist[(b"2%(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
IntegerQ[2x*n]

Rule 3770

b
+_

b
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 2621

Int[(cscl(e_.) + (f_)*(x_)]*(a_.)) " (m_)*secl(e_.) + (f_)*x )] (n_.), x_S
ymbol] :> -Dist[(f*a™n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x1, x, axCscle + f*x]]1, x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n
+1)/2] && !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, O] && IGtQ[n, 0] && Gt
Qlm, 2%n - 1]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rubi steps

f cs5(c + dx)(a + btan(c + dx)) dx = f (a.cscS(c + dx) + b escH(c + d) sec(c + dx)) dx

=a fcsc5(c +dx)dx+b f csct(c + dx) sec(c + dx) dx

4
b Subst f —— dx,
_acot(c+dx)escd(c+dx) 1 3 ( “1a2
=- 1 +Z(3a)fcsc (c+dx)dx — 7
_ 3a cot(c + d;{; csc(c + dx) a cot(c + dx4)dcsc3(c + dx) N %(3@ f esc(c + dx

3a tanh_l(cos(c +dx)) bese(c+dx)  3acot(c+dx)csc(c +dx)  bescd

8d d 8d

_ 3a tanh_l(cos(c +dx)) b tanh_l(sin(c +dx)) bcsce(c+dx)  3acot(c

8d d d

Mathematica [C] time = 0.0286861, size = 151, normalized size = 1.54

acsct (%(c + dx)) 3a csc? (%(c + dx)) asect (%(c + dx)) 3asec? (%(c + dx)) 3alog (sin (%(c + dx))) 3a

64d 324 * 64d * 324 * 8d
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Antiderivative was successfully verified.

[In] Integrate[Csclc + d*x]~5*(a + b*Tan[c + d*x]),x]

[Out] (-3*axCsc[(c + d*x)/2]°2)/(32%d) - (axCsc[(c + d*x)/2]74)/(64*xd) - (b*Csclc
+ d*x] ~3*Hypergeometric2F1[-3/2, 1, -1/2, Sin[c + d*x]~2])/(3*d) - (3xaxLo
glCos[(c + dxx)/2]11)/(8*d) + (3*axLogl[Sin[(c + d*x)/2]1]1)/(8*d) + (3*a*Sec[(

c + d*x)/2]172)/(32*%d) + (axSec[(c + d*x)/2]74)/(64x*d)

Maple [A] time = 0.084, size = 109, normalized size = 1.1

B b ~ b bln (sec (dx + ¢) + tan (dx + ¢)) _ cot (dx + c¢)a(csc (dx + c))3 _3cot (dx +c)
3d (sin (dx +¢))°>  dsin(dx +¢) d 4d 8¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 5*x(atb*xtan(d*x+c)),x)

[Out] -1/3/d*b/sin(d*x+c)~3-1/d*b/sin(d*x+c)+1/d*xb*1n(sec(d*x+c)+tan(d*x+c))-1/4x*
axcot (d*x+c) *csc(d*x+c) ~3/d-3/8*axcot (d*x+c) *csc(d*x+c) /d+3/8/d*a*x1ln(csc(d*
x+c)—-cot (d*x+c))

Maxima [A] time = 1.26038, size = 166, normalized size = 1.69

2 (3 sin(dx+c)2+1) _3 log (Sin (dx N

2 (3 cos(dx+c)3—5 cos(dx+c))
a -3 log(cos(dx+c)+1)+3 log(cos(dx+c)—1)|-8b

cos(dx+c)4—2 cos(dx+c)2+1 sin(dx+c)3

48d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) “b*(atb*tan(d*x+c)),x, algorithm="maxima")

[Out] 1/48%(3*a*x(2*(3*cos(d*x + c)~3 - bxcos(d*x + c))/(cos(d*x + c)~4 - 2*cos(d*
x + ¢c)72 + 1) - 3*log(cos(d*x + c) + 1) + 3*log(cos(d*x + c) - 1)) - 8xbx(2
*(3*sin(d*x + ¢)72 + 1)/sin(d*x + c)73 - 3x*log(sin(d*x + c) + 1) + 3x*log(si
n(d*x + c) - 1)))/d
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Fricas [B] time = 2.72285, size = 585, normalized size = 5.97

18 a cos (dx +c)3 —30acos(dx +c) —9(acos (dx + c)4 —2acos(dx + c)2 + a) log(% cos (dx +¢) + %) +9(acos(dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 5*(at+bxtan(d*x+c)),x, algorithm="fricas")

[Out] 1/48x(18*a*cos(d*x + c)~3 - 30*a*xcos(d*x + c) - 9x(a*xcos(d*x + c)~4 - 2*axc
os(d*x + c)72 + a)*log(1l/2*cos(d*x + c) + 1/2) + 9*(a*xcos(d*x + c)74 - 2*ax
cos(d*x + c)72 + a)xlog(-1/2*cos(d*x + c) + 1/2) + 24*x(bxcos(d*x + c)™4 - 2
xb*xcos(d*x + ¢)”2 + b)*log(sin(d*x + c) + 1) - 24x(bxcos(d*x + c)~4 - 2xbx*c
os(d*x + ¢)”2 + b)*log(-sin(d*x + c) + 1) + 16%(3*b*cos(d*x + c)~2 - 4xb)x*s
in(d*x + c))/(d*cos(d*x + c)~4 - 2*d*cos(d*x + ¢c)"2 + d)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**5*(a+b*tan(d*x+c)),x)

[Out] Timed out

Giac [A] time = 1.42746, size = 239, normalized size = 2.44

3

4 2
3atan(%dx+%c) —8btan(%dx+%c) +24_atan(%dx+%c) +192blog(|tan(%dx+%c)+1|)—192b10g(|t

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 5 (atb*tan(d*x+c)),x, algorithm="giac")

[Out] 1/192%(3*axtan(1/2xd*x + 1/2*%c)”4 - 8xbxtan(1/2xd*x + 1/2*%c)”3 + 24x*xaxtan(1
/2%d*xx + 1/2%c)”2 + 192xbxlog(abs(tan(1/2*d*x + 1/2%c) + 1)) - 192xbxlog(ab
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s(tan(1/2*d*x + 1/2%c) - 1)) + T2xaxlog(abs(tan(1/2xd*x + 1/2xc))) - 120%b*
tan(1/2xd*x + 1/2%c) - (150*a*xtan(1/2*d*x + 1/2*c)”4 + 120*b*tan(1/2xd*x +
1/2*¢c) "3 + 24*axtan(1/2*xd*x + 1/2*c)”2 + 8xbxtan(1/2*d*x + 1/2*%c) + 3*a)/ta
n(1/2*dxx + 1/2%c)~4)/d
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3.21 f cscl(c + dx)(a + btan(c + dx)) dx

Optimal. Leaf size=87

acot’(c+dx) 2acot](c+dx) acot(c+dx) beoti(c+dx) beot?(c+ dx) N blog(tan(c + dx))
5d 3d d 4d d d

[Out] -((axCot[c + dx*x])/d) - (b*Cot[c + d*x]~2)/d - (2*axCot[c + d*x]~3)/(3xd) -
(bxCot [c + d*x]~4)/(4*d) - (axCot[c + dxx]~5)/(56%d) + (b*Logl[Tan[c + dx*x]]

)/d

Rubi [A] time = 0.107578, antiderivative size = 87, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 1, integrand size = 19, number of rules _

0.053, Rules used = {766}

integrand size

4 cot’(c + dx) _2a cot>(c + dx) a cot(c + dx) B b cot?(c + dx) ~ b cot?(c + dx) N blog(tan(c + dx))
5d 3d d 4d d d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~6*x(a + bxTan[c + dx*x]),x]

[Out] -((a*xCotl[c + d*x])/d) - (b*Cotlc + d*x]~2)/d - (2*xaxCot[c + d*x]~3)/(3%d) -
(bxCot[c + d*x]~4)/(4xd) - (axCot[c + d*x]75)/(5%d) + (bxLogl[Tan[c + dx*x]]

)/d

Rule 766

Int[(Ce_)*(x_)) " (m_.)*x((f_.) + (g_)*(x_)*((a_) + (c_)*x(x_)"2)"(p_.), x_
Symbol] :> Int[ExpandIntegrand[(e*x) mx(f + g*x)*(a + c*x"2)7p, xJ, x] /; F
reeQ[{a, c, e, f, g, m}, x] && IGtQ[p, O]

Rubi steps
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a X x2 2
Subst ( f % dx, x, tan(c + dx))

fcsc6(c + dx)(a + btan(c + dx)) dx =

d
Subst (f(% + x—i + i—Z + f{—‘; + % + g) dx,x,tan(c+dx))
B d
_acot(c+dx) b cot?(c +dx) 2acot](c+dx) beot*(c+dx) acot’(c+
T d - d - 3d - 4d - 5d

Mathematica [A] time = 0.545438, size = 104, normalized size = 1.2

_8acot(c+dx) acot(c+dx) csct(c+dx)  4acot(c+dx)csc®(c+dx) b (CSC4(C + dx) + 2 csc?(c + dx) — 4log(six
15d 5d 15d 4d

Antiderivative was successfully verified.

[In] Integrate[Csc[c + d*x]~6*(a + b*Tan[c + d*x]),x]

[Out] (-8%a*xCot[c + d*x])/(15%d) - (4*axCot[c + d*x]*Csc[c + d*x]~2)/(15*%d) - (ax
Cot[c + dxx]*Cscl[c + d*xx]~4)/(5x%d) - (b*x(2*Csc[c + d*x]~2 + Csclc + d*xx]"4
+ 4xLog[Cos[c + d*x]] - 4*Log[Sin[c + d*x]]))/(4*d)

Maple [A] time = 0.085, size = 94, normalized size = 1.1

_ b ~ b N bln (tan (dx + c)) ~ 8 cot(dx+c)a i cot (dx + c) a (csc (dx + c))4 4 cot
4d (sin (dx + ¢))* 24 (sin (dx + ¢))? d 15d 5d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 6% (atb*xtan(d*x+c)),x)

[Out] -1/4/d*b/sin(d*x+c)~4-1/2/d*b/sin(d*x+c) ~2+bx1n(tan(d*x+c))/d-8/15*%a*xcot (d*
x+c)/d-1/5/d*axcot (d*x+c) *csc(d*x+c) “4-4/15/d*a*xcot (d*x+c) *csc(d*xx+c) "2

Maxima [A] time = 1.13162, size = 97, normalized size = 1.11

60a tan(dx+c)4+60 b tan(dx+c)3+40 a tan(dx+c)2+15 btan(dx+c)+12a
tan(dx+c)5

60blog (tan (dx + ¢)) —

60d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6% (at+bxtan(d*x+c)),x, algorithm="maxima"

[Out] 1/60*(60xbxlog(tan(d*x + c)) - (60*axtan(d*x + c)~4 + 60*b*tan(d*x + c)~3 +
40*axtan(d*x + c)~2 + 15xbxtan(d*x + c) + 12*a)/tan(d*x + c)~5)/d

Fricas [B] time = 2.10032, size = 473, normalized size = 5.44

32acos (dx +c)’ —80acos (dx +¢)° + 30 (b cos (dx + ¢)* = 2bcos (dx + ¢)* + b) log (cos (dx + c)*) sin (dx + c) - 3

60 (d cos (dx +
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6% (atbxtan(d*x+c)),x, algorithm="fricas")

[Out] -1/60*(32*a*cos(d*x + c)~5 - 80*axcos(d*x + c¢)~3 + 30*(b*cos(d*x + ¢c)"4 - 2
xb*cos(d*x + c)~2 + b)*log(cos(d*x + c)~2)*sin(d*x + c) - 30*(b*cos(d*x + ¢

)74 - 2%bxcos(d*x + c)72 + b)*xlog(-1/4*cos(d*x + c)~2 + 1/4)*sin(d*x + c) +
60*a*cos(d*x + c) — 15x(2xb*cos(d*x + c)~2 - 3*b)*sin(d*x + c))/((d*cos(d*

X + ¢)74 - 2*d*cos(d*x + c)72 + d)*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**6* (a+b*tan(d*x+c)),x)

[Out] Timed out

Giac [A] time = 1.38364, size = 113, normalized size = 1.3

137 b tan(dx-+c)°+60 a tan(dx+c)*+60 b tan(dx+c)>+40 a tan(dx-+c)?+15 b tan(dx+c)+12.a
60D log ([tan (dx + c)|) — (dx+o) (dx+c) t ((d ))5 (dx-+c) (dx+0)
an(dx+c

60d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(dxx+c) 6% (at+bxtan(d*x+c)),x, algorithm="giac")

[Out] 1/60%(60*b*log(abs(tan(d*x + c))) - (137*b*tan(d*x + c)~5 + 60*a*xtan(d*x +
c)”74 + 60xbxtan(d*x + c)”3 + 40*axtan(d*x + c)~2 + 15xbxtan(d*x + c) + 12*a

)/tan(d*x + ¢)~5)/d
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322  [sin*(c+dx)(a+ btan(c + dx))?dx

Optimal. Leaf size=113

3 /5 ) cos?(c + dx)(7b — 5atan(c + dx))(a + btan(c + dx))  2ablog(cos(c + dx))  sin(c + dx) cos®(c + dx
=X (a —-5b ) + - +

8 8d d 4q
[Out] (3*(a”™2 - 5*%b~2)*x)/8 - (2xaxbxLogl[Cos[c + d*x]])/d + (b~2*Tan[c + d*x])/d

+ (Cos[c + d*x]~2x(7xb - Bb¥axTan[c + dxx])*(a + b*Tan[c + d*x]))/(8*d) + (C

os[c + d*x]~3xSin[c + d*x]*(a + bxTan[c + dxx])~2)/(4xd)

Rubi [A] time = 0.185813, antiderivative size = 113, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 21, e S

integrand size
0.286, Rules used = {3516, 1645, 1810, 635, 203, 260}

3 /5 9 cos?(c + dx)(7b — 5atan(c + dx))(a + btan(c + dx))  2ablog(cos(c + dx))  sin(c + dx) cos3(c + da
gx (a —-5b ) + ¥ - 7 + ¥

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x] 4*x(a + b*Tan[c + d*x])~2,x]

[Out] (3%(a”2 - 5xb~2)*x)/8 - (2*axb*Logl[Cos[c + d*x]])/d + (b"2*Tan[c + d*x])/d
+ (Cos[c + d*x]~2x(7*b - BxaxTan[c + d*x])*(a + bxTan[c + d*x]))/(8%d) + (C
os[c + d*xx]"3*Sin[c + dxx]*(a + b*Tan[c + dx*x])~2)/(4xd)

Rule 3516

Int[sin[(e_.) + (f_)*(x_D)]1 " (m )*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1645

Int[(Pq )*((d_) + (e_.)*x(x_))"(m_.)*x((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol]

> With[{Q = PolynomialQuotient[Pq, a + c*x~2, x], f = Coeff[PolynomialRemai
nder[Pq, a + c*x”2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + c*x72,
x], x, 11}, Simp[((d + e*x)"m*(a + c*x"2) " (p + 1)*(axg - c*xf*x))/(2xaxc*(p
+ 1)), x] + Dist[1/(2xa*xc*x(p + 1)), Int[(d + exx)"(m - 1)*x(a + c*x"2)"(p +
1) *ExpandToSum [2*axc*(p + 1)*x(d + exx)*Q - axe*xgxm + cxd*fx(2xp + 3) + cx*e
*fx(m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[c*d™2 + a*xe”2, 0] && LtQlp, -1] && GtQ[m, 0] && !'(IGtQ[m, O] && Rati
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onalQ[a, c, d, e] & (IntegerQ[p] || ILtQ[p + 1/2, 0]))

Rule 1810

Int[(Pq )*x((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Pqg*
(a + b*x"2)7p, x], x] /; FreeQ[{a, b}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rule 635

Int[((d_) + (e_)*(x ))/((a_) + (c_.)*(x_)~2), x_Symbol] :> Dist([d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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b Subst ( f x4(a+x;z dx, x,btan(c + dx))

(b2 +x2

f sin®(c + dx)(a + b tan(c + dx))2 dx = -

g ( f (u+x)(ab4+3h4x—4ab2x2—4‘
u
cos?(c + dx) sin(c + dx)(a + btan(c + dx))? (124+22)°

44 4bd

cos?(c + dx)(7b — 5a tan(c + dx))(a + b tan(c + dx)) . cos®(c + dx) sin(c + d
8d 4

cos?(c + dx)(7b — 5a tan(c + dx))(a + b tan(c + dx)) s cos®(c + dx) sin(c + d
8d 4

_ b tan(c + dx) .\ cos?(c + dx)(7b — 5a tan(c + dx))(a + b tan(c + dx)) s cos®

d 8d
_ DP*tan(c + dx) . cos?(c + dx)(7b — 5a tan(c + dx))(a + b tan(c + dx)) N cos?
- d 8d
_ g (,ZZ _ 5b2) . 2ab log(czs(c + dx)) . b? tan;c + dx) s cos?(c + dx)(7b — 5

Mathematica [B] time = 3.19675, size = 240, normalized size = 2.12

2(3b2—2a2) sin(2(c+dx)) 4(3b2—2a2) tan_l(tan(c+dx)) a2_3p2 5 3p2— 42
b( . + 2 +4(m +2a)log(\/—b —btan(c+alx))+4(\/__b2 +2a)10g(\/:

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~4*(a + b*Tan[c + d*x])~2,x]

[Out] (bx((4*(-2*xa"2 + 3*b~2)*ArcTan[Tan[c + d*x]])/b + 16*a*xCos[c + d*x]~2 - 4*a
xCos[c + dxx]74 + 4x(2%a + (2”2 - 3%b72)/Sqrt[-b~2])*Log[Sqrt[-b~2] - b*Tan

[c + d*x]] + 4x(2%xa + (-a”2 + 3*b~2)/Sqrt[-b~2])*Log[Sqrt[-b~2] + b*Tan[c +

dxx]] + (2x(a”2 - b~ 2)*Cosl[c + d*x]~3*Sin[c + d*x])/b + (2*%(-2*a"2 + 3*b~2
)*xSin[2*%(c + d*x)])/b + (3*x(a"2 - b~2)*(2*¥ArcTan[Tan[c + d*x]] + Sin[2*(c +
d*x)]1))/(2%b) + 8*b*Tan[c + d*x]))/(8*d)
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Maple [A] time = 0.04, size = 204, normalized size = 1.8

b2 (sin (dx + ¢)) b2 cos (dx + ¢) (sin (dx + ¢))° L0 b2 cos (dx + ) (sin (dx + ¢))° 15 b cos (dx + ¢)sin (dx +¢) 1!
dcos(dx +c) d 4d 8d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) " 4x*(a+bxtan(d*x+c))”~2,x)

[Out] 1/d*b~2*sin(d*x+c)”~7/cos(d*x+c)+1/d*b"2*cos (d*x+c)*sin(d*x+c) "5+5/4/d*xb"2*c
os(d*x+c)*sin(d*x+c) ~3+15/8/d*b~2*cos (d*x+c) *sin(d*x+c)-15/8%b"2*x-15/8/d*b
~2%c-1/2/d*a*b*sin(d*x+c) “4-1/d*a*b*sin(d*x+c) "2-2*axbx1n(cos (d*x+c))/d-1/4
/d*a~2*cos (d*x+c) *sin(d*x+c) ~3-3/8/d*a"2*cos (d*x+c)*sin(d*xx+c)+3/8*a"~2*x+3/

8/d*a”~2x*c

Maxima [A] time = 1.47685, size = 173, normalized size = 1.53

16 ab tan(dx+c)>—(5a2-9 b2) tan(dx+c)>+12 ab—(3 a2-7b2) t
8ablog (tan (dx+c)2 +1) +8b?tan (dx +c) +3(a2—5b2)(dx+c) + andxto) (5 ) in( it az (s )t
tan(dx+c)"+2 tan(dx+c)”+1

8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) ~4*(atb*tan(d*x+c))”2,x, algorithm="maxima")

[Out] 1/8*(8*axb*log(tan(d*x + c)~2 + 1) + 8*b~2*tan(d*x + c) + 3*(a"2 - 5*xb~2)*(
d*x + c) + (16*axb*tan(d*x + c)~2 - (b*xa”™2 - 9%b~2)*tan(d*x + c)~3 + 12%axb
- (3*%a”2 - 7*b"2)*tan(d*x + c))/(tan(d*x + c)"4 + 2*xtan(d*x + ¢c)”2 + 1))/d

Fricas [A] time = 2.06341, size = 333, normalized size = 2.95

8 abcos (dx + c)5 —32abcos (dx + c)3 + 32 abcos (dx + c) log (- cos (dx + ¢)) — (6 (az -5 bz)dx -13 ab) cos (dx + ¢) -
- 16d cos (dx + )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c) 4x(atb*tan(d*x+c))”2,x, algorithm="fricas")

[Out] -1/16%(8*axb*cos(d*x + c)~5 - 32*xaxbxcos(d*x + c)~3 + 32*axbkxcos(d*x + c)*1
og(-cos(d*x + c)) - (6x(a”2 - 5*b~2)*d*x - 13*axb)*cos(d*x + c) - 2*x(2*(a"2
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- b"2)*cos(d*x + c)74 - (5xa"2 - 9*b"2)*cos(d*x + c)”2 + 8*b"2)*sin(d*x +
c))/(d*xcos(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**4*(atb*tan(d*x+c))**2,x)

[Out] Timed out

Giac [B] time = 6.66882, size = 7808, normalized size = 69.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) ~4*(atb*tan(d*x+c))”2,x, algorithm="giac")

[Out] 1/64x*(3*pixb~2xsgn(2xtan(d*x) 2*tan(c)”2 - 2)*sgn(-2xtan(d*x) "2*tan(c) + 2%
tan(d*x)*tan(c) "2 + 2xtan(d*x) - 2xtan(c))*tan(d*x) " 5*tan(c)~5 + 24*xa~2*d*x
xtan(d*x) “B*xtan(c) "5 - 120%b~2xd*x*tan(d*x) “b*tan(c) 5 + 3*pi*b~2*sgn(-2%*ta
n(d*x) "2xtan(c) + 2*xtan(d*x)*tan(c)”2 + 2xtan(d*x) - 2xtan(c))*tan(d*x) 5*t
an(c)~5 + 6*xpixb~2*sgn(2*xtan(d*x) “2*tan(c) 2 - 2)*sgn(-2xtan(d+*x) ~2*tan(c)
+ 2xtan(d*x)*tan(c) "2 + 2xtan(d*x) - 2*tan(c))*tan(d*x) 5*xtan(c)~3 - 3*pix*b
“2*sgn(2*xtan(d*xx) "2*tan(c) "2 - 2)*sgn(-2xtan(d*x) "2*tan(c) + 2*tan(d*x)*tan
(c)72 + 2xtan(d*x) - 2+*tan(c))*tan(d*x) “4*tan(c)”4 + 6*pi*b~2*sgn(2*xtan(d*x
)"2xtan(c) "2 - 2)*sgn(-2*tan(d*x) " 2*tan(c) + 2*xtan(d*x)*tan(c)”2 + 2xtan(d*
x) - 2*xtan(c))*tan(d*x) ~3*tan(c)”5 + 6xb~2*arctan((tan(d*x) + tan(c))/(tan(
d*xx)*tan(c) - 1))*tan(d*x) “5*tan(c)”5 - 6*b~2*arctan(-(tan(d*x) - tan(c))/(
tan(d*x)*tan(c) + 1))*tan(d*x) b*tan(c)”5 - 64*axbxlog(4*(tan(c)”2 + 1)/(ta
n(d*x) “4xtan(c) "2 - 2xtan(d*x) "3*tan(c) + tan(d*x) "2*tan(c)”2 + tan(d*x)"2
- 2xtan(d*x)*tan(c) + 1))*tan(d*x) 5xtan(c)”5 + 48%a~2*d*x*tan(d*x) “5*xtan(c
)73 - 240xb~2*xd*x*tan(d*x) “5*tan(c) "3 + 6*pi*b~2xsgn(-2xtan(d*x) “2*tan(c) +
2xtan(d*x)*tan(c) "2 + 2xtan(d*x) - 2+%tan(c))*tan(d*x) “5*xtan(c)”3 - 24xa~2x%
dxx*tan(d*x) “4*tan(c) "4 + 120%b~2kd*x*tan(d*x) “4*tan(c) 4 - 3*pi*b~2*sgn(-2
xtan(d*x) "2*xtan(c) + 2*tan(d*x)*tan(c)”2 + 2*xtan(d*x) - 2*tan(c))*tan(d*x)”



134

dxtan(c) "4 + 48*a~2*d*x*tan(d*x) "3*tan(c)”5 - 240%b~2*d*x*tan(d*x) “3*tan(c)
5 + 6*pi*b”2xsgn(-2xtan(d*x) “2*tan(c) + 2*tan(d*x)*tan(c)”2 + 2*tan(d*x) -
2xtan(c))*tan(d*x) "3xtan(c) "5 + 44*axb*xtan(d*x) "5*tan(c)~5 + 3*pi*b~2xsgn(
2xtan (d*x) "2*tan(c) "2 - 2)*sgn(-2xtan(d*x) “2*tan(c) + 2*tan(d*x)*tan(c)~2 +
2xtan(d*x) - 2*tan(c))*tan(d*x) 5*xtan(c) - 6*pixb~2*sgn(2xtan(d*x) ~2*tan(c
)72 - 2)*sgn(-2%tan(d*x) "2xtan(c) + 2*tan(d*x)*tan(c) 2 + 2xtan(d*x) - 2*ta
n(c))*tan(d*x) “4*tan(c)”2 + 12%pi*b~2*sgn(2*tan(d*x) "2xtan(c)”2 - 2)*sgn(-2
*tan(d*x) "2*xtan(c) + 2*xtan(d*x)*tan(c)”2 + 2*tan(d*x) - 2xtan(c))*tan(d*x)”
3*xtan(c) "3 + 12xb~2xarctan((tan(d*x) + tan(c))/(tan(d*x)*tan(c) - 1))*tan(d
*x) "B*tan(c) "3 - 12*xb"2*arctan(-(tan(d*x) - tan(c))/(tan(d*x)*tan(c) + 1))*
tan(d*x) “b*tan(c) "3 - 128*axb*log(4*(tan(c)”2 + 1)/(tan(d*x) 4xtan(c)”2 - 2
*tan(d*x) "3*tan(c) + tan(d*x) 2*tan(c)”2 + tan(d*x)~2 - 2xtan(d+*x)*tan(c) +
1)) *tan(d*x) “6*tan(c) "3 - 6*pi*b~2xsgn(2*tan(d*x) "2xtan(c)”2 - 2)*sgn(-2*t
an(d#*x) "2*xtan(c) + 2*tan(d*x)*tan(c)”2 + 2*xtan(d*x) - 2*tan(c))*tan(d*x) 2%
tan(c)"4 - 6xb"2*arctan((tan(d*x) + tan(c))/(tan(d*x)*tan(c) - 1))x*tan(d*x)
~4xtan(c) "4 + 6xb"2*arctan(-(tan(d*x) - tan(c))/(tan(d*x)*tan(c) + 1))*tan(
d*x) "4*xtan(c) "4 + 64xaxb*log(4*(tan(c)”2 + 1)/(tan(d*x) 4*tan(c)”2 - 2x*tan(
d*x) "3*tan(c) + tan(d*x) 2*tan(c) 2 + tan(d*x)~2 - 2xtan(d*x)*tan(c) + 1))x*
tan(d*x) “4xtan(c) "4 + 24*a”2*xtan(d*x) "5*tan(c)~4 - 120%b~2*tan(d*x) “5*tan(c
)"4 + 3*pixb~2*sgn(2*xtan(d*x) “2*tan(c) "2 - 2)*sgn(-2xtan(d*x) “2*tan(c) + 2%
tan(d*x)*tan(c) "2 + 2*tan(d*x) - 2*tan(c))*tan(d*x)*tan(c)”5 + 12*xb~2*arcta
n((tan(d*x) + tan(c))/(tan(d*x)*tan(c) - 1))*tan(d*x) 3*tan(c)”5 - 12*b~2*a
rctan(-(tan(d*x) - tan(c))/(tan(d*x)*tan(c) + 1))*tan(d*x) 3*tan(c)”5 - 128
xaxbxlog(4*x(tan(c)”2 + 1)/(tan(d*x) “4*xtan(c)”2 - 2*xtan(d*x) “3*tan(c) + tan(
d*x) "2*tan(c) "2 + tan(d*x)"2 - 2*tan(d*x)*tan(c) + 1))*tan(d*x) 3*tan(c)”5
+ 24*a”2*xtan(d*x) “4xtan(c)”5 - 120*b"2*xtan(d*x) “4*xtan(c)~5 + 24*a”2*d*x*tan
(d*x) "bxtan(c) - 120%b~2xd*x*tan(d*x) “5xtan(c) + 3*pi*b~2*sgn(-2*tan(d*x) "2
xtan(c) + 2xtan(d*x)*tan(c)”2 + 2*tan(d*x) - 2xtan(c))*tan(d*x) 5*tan(c) -
48*%a~2*xd*xx*tan (d*x) “4xtan(c) "2 + 240*%b~2*d*x*tan(d*x) “4*xtan(c) 2 - 6*pixb~2
xsgn (-2xtan(d*x) “2*tan(c) + 2xtan(d*x)*tan(c)”2 + 2*tan(d*x) - 2*tan(c))*ta
n(d*x) “4xtan(c) "2 + 96*a”2*d*x*tan(d*x) "3*tan(c) 3 - 480*b~2*d*x*tan(d*x)~3
*tan(c) "3 + 12%pixb~2*sgn(-2*tan(d*x) "2xtan(c) + 2*tan(d*x)*tan(c)”2 + 2x*ta
n(d*x) - 2*tan(c))*tan(d*x) “3*tan(c)~3 + 24xa*xb*tan(d*x) “5xtan(c)”3 - 48%a”
2xd*x*tan (d*x) "2*tan(c) 4 + 240%b~2*d*x*tan(d*x) "2xtan(c) "4 - 6*xpixb~2*sgn(
-2+xtan(d*x) "2*tan(c) + 2xtan(d*x)*tan(c) 2 + 2*xtan(d*x) - 2*tan(c))*tan(d*x
) 2xtan(c) "4 - 172*axbxtan(d*x) “4xtan(c)~4 + 24*a”2*d*x*tan(d*x)*tan(c)”5 -
120*%b~2*d*x*tan (d*x) *tan(c) "5 + 3*pi*b~2*sgn(-2*tan(d*x) "2*xtan(c) + 2*tan(
d*x)*tan(c) "2 + 2xtan(d*x) - 2*tan(c))x*tan(d*x)*tan(c)~5 + 24*a*b*tan(d*x)”
3xtan(c) "5 - 3xpixb~2*xsgn(2xtan(d+*x) "2*xtan(c) 2 - 2)*sgn(-2*tan(d*x) "2xtan(
c) + 2xtan(d*x)*tan(c)”2 + 2+tan(d*x) - 2*tan(c))*tan(d*x)~4 + 6*pi*b~2*sgn
(2*tan(d*x) "2xtan(c) "2 - 2)*sgn(-2*tan(d*x) "2*tan(c) + 2xtan(d*x)*tan(c)”2
+ 2*xtan(d*x) - 2*tan(c))*tan(d*x) "3*tan(c) + 6xb~2*arctan((tan(d*x) + tan(c
))/(tan(d*x)*tan(c) - 1))*tan(d*x) 5*tan(c) - 6*b~2*arctan(-(tan(d*x) - tan
(c))/(tan(d*x)*tan(c) + 1))*tan(d*x) 5*tan(c) - 64*axbxlog(4*(tan(c)”2 + 1)
/ (tan(d*x) "4*xtan(c) "2 - 2xtan(d*x) "3*tan(c) + tan(d*x) 2xtan(c)”2 + tan(d*x
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)72 - 2xtan(d*x)*tan(c) + 1))*tan(d*x) "5*xtan(c) - 12*pixb~2*sgn(2xtan(d*x)~
2xtan(c) "2 - 2)*sgn(-2*tan(d*x) "2xtan(c) + 2*tan(d*x)*tan(c) 2 + 2xtan(d*x)
- 2*tan(c))*tan(d*x) "2*xtan(c) 2 - 12*b~2*arctan((tan(d*x) + tan(c))/(tan(d
*x)*tan(c) - 1))*tan(d*x) “4xtan(c)”2 + 12+«b~2*arctan(-(tan(d*x) - tan(c))/(
tan(d*x)*tan(c) + 1))*tan(d*x) “4*tan(c)”2 + 128*a*b*log(4*(tan(c)~2 + 1)/(t
an(d*x) “4*xtan(c) "2 - 2*xtan(d*x) “3*tan(c) + tan(d*x) 2*tan(c)”2 + tan(d*x)~2
- 2xtan(d*x)*tan(c) + 1))*tan(d*x) “4*tan(c)”2 + 40*a~2*tan(d*x) 5*tan(c)~2
- 200*%b~2*tan(d*x) “bxtan(c) "2 + 6xpi*b~2*xsgn(2*tan(d*x) "2*xtan(c)”2 - 2)*sg
n(-2*xtan(d*x) "2*tan(c) + 2*tan(d*x)*tan(c)~2 + 2*tan(d*x) - 2*tan(c))*tan(d
*x)*tan(c) "3 + 24*xb"2*xarctan((tan(d*x) + tan(c))/(tan(d*x)*tan(c) - 1))*tan
(d*x) ~3%tan(c)~3 - 24xb~2*arctan(-(tan(d*x) - tan(c))/(tan(d*x)*tan(c) + 1)
)*tan(d*x) ~3*tan(c) "3 - 256%axbxlog(4*(tan(c)~2 + 1)/(tan(d*x) 4*tan(c)”2 -
2*xtan(d*x) "3*tan(c) + tan(d*x) 2*tan(c)”2 + tan(d*x)~2 - 2*tan(d*x)*tan(c)
+ 1))*tan(d*x) "3*xtan(c) 3 + 24*a”2*xtan(d*x) “4xtan(c)~3 - 120*b~2*tan(d*x)”
4xtan(c)~3 - 3*pi*b~2xsgn(2+tan(d*x) "2*tan(c)”2 - 2)*sgn(-2*tan(d*x) "2xtan(
c) + 2+tan(d*x)*tan(c)”2 + 2*xtan(d*x) - 2*tan(c))*tan(c)”™4 - 12xb~2*arctan(
(tan(d*x) + tan(c))/(tan(d*x)*tan(c) - 1))*tan(d*x) 2*tan(c)~4 + 12+%b~2*arc
tan(-(tan(d*x) - tan(c))/(tan(d*x)*tan(c) + 1))*tan(d*x) " 2*tan(c)”4 + 128*a
xb*xlog(4*(tan(c)~2 + 1)/(tan(d*x) “4*tan(c)~2 - 2*tan(d*x) 3*tan(c) + tan(dx
x)"2*xtan(c) "2 + tan(d*x) "2 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x) " 2*tan(c)”~4 +
24*a”2*tan(d*x) "3*tan(c) "4 - 120%b~2*tan(d*x) "3*tan(c)”~4 + 6xb~2*arctan((ta
n(d*x) + tan(c))/(tan(d*x)*tan(c) - 1))*tan(d*x)*tan(c)~5 - 6*b~2*arctan(-(
tan(d*x) - tan(c))/(tan(d*x)*tan(c) + 1))*tan(d*x)*tan(c)”5 - 64*a*bxlog(4x
(tan(c)~2 + 1)/ (tan(d*x)“4*xtan(c) "2 - 2*tan(d*x) "3*tan(c) + tan(d*x) 2*tan(
c)"2 + tan(d*x) "2 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x)*tan(c)”5 + 40*a~2*tan(
d*x) "2*tan(c)”5 - 200%b~2*tan(d*x) "2*tan(c) "5 - 24*a~2*d*x*tan(d*x)”4 + 120
*xb~2kd*x*tan(d*x) "4 - 3*pi*b~2*sgn(-2*tan(d*x) "2*tan(c) + 2*tan(d*x)*tan(c)
2 + 2*xtan(d*x) - 2*tan(c))*tan(d*x)~4 + 48*a~2*dxx*tan(d*x) ~3*tan(c) - 240
*xb~2xd*x*tan (d*x) “3*tan(c) + 6*xpixb~2*sgn(-2*tan(d*x) " 2*tan(c) + 2*xtan(d*x)
*tan(c) "2 + 2*xtan(d*x) - 2xtan(c))*tan(d*x) " 3*tan(c) - 52*axbxtan(d*x) 5*ta
n(c) - 96*xa~2xd*x*tan(d*x) "2*xtan(c) "2 + 480*b~2*d*x*tan(d*x) "2*tan(c)”2 - 1
2xpixb~2*sgn(-2*tan(d*x) "2%tan(c) + 2*xtan(d*x)*tan(c)”2 + 2%tan(d*x) - 2%ta
n(c))*tan(d*x) "2*tan(c) "2 - 280*ax*b*tan(d*x) “4*tan(c)~2 + 48*a~2xd*x*tan(d*
x)*tan(c) ™3 - 240%b72xd*x*tan(d*x)*tan(c)~3 + 6*pi*b~2xsgn(-2xtan(d*x) ~2*ta
n(c) + 2xtan(d*x)*tan(c)”2 + 2*xtan(d*x) - 2*tan(c))*tan(d*x)*tan(c)~3 - 16%
axbxtan(d*x) "3*tan(c) "3 - 24*a”2*d*xxtan(c)~4 + 120*%b~2*d*x*tan(c)~4 - 3xpi
*b~2*xsgn (-2*xtan(d*x) "2*tan(c) + 2*xtan(d*x)*tan(c)”2 + 2%tan(d*x) - 2*tan(c)
)*tan(c) "4 - 280*axbxtan(d*x) “2*tan(c) "4 - 52xaxbxtan(d*x)*tan(c)”5 - 6*xpix
b~2*sgn (2*xtan(d*x) “2*tan(c) "2 - 2)*sgn(-2xtan(d+*x) "2*tan(c) + 2*tan(d*x)*ta
n(c)”"2 + 2xtan(d*x) - 2*tan(c))*tan(d*x)”~2 - 6*b~2*arctan((tan(d*x) + tan(c
))/(tan(d*x)*tan(c) - 1))*tan(d*x)~4 + 6%b~2*arctan(-(tan(d*x) - tan(c))/(t
an(d*x)*tan(c) + 1))*tan(d*x) "4 + 64*a*xb*xlog(4x(tan(c)”2 + 1)/(tan(d*x) ~4xt
an(c)~2 - 2*xtan(d*x) “3*tan(c) + tan(d*x) " 2*tan(c)”2 + tan(dxx)~2 - 2xtan(d*
x)*tan(c) + 1))*tan(d*x) "4 - 64xb~2xtan(d*x) "5 + 3*pi*b~2xsgn(2+tan(d*x) 2%
tan(c) 2 - 2)*sgn(-2*tan(d*x) "2xtan(c) + 2*xtan(d*x)*tan(c)”2 + 2xtan(d*x) -
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2xtan(c))*tan(d*x)*tan(c) + 12*¥b~2*arctan((tan(d*x) + tan(c))/(tan(d*x)*ta
n(c) - 1))xtan(d*x) " 3*tan(c) - 12*b~2*xarctan(-(tan(d*x) - tan(c))/(tan(d*x)
xtan(c) + 1))x*tan(d*x) "3*tan(c) - 128*axb*xlog(4*(tan(c)~2 + 1)/(tan(d*x) ~4x
tan(c) "2 - 2xtan(d*x) "3*tan(c) + tan(d*x) " 2xtan(c)”2 + tan(d*x)~2 - 2*xtan(d
*x)*tan(c) + 1))*tan(d*x) "3*xtan(c) - 80*a”2*tan(d*x) “4*tan(c) + 80*b~2*tan(
d*x) "4*xtan(c) - 6*pixb~2*sgn(2xtan(d*x) "2*tan(c)”2 - 2)*sgn(-2xtan(d*x) ~2*t
an(c) + 2*tan(d*x)*tan(c)”~2 + 2*tan(d*x) - 2*tan(c))*tan(c)”~2 - 24%b~2*arct
an((tan(d*x) + tan(c))/(tan(d*x)*tan(c) - 1))*tan(d*x) " 2*xtan(c)~2 + 24*b~ 2%
arctan(-(tan(d*x) - tan(c))/(tan(d*x)*tan(c) + 1))*tan(d*x) 2*tan(c)”2 + 25
6*xaxbxlog(4*(tan(c)~2 + 1)/(tan(d*x) “4*tan(c)”2 - 2xtan(d*x) 3*tan(c) + tan
(d*x)"2%tan(c) "2 + tan(d*x)~2 - 2xtan(d*x)*tan(c) + 1))*tan(d*x) " 2*tan(c) 2
- 96*a”2*tan(d*x) “3*tan(c)~2 - 160*b~2*tan(d*x) “3*tan(c)~2 + 12*%b~2*arctan
((tan(d*x) + tan(c))/(tan(d*x)*tan(c) - 1))*tan(d*x)*tan(c)~3 - 12%¥b~2*arct
an(-(tan(d*x) - tan(c))/(tan(d*x)*tan(c) + 1))*tan(d*x)*tan(c)~3 - 128*ax*b*
log(4*(tan(c)~2 + 1)/(tan(d*x)“4*tan(c)~2 - 2*tan(d*x) 3xtan(c) + tan(d*x)~
2+%tan(c) "2 + tan(d*x)~2 - 2xtan(d*x)*tan(c) + 1))*tan(d*x)*tan(c)~3 - 96*a”
2xtan (d*x) "2*tan(c) "3 - 160*b~2*tan(d*x) "2*tan(c)”~3 - 6xb~2*arctan((tan(d*x
) + tan(c))/(tan(d*x)*tan(c) - 1))*tan(c)”4 + 6*b~2*arctan(-(tan(d*x) - tan
(c))/(tan(d*x)*tan(c) + 1))*tan(c)”4 + 64*axbxlog(4*(tan(c)”2 + 1)/(tan(d*x
) 4xtan(c) "2 - 2*tan(d*x) "3*tan(c) + tan(d*x) 2*tan(c) 2 + tan(d*x)~2 - 2%t
an(d*x)*tan(c) + 1))*tan(c)~4 - 80*a"2*tan(d*x)*tan(c)”~4 + 80*b~2*tan(d*x) *
tan(c)~4 - 64xb~2xtan(c)”5 - 48*a”2*d*x*tan(d*x) "2 + 240*b~2*d*x*tan(d*x) "2
- 6*pi*b~2xsgn(-2xtan(d*x) "2*tan(c) + 2*tan(d*x)*tan(c)”2 + 2*xtan(d*x) - 2
*tan(c))*tan(d*x) "2 + 52xaxbxtan(d*x) 4 + 24*a”2*xd*x*tan(d*x)*tan(c) - 120%
b~ 2*d*x*tan (d*x)*tan(c) + 3*pi*b~2xsgn(-2xtan(d*x) "2*tan(c) + 2xtan(d*x)*ta
n(c)”"2 + 2xtan(d*x) - 2*tan(c))*tan(d*x)*tan(c) + 280*a*b*tan(d*x) "3*tan(c)
- 48%a”2xdxx*tan(c) "2 + 240xb~2*d*x*tan(c) 2 - 6*pi*b~2*sgn(-2*tan(d*x) ~2%
tan(c) + 2*xtan(d*x)*tan(c)”2 + 2*xtan(d*x) - 2*tan(c))*tan(c)”2 + 16*a*b*tan
(d*x) "2*xtan(c) "2 + 280*a*bxtan(d*x)*tan(c)~3 + 52xaxbxtan(c)”4 - 3*pixb~2*s
gn(2*tan(d*x) "2xtan(c) "2 - 2)*sgn(-2*tan(d*x) "2*tan(c) + 2*xtan(d*x)*tan(c)”
2 + 2+xtan(d*x) - 2*tan(c)) - 12¥b~2*arctan((tan(d*x) + tan(c))/(tan(d*x)*ta
n(c) - 1))*tan(d*x)~2 + 12*b~2*arctan(-(tan(d*x) - tan(c))/(tan(d*x)*tan(c)
+ 1))*tan(d*x) "2 + 128*axb*xlog(4*(tan(c)”2 + 1)/(tan(d*x) 4*tan(c)”2 - 2%t
an(d*x) "3*tan(c) + tan(d*x) " 2xtan(c)”2 + tan(d*x)~2 - 2*xtan(d*x)*tan(c) + 1
Y)xtan(d*x) "2 + 40*a”2*xtan(d*x) "3 - 200%b~2*tan(d*x)~3 + 6xb~2*xarctan((tan(
d*x) + tan(c))/(tan(d*x)*tan(c) - 1))*tan(d*x)*tan(c) - 6*b~2*arctan(-(tan(
d*x) - tan(c))/(tan(d*x)*tan(c) + 1))*tan(d*x)*tan(c) - 64*axbxlog(4*(tan(c
)72 + 1)/(tan(d*x) “4*tan(c) 2 - 2*tan(d*x) "3*tan(c) + tan(d*x) 2*tan(c)”"2 +
tan(d*x) "2 - 2xtan(d*x)*tan(c) + 1))*tan(d*x)*tan(c) + 24*a”2*tan(d*x) ~2*t
an(c) - 120*b~2*tan(d*x) “2*xtan(c) - 12*¥b~2*arctan((tan(d*x) + tan(c))/(tan(
d*x)*tan(c) - 1))*tan(c)”2 + 12*«b"2*arctan(-(tan(d*x) - tan(c))/(tan(d*x)*t
an(c) + 1))*tan(c)”2 + 128*a*b*xlog(4*(tan(c)~2 + 1)/(tan(d*x) “4*tan(c)~2 -
2xtan(d*x) "3*tan(c) + tan(dxx) 2*tan(c)”2 + tan(d*x)~2 - 2xtan(d*x)*tan(c)
+ 1))*tan(c) 2 + 24xa~2%tan(d*x)*tan(c) "2 - 120*b~2xtan(d*x)*tan(c) 2 + 40x%
a"2xtan(c)”3 - 200*%b"2xtan(c) "3 - 24xa”2kxd*x + 120%b~2*d*x - 3*xpi*b~2*sgn(-
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2*%tan(d*x) "2%tan(c) + 2*xtan(d*x)*tan(c)”2 + 2¥tan(d*x) - 2%tan(c)) - 24xax*b
*tan(d*x) "2 + 172*xax*bxtan(d*x)*tan(c) - 24*a*b*tan(c)”2 - 6xb~2*arctan((tan
(d*x) + tan(c))/(tan(d*x)*tan(c) - 1)) + 6%b~2*arctan(-(tan(d*x) - tan(c))/
(tan(d*x)*tan(c) + 1)) + 64*xaxb*xlog(4*(tan(c)~2 + 1)/(tan(d*x)~“4*tan(c)~2 -
2*%tan(d*x) "3*tan(c) + tan(d*x) "2*tan(c) 2 + tan(d*x)~2 - 2*tan(d*x)*tan(c)
+ 1)) + 24*xa”2xtan(d*x) - 120%b~2*tan(d*x) + 24*a~2xtan(c) - 120%b~2*tan(c
) - 44xaxb)/(d*tan(d*x) 5*tan(c)~5 + 2*d*tan(d*x) 5*tan(c)~3 - d*tan(d*x)~4
*tan(c) "4 + 2*xd*xtan(d*x) “3xtan(c)”5 + d*tan(d*x) “5*tan(c) - 2*d*tan(d*x) ~4*
tan(c) "2 + 4xd*tan(d*x) "3*tan(c)”~3 - 2xdxtan(d+*x) "2*tan(c) 4 + dxtan(d*x)*t
an(c)”5 - dxtan(d*x)~4 + 2xd*tan(d+*x) "3*tan(c) - 4*d*tan(d*x) 2*tan(c)”2 +

2*¢d*xtan (d*x)*tan(c)~3 - dxtan(c)~4 - 2xd*tan(d+*x)~2 + dxtan(d*x)*tan(c) - 2
xd*tan(c)~2 - d)
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3.23  [sin’(c+dx)(a+ btan(c + dx))?dx

Optimal. Leaf size=122

a2 cosP(c +dx) a?cos(c+dx) 2absin’(c +dx) 2absin(c+dx) 2abtanh (sin(c+dx)) b2 cosd(c + dx) s 21
3d d 3d d d 3d

[Out] (2*a*xbxArcTanh[Sin[c + d*x]])/d - (a~2*Cos[c + d*x])/d + (2%b~2*Cos[c + d*x
1)/d + (a~2%Cos[c + d*x]~3)/(3*d) - (b~2*Cos[c + d*x]~3)/(3xd) + (b~2*xSec[c
+ d*xx])/d - (2*%axb*Sinl[c + d*x])/d - (2*axb*Sin[c + d*x]~3)/(3*d)

Rubi [A] time = 0.130693, antiderivative size = 122, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 7, integrand size = 21, number of rules _

integrand size
0.333, Rules used = {3517, 2633, 2592, 302, 206, 2590, 270}

a2 cosP(c +dx) a?cos(c+dx) 2absin’(c +dx) 2absin(c+dx) 2abtanh (sin(c+dx)) b2 cosd(c + dx) s 21
3d d 3d d d 3d

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]~3*x(a + bx*Tan[c + dx*x])~2,x]

[Out] (2*a*bxArcTanh[Sin[c + d*x]])/d - (a"2*Cos[c + d*x])/d + (2%b"2*Cos[c + d*x
1)/d + (a~2%Cos[c + d*x]1"3)/(3*%d) - (b~2*Cos[c + d*x]~3)/(3*d) + (b~2xSeclc
+ d*x])/d - (2%xaxbxSin[c + d*x])/d - (2%a*xb*Sin[c + dxx]~3)/(3*d)

Rule 3517

Int[sinl[(e_.) + (£_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])“n, x], x]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]1"(n_ ), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x”2)"((n - 1)/2), x], x], x, Cos[c + d*xx]], x] /; FreeQl{c, d}, x]
& IGtQ[(n - 1)/2, 0]

Rule 2592

Int[((a_.)*sin[(e_.) + (f_)*(x)])"(m_.)*tan[(e_.) + (f£_D)*x )] (n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
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ff*x)"(m + n)/(@"2 - f£f72%x"2) " ((n + 1)/2), x], x, (axSin[e + fxx])/ff], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, O] && IGtQ[n, 0] && Gt
Qm, 2*n - 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 2590

Int[sin[(e_.) + (f_)*(x_)]"(m_.)*tan[(e_.) + (f_.)*(x_)]"(n_.), x_Symbol]
:> -Dist[f~(-1), Subst[Int[(1 - x"2)"((m + n - 1)/2)/x"n, x], x, Cos[e + fx*
x]1, x] /; FreeQ[{e, f}, x] && IntegersQ[m, n, (m + n - 1)/2]

Rule 270

Int[((c_.)*(x_))"(m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_.), x_Symbol] :> Int[Exp
andIntegrand[(c*x) "m*x(a + b*x"n) p, x], x] /; FreeQ[{a, b, c, m, n}, x] &&
I1GtQ[p, 0]

Rubi steps
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f sin®(c + dx)(a + btan(c + dx))? dx = f (a2 sin®(c + dx) + 2absin®(c + dx) tan(c + dx) + b2 sin’(c + dx) tan®(c + dx

=q? f sin®(c + dx) dx + (2ab) f sin®(c + dx) tan(c + dx) dx + b f sin®(c + d)

4
_a2 Subst (f (1 _ xz) dx, x, cos(c + dx)) . (2ab) Subst (f 1f7 dx, x,sin(c + d
d d

1 .
_ a?cos(c + dx) . a? cos3(c + dx) . (2ab) Subst (f (_1 -x% + m) dx, x,sin
T d 3d d

_a?cos(c + dx) s 2b% cos(c + dx) s a? cos®(c +dx)  b?cos®(c + dx) . b? sec

- d d 3d 3d
2abtanh ™ (sin(c + dx))  a®cos(c +dx)  2b?cos(c +dx)  a? cos3(c + dx)

B d a7 d T

Mathematica [A] time = 1.02334, size = 152, normalized size = 1.25

sec(c + dx) ((zob2 — 8a2) cos(2(c + dx)) + (a2 - b?) cos(4(c + dx)) — 9a? — 28absin(2(c + dx)) + 2ab sin(4(c + dx)) - 48
2

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~3*(a + b*Tan[c + d*x])~2,x]

[Out] (Seclc + d*x]*(-9%a”2 + 45xb~2 + (-8*a”2 + 20%b~2)*Cos[2x(c + d*x)] + (a”2
- b72)*Cos[4*(c + d*x)] - 48*axb*Cos[c + d*x]*Log[Cos[(c + d*x)/2] - Sin[(c

+ d*x)/2]] + 48%axb*Cos[c + d*x]*Log[Cos[(c + d*x)/2] + Sin[(c + dx*x)/2]]

- 28*xaxbx3in[2x(c + d*x)] + 2%axbxSin[4x(c + d*x)]))/(24*d)

Maple [A] time = 0.041, size = 167, normalized size = 1.4

b2 (sin (dx + ¢))° L8 B2 cos (dx +¢) b2 cos (dx + ¢) (sin (dx + ¢))* LA b2 cos (dx + ¢) (sin (dx + ¢))* _ 2ab (sin (dx +
dcos (dx +¢) 3d d 3d 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) " 3*(at+b*tan(d*x+c))~2,x)
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[Out] 1/d*b~2*sin(d*x+c)~6/cos(d*x+c)+8/3*b~2*cos (d*x+c)/d+1/d*b~2*cos (d*x+c)*sin
(d*x+c) ~4+4/3/d*b"2*cos (d*x+c) *sin (d*x+c) ~2-2/3*a*b*sin (d*x+c) ~3/d-2*a*b*si
n(d*x+c)/d+2/d*a*xb*1ln(sec(d*x+c)+tan(d*x+c))-1/3/d*cos (d*x+c)*sin(d*x+c) ~2%
a”~2-2/3*a"2xcos (d*x+c) /d

Maxima [A] time = 0.973981, size = 140, normalized size = 1.15

(cos (dx + c)3 —3 cos(dx + c))a2 - (2 sin (dx + c)3 -3 log(sin(dx +c)+1)+ 3 log(sin(dx +c) —1) + 6 sin(dx + ¢
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) ~3*(atb*tan(d*x+c))~2,x, algorithm="maxima")

[Out] 1/3*((cos(d*x + c)73 - 3xcos(d*x + c))*a”2 - (2xsin(d*x + c)~3 - 3x*log(sin(
d*xx + ¢c) + 1) + 3xlog(sin(d*x + c) - 1) + 6xsin(d*x + c))*axb - (cos(d*x +
c)”3 - 3/cos(d*x + c) - 6xcos(d*x + c))*b~2)/d

Fricas [A] time = 1.99257, size = 321, normalized size = 2.63

(az - bz) cos (dx + ¢)* + 3 ab cos (dx + ¢) log (sin (dx + ¢) + 1) — 3ab cos (dx + ¢) log (= sin (dx + ¢) +1) - 3 (az -2 b2:
3dcos(dx +c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) ~3*(atb*tan(d*x+c))”2,x, algorithm="fricas")

[Out] 1/3*%((a”2 - b~2)*cos(d*x + c)~4 + 3*axbxcos(d*x + c)*log(sin(d*x + c) + 1)
- 3*axbxcos(d*x + c)*log(-sin(d*x + c) + 1) - 3*(a”2 - 2xb~2)*cos(d*x + c)~
2 + 3*%b72 + 2*(axb*cos(d*x + c)”3 - 4xaxbxcos(d*x + c))*sin(d*x + c))/(d*co

s(dxx + c¢))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a+btan(c+ dx))2 sin® (c + dx)dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c)**3%(atb*tan(d*x+c))**2,x)

[Out] Integral((a + bxtan(c + d*x))**2*sin(c + d*x)**3, x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 3% (atb*tan(d*x+c))~2,x, algorithm="giac")

[Out] Exception raised: NotImplementedError



143

3.24 fsinz(c +dx)(a + btan(c + dx))? dx

Optimal. Leaf size=76

2ablog(cos(c + dx))  sin(c + dx) cos(c + dx)(a + btan(c + dx))? N 3b% tan(c + dx)
d 2d 2d

%x (az - 3b2)

[Out] ((a”2 - 3*b~2)*x)/2 - (2xaxb*Log[Cos[c + d*x]])/d + (3*b"2*Tan[c + d*x])/(2
*d) - (Cos[c + d*x]*Sin[c + d*x]*(a + b*Tan[c + dxx])~2)/(2xd)

Rubi [A] time = 0.113079, antiderivative size = 76, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 21, T~ > % _

0.286, Rules used = {3516, 1645, 774, 635, 203, 260}

integrand size

2ablog(cos(c + dx)) ~ sin(c + dx) cos(c + dx)(a + btan(c + dx))? N 3b% tan(c + dx)
d 2d 2d

%x (a2 - 3b2) -

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]"2*x(a + bx*Tan[c + dx*x])~2,x]

[Out] ((a"2 - 3*b~2)*x)/2 - (2*a*bxLog[Cos[c + d*x]])/d + (3*xb~2*Tan[c + d*x])/(2
x*d) - (Cos[c + d*x]*Sin[c + d*x]*(a + b*Tan[c + d*x])~2)/(2*d)

Rule 3516

Int[sinl(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1645

Int[(Pg )*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol]
> With[{Q = PolynomialQuotient[Pq, a + c*x~2, x], f = Coeff[PolynomialRemai
nder[Pq, a + c*x72, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + c*x72,
x], x, 11}, Simp[((d + e*x)"m*(a + c*x"2) " (p + 1)*(axg - c*xf*x))/(2xaxc*(p
+ 1)), x] + Dist[1/(2xa*xcx(p + 1)), Int[(d + e*xx)"(m - 1)*x(a + c*xx"2)"(p +
1) *ExpandToSum [2*axc*(p + 1)*x(d + exx)*Q - axexgxm + cxd*fx(2xp + 3) + cx*e
xfx(m + 2%p + 3)*x, x], x], x]J] /; FreeQ[{a, c, d, e}, x] & PolyQ[Pq, x] &
& NeQ[cxd™2 + axe”2, 0] && LtQ[p, -1] &% GtQ[m, O] && !'(IGtQ[m, O] && Rati
onalQ[a, c, d, e] && (IntegerQ[p] || ILtQ[p + 1/2, 0]1))
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Rule 774

Int [(((d_.) + (e_)*(x_))*((£f_) + (g_.)*x(x_)))/((a_) + (c_.)*(x_)"2), x_Sym
bol] :> Simp[(exg*x)/c, x] + Dist[1/c, Int[(ckd*xf - axexg + cx(exf + dxg)*x
)/(a + cxx72), x], x] /; FreeQ[{a, c, d, e, £, g}, x]

Rule 635

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

2 2
bSubst ( [ 2 g, x, btan(c + dx))

(b2+x2)

d

fsinz(c +dx)(a + btan(c + dx))? dx =

__cos(c+ dx) sin(c + dx)(a + btan(c + dx))? _ Subst (f

(a+x)(-ab?-3b%x)

B 2d

_ 3b*tan(c +dx)  cos(c +dx)sin(c + dx)(a + btan(c +dx))* Subst (f

2d 2d

_ 3b? tan(c + dx) _ cos(c +dx)sin(c + dx)(a + btan(c + dx))? . (2ab) Subst (J

2d 2d

(a2 - 3b2) X

N =

d 2d

~ 2ablog(cos(c + dx))  3b*tan(c + dx) i cos(c + dx) sin(c + ¢
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Mathematica [B] time = 2.36223, size = 162, normalized size = 2.13

(bz—az) sin(2(c+dx)) (bz—az) tan™!(tan(c+dx)) 22212 > 2h2—g2 > )
b( o + p +( T +2a)log(\/—b —btan(c+dx))+( N +2a)log(\/—b + bte

2d

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~2*(a + b*Tan[c + d*x])~2,x]

[Out] (b*x(((-a"2 + b~2)*ArcTan[Tan[c + d*x]])/b + 2*axCos[c + d*xx]"2 + (2xa + (a~
2 - 2xb~2)/Sqrt[-b~2])*Log[Sqrt [-b~2] - bxTan[c + dxx]] + (2*a + (-a”2 + 2%
b~2)/Sqrt [-b~2]) *Log[Sqrt [-b"2] + b*Tan[c + d*x]] + ((-a”2 + b~2)*Sin[2*(c

+ d*x)]1)/(2%b) + 2*%bxTan[c + d*x]))/(2xd)

Maple [B] time = 0.039, size = 145, normalized size = 1.9

P (sin (dx +¢))° b2 cos (dx + ¢) (sin (dx + ¢))° N 312 cos (dx +)sin(dx+c) 3b%x  3Fc ab(sin (dx + 0))? )
d 2d 2 2d d

dcos(dx +c)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) " 2*x(at+b*tan(d*x+c))~2,x)

[Out] 1/d*b~2xsin(d*x+c)~5/cos(d*x+c)+1/d*xb " 2%cos(d*x+c)*sin(d*x+c) ~3+3/2/d*b~2%*c
os (d*x+c)*sin(d*xx+c)-3/2*xb"2xx-3/2/d*b"2%c—-1/d*a*xb*sin (d*x+c) “2-2*a*xb*1n(co
s(d*xx+c))/d-1/2/d*a"2*xcos (d*x+c) *sin(d*x+c)+1/2*%a"2*x+1/2/d*a"2%*c

Maxima [A] time = 1.47601, size = 111, normalized size = 1.46

2 ab—(a®-b?) tan(d
2ablog (tan (dx +c)* + 1) +2b%tan (dx +c) + (a2 -3 bz)(dx o)+ 2 () ?( 9
tan(dx+c) +1

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 2x(atb*tan(d*x+c))”2,x, algorithm="maxima"

[Out] 1/2*(2*a*b*log(tan(d*x + c)~2 + 1) + 24b"2*tan(d*x + c) + (a2 - 3*b~2)*(dx*
x + c) + (2%axb - (2”2 - b"2)*tan(d*x + c))/(tan(d*x + ¢)72 + 1))/d
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Fricas [A] time = 2.01632, size = 240, normalized size = 3.16

2ab cos (dx + ¢)° - 4 ab cos (dx + ¢) log (- cos (dx + ¢)) + ((a? = 3b?)dx - ab) cos (dx + ¢) - ((a? - b?) cos (dx + c)* - 2
2d cos (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c) 2x(at+b*tan(d*x+c))”2,x, algorithm="fricas")

[Out] 1/2%(2*axb*cos(d*x + c)~3 - 4*axb*cos(d*x + c)*log(-cos(d*x + c)) + ((a”2 -
3*%b~2) *d*x - axb)*cos(d*x + c) - ((a”™2 - b™2)*cos(d*x + ¢c)72 - 2*b~2)*sin(
d*x + c))/(d*xcos(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.
f(a +btan(c + dx))2 sin® (c + dx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**2*(atb*tan(d*x+c))**2,x)

[Out] Integral((a + b*tan(c + d*x))**2*sin(c + d*x)**2, x)

Giac [B] time = 1.87871, size = 1432, normalized size = 18.84

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c) ~2x(at+b*tan(d*x+c))”2,x, algorithm="giac")

[Out] 1/2*(a”2*xd*x*tan(d*x) “3*tan(c) 3 - 3*b~2*xd*x*tan(d*x) 3*tan(c)”3 - 2*axbx*xlo
g(4*x(tan(c)~2 + 1)/(tan(d*x) “4*tan(c) "2 - 2*tan(d*x) " 3xtan(c) + tan(d*x) 2%
tan(c)”2 + tan(d*x)"2 - 2*tan(d*x)*tan(c) + 1))*tan(d*x) " 3*tan(c)”3 + a~2xd
*x*tan(d*x) "3*tan(c) - 3*b~2xd*x*tan(d*x) "3*tan(c) - a~2xd*x*tan(d*x) 2*tan
(c)72 + 3*b~2xd*x*tan(d*x) “2*tan(c) "2 + a~2*d*x*xtan(d*x)*tan(c)”3 - 3*b~2*d
xx*tan (d*x)*tan(c) "3 + axbxtan(d*x) "3*tan(c)”3 - 2*axb*log(4*(tan(c)~2 + 1)
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/(tan(d#*x) “4xtan(c) "2 - 2xtan(d*x) " 3*tan(c) + tan(d*x) " 2xtan(c)”~2 + tan(d*x
)72 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x) ~3*tan(c) + 2*axbxlog(4*(tan(c)”2 + 1
)/ (tan(d#*x) “4*tan(c) "2 - 2*xtan(d*x) ~3xtan(c) + tan(d*x) " 2*xtan(c)”2 + tan(d*
x)7"2 - 2xtan(d*x)*tan(c) + 1))*tan(d*x) " 2*xtan(c)”2 + a”2*xtan(d*x) "3*tan(c)”
2 - 3*b~2xtan(d*x) " 3*tan(c) "2 - 2*axbxlog(4*(tan(c)~2 + 1)/(tan(d*x) 4*tan(
c)”2 - 2xtan(d#*x) " 3xtan(c) + tan(d+*x) " 2xtan(c)”2 + tan(d*x)~2 - 2xtan(d*x)*
tan(c) + 1))*tan(d*x)*tan(c)~3 + a”~2*tan(d*x) " 2*tan(c)~3 - 3*b~2xtan(d*x) "2
*tan(c) "3 - a"2*xd*x*tan(d*x) "2 + 3*b"2*d*x*tan(d*x) "2 + a~2xdxx*tan(d*x)*ta
n(c) - 3*b"2xd*x*tan(d*x)*tan(c) - ax*bxtan(d*x) 3*tan(c) - a”2*d*x*tan(c)”2
+ 3*b"2xd*x*tan(c) 2 - S*axbktan(d*x) "2xtan(c)”2 - axb*tan(d*x)*tan(c)”3 +
2xaxbxlog(4*(tan(c)~2 + 1)/(tan(d*x) 4*xtan(c) 2 - 2+tan(d*x) 3*tan(c) + ta
n(d*x) “2xtan(c) "2 + tan(d*x)~2 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x)”2 - 2*b~2
xtan(d*x) "3 - 2*axbxlog(4*(tan(c)”2 + 1)/(tan(d*x) 4*tan(c)~2 - 2*tan(d*x)”
3*xtan(c) + tan(d*x) 2*tan(c)”2 + tan(d*x)~2 - 2*xtan(d*x)*tan(c) + 1))*tan(d
xx)*tan(c) - 2*a~2*tan(d*x) " 2xtan(c) + 2*axb*log(4*x(tan(c)~2 + 1)/(tan(d*x)
“4xtan(c)”2 - 2*xtan(d*x) "3*tan(c) + tan(d*x) " 2*tan(c)”2 + tan(d*x)"2 - 2*ta
n(d*x)*tan(c) + 1))*tan(c)”2 - 2*a~2xtan(d*x)*tan(c)”2 - 2*b"2*tan(c)”3 - a
“2xd*x + 3*%b72xd*x + axbxtan(d*x)”2 + Sxaxb*tan(dxx)*tan(c) + axbxtan(c)~2
+ 2%axbxlog(4*(tan(c)”2 + 1)/(tan(d*x) “4xtan(c)”2 - 2xtan(d*x) "3*tan(c) + t
an(d*x) "2*tan(c) "2 + tan(d*x)”~2 - 2+tan(d*x)*tan(c) + 1)) + a"2xtan(d*x) -
3*xb"2*xtan(d*x) + a~2*tan(c) - 3*b"2*tan(c) - a*b)/(d*tan(d*x) 3*tan(c)”3 +
d*tan(d*x) “3*tan(c) - d*tan(d*x) " 2*tan(c)”2 + dxtan(d*x)*tan(c)”3 - d*tan(d
*x) 72 + dxtan(d*x)*tan(c) - d*tan(c)”2 - d)
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3.25  [sin(c+dx)(a+ btan(c + dx))* dx

Optimal. Leaf size=68

a2 cos(c +dx) 2absin(c +dx) 2abtanh (sin(c +dx)) b?cos(c +dx) b2 sec(c + dx)
T4 d d a4

[Out] (2*a*bxArcTanh[Sin[c + d*x]])/d - (a~2*Cos[c + d*x])/d + (b~ 2xCos[c + dx*xx])
/d + (b"2%Sec[c + d*x])/d - (2*xa*xb*Sin[c + d*x])/d

Rubi [A] time = 0.0736639, antiderivative size = 68, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 19, e =

0.368, Rules used = {3517, 2638, 2592, 321, 206, 2590, 14}

integrand size

a2 cos(c +dx) 2absin(c +dx) 2abtanh (sin(c +dx)) b2 cos(c+dx) b2 sec(c + dx)
-~ — + + +
d d d d d
Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]*(a + b*Tan[c + d*xx])~2,x]

[Out] (2*axb¥ArcTanh[Sin[c + d*x]])/d - (a"2*Cos[c + d*x])/d + (b~ 2*Cos[c + d*x])
/d + (b”"2*Seclc + d*x])/d - (2*a*b*Sin[c + d*xx])/d

Rule 3517

Int[sinl[(e_.) + (f_)*(x_)]"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])“n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, 0]

Rule 2638

Int[sinl(c_.) + (d_.)*(x_)], x_Symbol]l :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 2592

Int[((a_.)*sin[(e_.) + (f_D)*(x)])"(m_.)*tan[(e_.) + (£_D)*Ex D1 " (n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
ff*x)"(m + n)/(@"2 - f£72%x"2)"((n + 1)/2), x], x, (a*xSin[e + fx*x])/ff], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]
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Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n)p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 2590

Int[sin[(e_.) + (f_)*(x_)]1"(m_.)*tan[(e_.) + (f_.)*(x_)]1"(n_.), x_Symbol]
:> -Dist[f~(-1), Subst[Int[(1 - x*2)"((m + n - 1)/2)/x"n, x], x, Cos[e + fx*
x]], x] /; FreeQ[{e, f}, x] && IntegersQ[m, n, (m + n - 1)/2]

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rubi steps

f sin(c + dx)(a + btan(c + dx))? dx = f (az sin(c + dx) + 2absin(c + dx) tan(c + dx) + b2 sin(c + dx) tan(c + dx))

=qa? f sin(c + dx) dx + (2ab) f sin(c + dx) tan(c + dx) dx + b? f sin(c + dx) ta

1-x2
x2

@ cos(c+dx) (2ab) Subst (f % dx, x, sin(c + dx)) b? Subst (f d
S d d ) d
(2ab) Subst ( f ﬁ dx, x,sin(c + dx)) 1

_ _a2 cos(c +dx)  2absin(c + dx)
B d d d

_ 2ab tanh ™ (sin(c + dx))  a?cos(c +dx) b2 cos(c+dx) b?sec(c + dx)

B d - d d d -
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Mathematica [A] time = 0.439056, size = 111, normalized size = 1.63

sec(c + dx) ((az - bz) cos(2(c + dx)) + a? + 2absin(2(c + dx)) + 4ab cos(c + dx) (log (cos (%(c + dx)) —sin (%(c + dx)
- 2d

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]*(a + b*Tan[c + d*x])~2,x]

[Out] -(Seclc + d*x]*(a"2 - 3*b™2 + (2”2 - b"2)*Cos[2*(c + d*x)] + 4*axb*Cos[c +
d*xx]*(Log[Cos[(c + d*x)/2] - Sin[(c + d*x)/2]] - Logl[Cos[(c + dx*x)/2] + Sin
[(c + d*x)/2]]) + 2*axb*xSin[2*(c + dx*x)]))/(2*d)

Maple [A] time = 0.036, size = 108, normalized size = 1.6

P (sin (dx + ¢))*  b?cos(dx +¢) (sin (dx +¢))> _FPcosdx+c) _absin(dx+c) _ abln(sec(dx +c) + tan (dx
+ +2 - +2
dcos(dx +c) d d d d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c)*(a+bxtan(d*x+c)) " 2,x)

[Out] 1/d*b"2*sin(d*x+c)~4/cos(d*x+c)+1/d*b"2%cos(d*x+c)*sin(d*x+c) ~2+2%b~2*cos (d
*x+c) /d-2*xa*xbxsin(d*xx+c) /d+2/d*a*xb*x1ln(sec(d*x+c)+tan(d*x+c))-a"2*cos (d*x+c)

/d

Maxima [A] time = 1.11944, size = 90, normalized size = 1.32

+ cos (dx + c)) + ab(log (sin (dx + ¢) + 1) — log (sin (dx + c) — 1) — 2 sin (dx + c)) — a® cos (dx + ¢)

d

> 1
cos(dx+c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(atbxtan(d*x+c))~2,x, algorithm="maxima"

[Out] (b"2%(1/cos(d*x + c) + cos(d*x + c)) + a*xb*(log(sin(d*x + c) + 1) - log(sin
(d*x + ¢) - 1) - 2*%sin(d*x + c)) - a"2*cos(d*x + c))/d
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Fricas [A] time = 2.32235, size = 230, normalized size = 3.38

ab cos (dx + c) log (sin (dx + ¢) + 1) — ab cos (dx + ¢) log (= sin (dx + ¢) + 1) — 2ab cos (dx + ¢) sin (dx + ¢) — (a2 - bz)
dcos (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(atbxtan(d*x+c))~2,x, algorithm="fricas")

[Out] (axbxcos(d*x + c)*log(sin(d*x + c) + 1) - axb*cos(d*x + c)*log(-sin(d*x + c
) + 1) - 2%axb*cos(d*x + c)*sin(d*x + c) - (a2 - b7™2)*cos(d*x + c)”2 + b72
)/ (d*cos(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a+btan(c+ dx))2 sin (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(atb*tan(d*x+c))**2,x)

[Out] Integral((a + bxtan(c + d*x))**2*sin(c + d*x), x)

Giac [B] time = 4.53757, size = 3830, normalized size = 56.32

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(at+tbxtan(d*x+c))~2,x, algorithm="giac")

[Out] -(a*bxlog(2x(tan(1/2%c)~2 + 1)/(tan(1/2*d*x) “4*xtan(1/2*c)"2 + 2xtan(1/2*xd*x
) 4xtan(1/2%c) + 2*xtan(1/2*xd*x) "3*xtan(1/2*c)”2 + tan(1/2*d*x)~4 + 2xtan(1/2
*dxx) "2*%tan(1/2*c) "2 - 2xtan(1/2*d*x)~3 + 2*tan(1/2*xd*x)*tan(1/2*c) 2 + 2*t
an(1/2*d*x) "2 + tan(1/2*c)”"2 - 2*tan(1/2*d*x) - 2*tan(1/2*c) + 1))*tan(1/2%
d*x) “4*tan(1/2%c) "4 - axb*xlog(2x(tan(1/2xc)~2 + 1)/(tan(1/2*d*x) "4*tan(1/2x*
c)”2 - 2xtan(1/2*d*x) “4xtan(1/2%c) - 2*tan(1/2xd*x) " 3*tan(1/2*c)~2 + tan(1/
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2xd*x) "4 + 2xtan(1/2*d*x) "2*xtan(1/2*c)”2 + 2*tan(1/2*d*x) "3 - 2*tan(1/2xd*x
)xtan(1/2%c) "2 + 2xtan(1/2*d*x) "2 + tan(1/2%c)~2 + 2*tan(1/2*d*x) + 2*tan(1
/2%c) + 1))*tan(1/2*xd*x) “4xtan(1/2%c) "4 + a~2*xtan(1/2*d*x) “4*tan(1/2*c)"4 -
2xb~2*xtan (1/2*d*x) “4xtan(1/2*c) "4 - 4xaxbxlog(2x(tan(1/2%c)"2 + 1)/(tan(1/
2%d*x) “4*tan(1/2*c) "2 + 2xtan(1/2*d*x) “4*tan(1/2*c) + 2*xtan(1/2*d*x) " 3*tan(
1/2*c)"2 + tan(1/2*d*x) "4 + 2*xtan(1/2*d*x) "2*tan(1/2*c)~2 - 2*xtan(1/2xd*xx)"~
3 + 2xtan(1/2*dx*x)*tan(1/2%c)~2 + 2*tan(1/2*d*x)~2 + tan(1/2%c)~2 - 2*tan(l
/2%d*xx) - 2*xtan(1/2%c) + 1))*tan(1/2xd*x) " 3xtan(1/2*c)”3 + 4xaxb*xlog(2*(tan
(1/2%c)"2 + 1)/ (tan(1/2*d*x) “4xtan(1/2*c) "2 - 2*tan(1/2*d*x) “4*xtan(1/2*c) -
2%tan (1/2*d*x) "3*xtan(1/2*c) "2 + tan(1/2*d*x) "4 + 2*xtan(1/2*d*x) " 2*tan(1/2%*
c)"2 + 2%tan(1/2*d*x)~3 - 2*xtan(1/2xdxx)*tan(1/2*c)~2 + 2*xtan(1/2xd*x)~2 +
tan(1/2xc)”2 + 2*tan(1/2*d*x) + 2*xtan(1/2xc) + 1))*tan(1/2*d*x) ~3xtan(1/2*c
)73 - 4xaxbxtan(1/2*d*x) “4xtan(1/2*c) "3 - 4*axb*tan(1/2*xd*x) "3xtan(1/2*c) "4
- 2%a”2*xtan(1/2*d*x) “4xtan(1/2*c) 2 - 8*a~2xtan(1/2xd*x) " 3*tan(1/2*c)~3 +
8*xb~2*xtan (1/2*d*x) "3*xtan(1/2*c) "3 - 2*a~2*xtan(1/2*d*x) "2*¥tan(1/2*c)"4 - ax*b
*xlog(2*(tan(1/2*c)~2 + 1)/(tan(1/2xd*x) “4*tan(1/2xc)”2 + 2xtan(1/2xd*x) ~4*t
an(1/2*c) + 2xtan(1/2*d*x) " 3*tan(1/2*c)”~2 + tan(1/2*xd*x) "4 + 2xtan(1/2*d*x)
“2xtan(1/2*c) "2 - 2*xtan(1/2xd*x) "3 + 2*tan(1/2*xd*x)*tan(1/2*c)~2 + 2*tan(1/
2%d*x) "2 + tan(1/2*c)”2 - 2xtan(1/2*d*x) - 2*xtan(1/2*c) + 1))*tan(1/2*d*x)”
4 + axbxlog(2*(tan(1/2*c)”2 + 1)/(tan(1/2xd*x) ~4*xtan(1/2*c)~2 - 2*xtan(1l/2xd
*x) “4xtan(1/2*c) - 2*xtan(1/2*d*x) " 3*tan(1/2*c)”2 + tan(1/2*d*x)~4 + 2*tan(l
/2xd*xx) "2*tan(1/2*c) "2 + 2xtan(1/2*d*x)~3 - 2%tan(1/2*d*x)*tan(1/2*c)"2 + 2
xtan(1/2*d*x) "2 + tan(1/2xc)~2 + 2*tan(1/2*d*x) + 2xtan(1/2*c) + 1))*tan(1/
2xd*x) "4 - 4xaxbxlog(2*(tan(1/2*c)”2 + 1)/(tan(1/2*d*x) “4*xtan(1/2%c)~2 + 2%
tan(1/2*d*x) “4*tan(1/2*c) + 2*tan(1/2*d*x) " 3*tan(1/2*c)”2 + tan(1/2*d*x)~4
+ 2xtan(1/2*d*x) "2xtan(1/2*c) "2 - 2*xtan(1/2*d*x) "3 + 2*tan(1/2*d*x)*tan(1/2
*c)72 + 2%tan(1/2*d*x) "2 + tan(1/2%c)”2 - 2*tan(1/2*d*x) - 2xtan(1/2%c) + 1
))*tan(1/2*d*x) “3xtan(1/2xc) + 4*xaxbxlog(2*(tan(1/2*c)~2 + 1)/(tan(1/2%d*x)
“4xtan(1/2*c) "2 - 2*xtan(1/2xd*x) “4*tan(1/2*c) - 2*xtan(1/2xd*x) " 3*tan(1/2*c)
2 + tan(1/2xd*x) "4 + 2%tan(1/2*d*x) "2xtan(1/2%c)”~2 + 2%tan(1/2*d*x) "3 - 2%
tan(1/2*d*x)*tan(1/2*c) "2 + 2*xtan(1/2*d*x) "2 + tan(1/2*c)"2 + 2*xtan(1/2*d*x
) + 2xtan(1/2%c) + 1))*tan(1/2xdxx) ~3*tan(1/2*c) + 4*xaxbxtan(1/2*d*x)  4*tan
(1/2%c) + 24xaxbxtan(1/2*d*x) "3*tan(1/2xc)~2 - 4xaxbxlog(2*(tan(1/2%c)"2 +
1)/ (tan(1/2xd*x) “4*tan(1/2*c) "2 + 2xtan(1/2*d*x) “4*tan(1/2*c) + 2*xtan(1/2xd
*x) "3*tan(1/2*c) "2 + tan(1/2xd*x)~4 + 2*tan(1/2*d*x) " 2*xtan(1/2*c)~2 - 2*tan
(1/2*%d*x) "3 + 2*xtan(1/2xd*x)*tan(1/2*c)”2 + 2xtan(1/2*d*x)~2 + tan(1/2*xc)"2
- 2%tan(1/2*xd*x) - 2xtan(1/2%c) + 1))*tan(1/2*xd*x)*tan(1/2%c)~3 + 4*a*xb*lo
g(2*x(tan(1/2*%c)”2 + 1)/(tan(1/2*xd*x) “4*xtan(1/2%c)~2 - 2*xtan(1/2*d*x) "4*tan(
1/2%c) - 2xtan(1/2*d*x) " 3*tan(1/2*c)”2 + tan(1/2*d*x)~4 + 2*xtan(1/2xd*x) " 2%
tan(1/2*c) "2 + 2%tan(1/2*d*x) "3 - 2*xtan(1/2*d*x)*tan(1/2*c) 2 + 2*xtan(1/2xd
*x)72 + tan(1/2*c) "2 + 2xtan(1/2*d*x) + 2*tan(1/2*c) + 1))*tan(1/2*d*x)*tan
(1/2%c)~3 + 24xaxb*tan(1/2+d*x) "2*tan(1/2xc)”3 - a*xb*log(2x(tan(1/2*c)~2 +
1)/ (tan(1/2*%d*x) “4*tan(1/2*c) "2 + 2xtan(1/2xd*x) “4*tan(1/2*c) + 2%tan(1/2*d
*x) "3*tan(1/2xc) "2 + tan(1/2*d*x) "4 + 2*xtan(1/2*d*x) " 2*tan(1/2*c)”2 - 2xtan
(1/2%d*x) "3 + 2*tan(1/2*xd*x)*tan(1/2*c)~2 + 2*tan(1/2*d*x)"2 + tan(1/2*c)”2
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- 2%tan(1/2*xd*x) - 2xtan(1/2%c) + 1))*tan(1/2%c)”4 + axbxlog(2*(tan(1/2%c)
2 + 1)/ (tan(1/2*xd*x) “4*xtan(1/2xc) "2 - 2xtan(1/2*d*x) “4*tan(1/2*c) - 2+*tan(
1/2*d*x) "3xtan(1/2%c) "2 + tan(1/2*d*x)~4 + 2*tan(1/2*d*x) " 2*xtan(1/2*c)”~2 +
2+%tan (1/2*d*x) "3 - 2*xtan(1/2*d*x)*tan(1/2*c)”2 + 2*xtan(1/2*xd*x)"2 + tan(1/2
*c) "2 + 2xtan(1/2*xd*x) + 2xtan(1/2%c) + 1))*tan(1/2*c) 4 + 4xaxbxtan(1/2xdx*
x)*tan(1/2xc)~4 + a~2*tan(1/2*d*x) "4 - 2*xb"2xtan(1/2*d*x) "4 + 8*a~2*tan(1/2
*dxx) "3*tan(1/2*c) - 8*b~2xtan(1/2*dxx) " 3*tan(1/2xc) + 20*a~2xtan(1/2*d*x)"~
2%tan(1/2*c) 2 - 24*xb~2xtan(1/2*d*x) "2*xtan(1/2*c) 2 + 8*a~2xtan(1/2*d*x)*ta
n(1/2*c) "3 - 8*b~2*tan(1/2*xd*x)*tan(1/2*c)~3 + a~2+tan(1/2*c) 4 - 2*xb~2xtan
(1/2%c)~4 - 4*axbxtan(1/2*%d*x)~3 - 4xaxb*xlog(2x(tan(1/2*c)~2 + 1)/(tan(1/2x%
d*x) “4xtan(1/2*c) "2 + 2%tan(1/2*d*x) “4*xtan(1/2xc) + 2%tan(1/2*d*x) " 3*tan(1/
2xc) 2 + tan(1/2*d*x) "4 + 2*xtan(1/2xd*x) " 2*tan(1/2*c)~2 - 2xtan(1/2*d*x)~3
+ 2*xtan(1/2*xd*x)*tan(1/2%c) "2 + 2*xtan(1/2*d*x)~2 + tan(1/2*c)”2 - 2*xtan(1/2
xd*x) - 2%tan(1/2*xc) + 1))xtan(1/2*d*x)*tan(1/2*c) + 4*axbxlog(2*(tan(1/2*c
)72 + 1)/ (tan(1/2*d*x) “4*xtan(1/2*c) "2 - 2xtan(1/2*d*x) “4*xtan(1/2*c) - 2*tan
(1/2*d*x) ~3xtan(1/2%c) "2 + tan(1/2*d*x) 4 + 2%tan(1/2*d*x) "2xtan(1/2%c)”2 +

2xtan(1/2*d*x) "3 - 2*tan(1/2*d*x)*tan(1/2*c)~2 + 2xtan(1/2*d*x)~2 + tan(1/
2%c) "2 + 2xtan(1/2*d*x) + 2*tan(1/2%c) + 1))*tan(1/2xd*x)*tan(1/2xc) - 24*a
*bxtan (1/2*xd*x) "2*xtan(1/2*c) - 24*axb*tan(1/2*d*x)*tan(1/2*c) "2 - 4*axb*tan
(1/2*%c) "3 - 2*xa”2*tan(1/2*d*x) "2 - 8*a”~2*tan(1/2xd*x)*tan(1/2*c) + 8*b~2xta
n(1/2xd*x)*tan(1/2xc) - 2*a~2*tan(1/2*c) "2 + axbxlog(2x(tan(1/2*c)"2 + 1)/(
tan (1/2xd*x) "4*tan(1/2*c) "2 + 2xtan(1/2*d*x) “4*tan(1/2*c) + 2*tan(1/2*d*x)~
3*xtan(1/2*c) "2 + tan(1/2*d*x)~4 + 2xtan(1/2*d*x) "2xtan(1/2%c)~2 - 2*tan(1/2
*d*x) "3 + 2*xtan(1/2*xd*x)*tan(1/2*c)”2 + 2*xtan(1/2*d*x)~2 + tan(1/2%c)"2 - 2
xtan(1/2*%d*x) - 2xtan(1/2*c) + 1)) - a*bxlog(2x(tan(1/2*c)~2 + 1)/(tan(1/2x*
d*x) “4*xtan(1/2*c) "2 - 2¥tan(1/2*d*x) “4*xtan(1/2*c) - 2¥tan(1/2*d*x) " 3*tan(1/
2%c) "2 + tan(1/2*xd*x) "4 + 2xtan(1/2*d*x) " 2*tan(1/2*c) 2 + 2xtan(1/2*d*x) "3
- 2xtan(1/2*dxx)*tan(1/2*c) "2 + 2*tan(1/2*d*x) "2 + tan(1/2%c)~2 + 2*tan(1/2
*d*x) + 2*xtan(1/2*c) + 1)) + 4xaxb¥xtan(1/2*d*x) + 4*xaxbxtan(1/2xc) + a~2 -
2+%b~2) /(d*tan(1/2*d*x) “4xtan(1/2*c) "4 - 4*d*xtan(1/2*d*x) "3*xtan(1/2*c)"3 - d
xtan (1/2*d*x) "4 - 4*d*tan(1/2*d*x) ~3xtan(1/2*c) - 4*xdxtan(1/2*xd*x)*tan(1/2*
c)”3 - d¥tan(1/2*c)~4 - 4xdxtan(1/2*d*x)*tan(1/2*c) + d)
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326 [ csc(c+dx)(a+btan(c + dx))?dx

Optimal. Leaf size=43

a? tanh ™ (cos(c + dx))  2abtanh '(sin(c + dx))  b?sec(c + dx)
) d i d T

[Out] -((a"2*ArcTanh[Cos[c + d*x]])/d) + (2*xa*xbk*ArcTanh[Sin[c + d*x]])/d + (b~2%S
ec[c + dxx])/d

Rubi [A] time = 0.0563928, antiderivative size = 43, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 19, e =

0.21, Rules used = {3517, 3770, 2606, 8}

integrand size

a? tanh ™ (cos(c + dx))  2abtanh '(sin(c + dx))  b?sec(c + dx)
- + +
d d d
Antiderivative was successfully verified.

[In] Int[Csclc + d*x]*(a + b*Tan[c + d*xx])~2,x]

[Out] -((a"2%ArcTanh[Cos[c + d*x]])/d) + (2*xaxb*ArcTanh[Sin[c + d*x]])/d + (b~2xS
eclc + dxx])/d

Rule 3517

Int[sinl[(e_.) + (f_)*(x_)]"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])“n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, 0]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 2606

Int[((a_.)*sec[(e_.) + (£_.)*(x_)])"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*xx)"(m - 1)*(-1 + x72)"((n - 1)/2)
, x]1, x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2]
&& ! (IntegerQ[m/2] && LtQ[0, m, n + 1])
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Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

fcsc(c +dx)(a + btan(c + dx))?dx = f(az csc(c + dx) + 2absec(c + dx) + b? sec(c + dx) tan(c + dx)) dx
a? f csc(c + dx) dx + (2ab) f sec(c + dx) dx + b? f sec(c + dx) tan(c + dx) d:
a? tanh_l(cos(c + dx)) N 2ab tanh_l(sin(c + dx)) N b? Subst(fl dx, x, sec(

- d d d
@ tanh ™ (cos(c + dx))  2abtanh (sin(c + dx))  b?sec(c + dx)
- d " d T

Mathematica [B] time = 0.233457, size = 97, normalized size = 2.26

a (a log (sin (%(c + dx))) —alog (cos (%(c + dx))) —2blog (cos (%(c + dx)) —sin (%(c + dx))) + 2blog (sin (%(c + dx
d

Antiderivative was successfully verified.

[In] Integrate[Csc[c + dxx]*(a + bxTan[c + d*x])~2,x]

[Out] (ax(-(a*Logl[Cos[(c + d*x)/2]]) - 2xb*Log[Cos[(c + d*x)/2] - Sin[(c + d*x)/2
11 + axLog[Sin[(c + d*x)/2]] + 2*bxLog[Cos[(c + d*x)/2] + Sin[(c + d*x)/2]]
) + b™2xSec[c + dxx])/d

Maple [A] time = 0.044, size = 61, normalized size = 1.4

b? abln (sec (dx + ¢) + tan (dx + c¢))  a?In(csc (dx + ¢) — cot (dx + c))
+ +
dcos(dx +¢) d d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)*(a+tbxtan(d*x+c))~2,x)

[Out] 1/d*b"2/cos(d*x+c)+2/d*a*xb*1n(sec(d*x+c)+tan(d*x+c))+1/d*a"2*x1ln(csc(d*x+c)-
cot (d*x+c))
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Maxima [A] time = 1.06914, size = 81, normalized size = 1.88

ab(log (sin (dx + c) + 1) — log (sin (dx + ¢) — 1)) — a®log (cot (dx + ¢) + csc (dx + ¢)) + COS(ZZHC)
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c))~2,x, algorithm="maxima"

[Out] (a*b*(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1)) - a"2xlog(cot(d*x + c)
+ csc(d*x + ¢)) + b"2/cos(d*x + ¢))/d

Fricas [B] time = 2.4343, size = 288, normalized size = 6.7

a? cos (dx + c) log (% cos (dx +c) + %) —a? cos (dx + ¢) log (—% cos (dx +c) + %) —2ab cos (dx + ¢) log (sin (dx + ¢) -

- 2dcos(dx +¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c))~2,x, algorithm="fricas")

[Out] -1/2%(a"2*cos(d*x + c)*log(l/2*cos(d*x + c) + 1/2) - a"2*cos(d*x + c)*log(-
1/2*%cos(d*x + c) + 1/2) - 2xaxbxcos(d*x + c)*log(sin(d*x + c) + 1) + 2xaxbx
cos(d*x + c)*log(-sin(d*x + c) + 1) - 2xb~2)/(d*cos(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a+btan(c+ dx))2 csc(c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atb*tan(d*x+c))**2,x)

[Out] Integral((a + b*tan(c + d*x))**2*csc(c + d*x), x)
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Giac [A] time = 1.5719, size = 100, normalized size = 2.33

2ablog (|tan (% dx + %c) + 1|) —2ablog (|tan(% dx + %c) - 1|) +a?log (|tan (% dx + %c)l) 2

2
1 1
tan(i dx+§ c) -1

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(at+tbxtan(d*x+c))~2,x, algorithm="giac")

[Out] (2*%axb*log(abs(tan(1/2*xd*x + 1/2%c) + 1)) - 2*axb*xlog(abs(tan(1/2*xd*x + 1/2
xc) - 1)) + a"2*log(abs(tan(1/2*xd*x + 1/2%c))) - 2xb~2/(tan(1/2xd*x + 1/2%c
)72 - 1))/d
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327  [cscX(c+dx)(a+ btan(c + dx))? dx

Optimal. Leaf size=42

a? cot(c +dx) 2ablog(tan(c +dx)) b*tan(c + dx)
a4 d T

[Out] -((a~2*Cot[c + d*x])/d) + (2xaxb*Log[Tan[c + d*x]])/d + (b"2xTan[c + dx*x])/
d

Rubi [A] time = 0.0474087, antiderivative size = 42, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, il

0.095, Rules used = {3516, 43}

integrand size

a?cot(c +dx) 2ablog(tan(c + dx)) b*tan(c + dx)
a4 d T

Antiderivative was successfully verified.

[In] Int[Csclc + d*x] " 2*x(a + b*Tan[c + dx*x])~2,x]

[Out] -((a~2*Cot[c + d*x])/d) + (2*axbxLogl[Tan[c + d*x]])/d + (b"2*Tan[c + d*x])/
d

Rule 3516

Int[sin[(e_.) + (f_D)*(x )1 " (m )*x((a_) + (b_.)*tan[(e_.) + (f_)*(x)D1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) "m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
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b Subst ( f (@427 dx, x,btan(c + dx))

2
fcscz(c +dx)(a + btan(c + dx))? dx = - y
a? 2a
b Subst ( [ (1 F o ;) dx, x, b tan(c + dx))
B d
a® cot(c +dx) 2ablog(tan(c + dx))  b?tan(c + dx)
a7 d T4

Mathematica [B] time = 0.544128, size = 91, normalized size = 2.17

cos(c + dx)(a + btan(c + dx))? (a cos(c + dx)(a cot(c + dx) + 2b(log(cos(c + dx)) — log(sin(c + dx)))) — b? sin(c + d:
d(a cos(c + dx) + bsin(c + dx))?

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + dxx]~2*(a + b*Tan[c + d*x])~2,x]

[Out] -((Cos[c + d*x]*(a*Cos[c + d*x]*(axCot[c + dxx] + 2xb*(Log[Cos[c + d*x]] -
Log[Sin[c + d*x]])) - b™2*Sin[c + d*x])*(a + b*Tan[c + d*x])~2)/(d*(axCos[c
+ d*x] + b*Sin[c + d*x])~2))

Maple [A] time = 0.042, size = 43, normalized size = 1.

a?cot (dx +c) _abln(tan(dx+c)) b?tan(dx +c)
- 7 +2 3 + 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) " 2*x(at+b*tan(d*x+c))~2,x)

[Out] -a~2*cot (d*x+c)/d+2*axb*x1ln(tan(d*x+c))/d+b~2*tan (d*x+c)/d

Maxima [A] time = 1.10725, size = 53, normalized size = 1.26

a2
tan(dx+c)

2 ablog (tan (dx + ¢)) + b? tan (dx + c) —
d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2x(atb*tan(d*x+c))”2,x, algorithm="maxima"

[Out] (2xaxbxlog(tan(d*x + c)) + b~™2*tan(d*x + c) - a"2/tan(d*x + c))/d

Fricas [B] time = 2.28245, size = 246, normalized size = 5.86

ab cos (dx + c¢) log (cos (dx + c)z) sin (dx + ¢) — ab cos (dx + c) log (—i cos (dx + c)2 + i) sin (dx +¢) + (112 + bz) cos (

- d cos (dx + ¢) sin (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(dxx+c) " 2*(atbxtan(d*x+c))~2,x, algorithm="fricas")

[Out] -(a*b*cos(d*x + c)*log(cos(d*x + c) 2)*sin(d*x + c) - axbxcos(d*x + c)xlog(
-1/4*xcos(d*x + ¢c)”2 + 1/4)xsin(d*x + c) + (272 + b™2)*cos(d*x + ¢c)”2 - b~2)
/(d*cos(d*x + c)*sin(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + btan (c + dx))* csc? (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**2* (a+tbxtan(d*x+c))**2,x)

[Out] Integral((a + bxtan(c + d*x))**2*csc(c + d*x)**2, x)

Giac [A] time = 1.53881, size = 69, normalized size = 1.64

2
2ablog (Jtan (dx + c)|) + b? tan (dx + ¢) — %

d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(d*x+c) 2x(atb*tan(d*x+c))”2,x, algorithm="giac")

[Out] (2*axb*log(abs(tan(d*x + c))) + b~2*xtan(d*x + c) - (2%a*bxtan(d*x + c) + a~
2)/tan(d*x + c))/d
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3.28 [ cscP(c+dx)(a+ btan(c + dx))? dx

Optimal. Leaf size=95

a2 tanh ™ (cos(c + dx))  a? cot(c + dx) csc(c + dx)  2abcsc(c + dx) .\ 2abtanh ™ (sin(c + dx)) s b sec(c +dx) L
2d 2d d d d

[Out] -(a~2%ArcTanh[Cos[c + d*x]])/(2%d) - (b~ 2*%ArcTanh[Cos[c + d*x]])/d + (2*ax*b
*ArcTanh([Sin[c + d*x]])/d - (2*xa*b*Csc[c + d*x])/d - (a~2*Cot[c + d*x]*Csc[
c + dxx])/(2xd) + (b~2xSec[c + d*xx])/d

Rubi [A] time = 0.117606, antiderivative size = 95, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 7, integrand size = 21, number of rules _

integrand size
0.333, Rules used = {3517, 3768, 3770, 2621, 321, 207, 2622}

a2 tanh ' (cos(c + dx))  a? cot(c + dx) csc(c +dx)  2abcsc(c + dx) .\ 2ab tanh ™! (sin(c + dx)) s b?sec(c +dx) L
2d 2d d d d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~3*x(a + bxTan[c + dx*x])"2,x]

[Out] -(a~2%ArcTanh[Cos[c + d*x]])/(2xd) - (b~ 2*%ArcTanh[Cos[c + d*x]])/d + (2*ax*b
*ArcTanh([Sin[c + d*x]])/d - (2*xa*b*Csc[c + d*x])/d - (a~2*Cot[c + d*x]*Csc[
c + dxx])/(2xd) + (b"2xSecl[c + d*xx])/d

Rule 3517

Int[sin[(e_.) + (£_D)*(x_)]1 " (m_.)*x((a_) + (b_.)*tan[(e_.) + (f_)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, 0]

Rule 3768

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + dx*x
Jx(bxCsclc + d*x])"(n - 1))/(d*x(n - 1)), x] + Dist[(b"2x(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &%
IntegerQ[2+*n]

Rule 3770
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 2621

Int[(cscl(e_.) + (f_)*(x_)]*(a_.)) " (m_)*secl(e_.) + (f_)*x )] (n_.), x_S
ymbol] :> -Dist[(f*a”n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x1, x, axCscle + f*x]]1, x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n
+1)/2] && !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 321

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 21*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 2622

Int[cscl(e_.) + (f_D)*xx )] (_.)*x((a_.)*secl(e_.) + (f_)*x(x)])"(m ), xS
ymbol] :> Dist[1/(f*a"n), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n + 1)/2
), x], x, axSec[e + fx*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)
/2] && !'(IntegerQ[(m + 1)/2] && LtQ[O, m, nl)

Rubi steps
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f csc3(c + dx)(a + btan(c + dx))? dx = f (a2 csc3(c + dx) + 2ab csc?(c + dx) sec(c + dx) + b? csc(c + dx) sec?(c + dx))
=qa® fcsc3(c + dx) dx + (2ab) f csc?(c + dx) sec(c + dx) dx + b? fcsc(c + dx) s
(2ab) Subst ( [ dx

a? cot(c +dx)csc(c +dx) 1, ST
=- ¥ +§a fcsc(c+dx)dx— 7

a2 tanh ™ (cos(c + dx))  2abesc(c +dx) a2 cot(c + dx) csc(c + dx) s b? s
- 2d d 2d

a? tanh ™ (cos(c + dx)) b2 tanh ™ (cos(c + dx)) . 2ab tanh ™ (sin(c + dx))
T 2d - d d |

Mathematica [B] time = 1.95109, size = 250, normalized size = 2.63

4 (az + sz) log (sin (%(c + dx))) —4 (a2 + 2b2) log (cos (%(c + dx))) — a? csc? (%(C + dx)) + a? sec? (%(C + dx)) — 8abt

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~3*(a + b*Tan[c + d*x])~2,x]

[Out] (8*b~2 - 8xaxb*Cot[(c + d*x)/2] - a~2*Csc[(c + d*x)/2]72 - 4x(a"2 + 2*¥b~2)*
Log[Cos[(c + dxx)/2]] - 16*xaxbxLogl[Cos[(c + d*x)/2] - Sin[(c + d*x)/2]] + 4
x(a”2 + 2%b72)*Log[Sin[(c + d*x)/2]] + 16*axb*Log[Cos[(c + d*x)/2] + Sin[(c

+ d*x)/2]] + a"2*xSec[(c + d*x)/2]72 + (8*b~2*Sin[(c + d*x)/2])/(Cos[(c + d
*x)/2] - Sin[(c + d*x)/2]) - (8%b~2+Sin[(c + d*x)/2])/(Cos[(c + d*x)/2] + S
in[(c + d*x)/2]) - 8xaxbxTan[(c + dxx)/2])/(8%d)

Maple [A] time = 0.051, size = 120, normalized size = 1.3

b? N b2 In (csc (dx + c) — cot (dx + ¢)) ab N abln (sec (dx + ¢) + tan (dx +c))  a® cot (dx -
d cos (dx + c) d dsin (dx + c) d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) " 3*(a+bxtan(d*x+c))~2,x)



165

[Out] 1/d*b~2/cos(d*x+c)+1/d*b"2*1n(csc(d*x+c)-cot (d*x+c))-2/d*a*xb/sin(d*x+c)+2/d
*axb*x1ln(sec(d*x+c)+tan(dxx+c))-1/2*xa"2xcot (d*xx+c)*csc(d*x+c)/d+1/2/d*a"2*1n
(csc(d*x+c)-cot (d*xx+c))

Maxima [A] time = 1.10054, size = 165, normalized size = 1.74

—log (cos (dx + ¢) + 1) + log (cos (dx 4

4d

cos(dx+c)

aZ(M —log (cos(dx + ¢) +1) + log (cos (dx + c) — 1)) +2 bz(

cos(dx+c)2—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 3% (atbxtan(d*x+c))”~2,x, algorithm="maxima")

[Out] 1/4*(a"2x(2xcos(d*x + c)/(cos(d*x + ¢c)72 - 1) - log(cos(d*x + c) + 1) + log
(cos(d*x + ¢c) - 1)) + 2xb~2*%(2/cos(d*x + c) - log(cos(d*x + c) + 1) + log(c
os(d*x + c) - 1)) - 4*axb*(2/sin(d*x + c) - log(sin(d*x + c) + 1) + log(sin

(d*x + ¢c) - 1)))/d

Fricas [B] time = 2.77791, size = 581, normalized size = 6.12

8ab cos (dx + c) sin (dx + ¢) + 2 (a? + 212) cos (dx + ¢)* — 42 — ((a® + 2b%) cos (dx + ¢)° - (a? + 21?) cos (dx + ¢)) 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) " 3*(atb*tan(d*x+c))”2,x, algorithm="fricas")

[Out] 1/4%(8*axbxcos(d*x + c)*sin(d*x + c) + 2x(a”2 + 2%b~2)*cos(d*x + c)~2 - 4xb
"2 - ((a”2 + 2¥b”"2)*cos(d*x + c)”3 - (2”2 + 2%b~2)*cos(d*x + c))*log(1l/2*co
s(dxx + c) + 1/2) + ((a”2 + 2%b"2)*cos(d*x + c)73 - (a”2 + 2*b"2)*cos(d*x +
c))*log(-1/2*cos(d*x + c) + 1/2) + 4x(axb*cos(d*x + c)~3 - axbxcos(d*x + c
))*log(sin(d*x + c) + 1) - 4x(axb*cos(d*x + c)~3 - axb*cos(d*x + c))*log(-s
in(d*x + c¢) + 1))/(d*cos(d*x + ¢c)~3 - dxcos(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + btan (c + dx))? csc® (c + dx) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**3%(atb*tan(d*x+c))**2,x)

[Out] Integral((a + b*tan(c + d*x))**2*csc(c + d*x)**3, x)

Giac [A] time = 1.63598, size = 232, normalized size = 2.44

2
’ 1 1 1 1 1 1 1 1
a tan(idx+ Ec) +16ablog(|tan(5dx+ Ec) +1|) —16ablog(|tan(5dx+ Ec) —1|) —8abtan(£dx+ Ec) +4(¢

8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 3% (a+b*tan(d*x+c))~2,x, algorithm="giac")
g g g

[Out] 1/8*(a"2xtan(1/2*%d*x + 1/2%c)”2 + 16*axb*xlog(abs(tan(1/2*d*x + 1/2%c) + 1))
- 16*%axbxlog(abs(tan(1/2*xd*x + 1/2%c) - 1)) - 8*axbkxtan(l/2xd*x + 1/2xc) +
4x(a”2 + 2xb”2)*log(abs(tan(1/2xd*x + 1/2%c))) - 16%b~2/(tan(1/2*xd*x + 1/2
*xc)72 - 1) - (6*xa”2+tan(1/2%d*x + 1/2%c)”2 + 12xb~2xtan(1/2xd*x + 1/2%c)"2

+ 8kaxbxtan(1/2*d*x + 1/2%c) + a”2)/tan(1/2*d*x + 1/2%c)~2)/d
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329 [ csct(c+dx)(a+btan(c + dx))? dx

Optimal. Leaf size=79

(a2 +0?)cot(c +dx)  acotP(c+dx) abcot}(c+dx) 2ablog(tan(c +dx) B2 tan(c + dx)
- d T 3d d * d " d

[Out] -(((a"2 + b~2)*Cot[c + d*x])/d) - (axbxCotl[c + d*x]~2)/d - (a"2*Cot[c + dx*x
173)/(3*d) + (2xaxb*Log[Tanl[c + d*x]]1)/d + (b~2*Tan[c + d*x])/d

Rubi [A] time = 0.0700101, antiderivative size = 79, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, e -

0.095, Rules used = {3516, 894}

integrand size

(112 + bz) cot(c+dx) g2cotd(c+dx) abcot’(c+dx) 2ablog(tan(c+dx)) b2 tan(c + dx)
) d ST d d i d T

Antiderivative was successfully verified.

[In] Int[Csclc + d*x] 4*x(a + bxTan[c + d*x])~2,x]

[Out] -(((a"2 + b™2)*Cot[c + d*x])/d) - (axb*Cotl[c + d*x]~2)/d - (a"2*Cotl[c + d*x
173)/(3*d) + (2xax*b*Log[Tanl[c + d*x]]1)/d + (b~2*Tan[c + d*x])/d

Rule 3516

Int[sinf[(e_.) + (£_)*(x )] " (m )*((a_) + (b_.)*tan[(e_.) + (f_)*(x)1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x~2)"(w/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 894

Int[((d_.) + (e_)*(x_)) " (m)*x((f_.) + (g_)*x_))"(m)*x((a_) + (c_.)*x(x_)"
2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
“2)7p, x1, x] /; FreeQl{a, c, d, e, £, g, x] && NeQ[exf - dxg, 0] && NeQl[c
xd"2 + a*e”2, 0] && IntegerQ[p] && ((EqQ[p, 1] && IntegersQ[m, n]) || (ILtQ
[m, 0] && ILtQ[n, 01))

Rubi steps
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a+x)2 (b2 +x2
b Subst (f H)£—4+) dx, x,btan(c + dx))
f csc(c + dx)(a + btan(c + dx))? dx = -
212 2
b Subst (f(l + ”x—i + 22—52 + ”x%bz + 2;”) dx,x,btan(c+dx))
- d
(ﬂz + bz) cot(c+dx) abcot?(c +dx) a?cot’(c+dx) 2ab log(tan(c +
= d } d ST 3a d

Mathematica [A] time = 1.40886, size = 127, normalized size = 1.61

(a + btan(c + dx))? (cosz(c + dx) ((2112 + 3b2) cot(c + dx) + 6ab(log(cos(c + dx)) — log(sin(c + dx)))) + a2 cot3(c + d.
- 3d(a cos(c + dx) + bsin(c + dx))?

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + dxx]~4*(a + b*Tan[c + d*x])~2,x]

[Out] -((3*axb*Cot[c + d*x]~2 + a~2*Cot[c + d*x]~3 + Cos[c + d*x] " 2*x((2*a"2 + 3*b
~2)xCot[c + dxx] + 6*a*b*x(Log[Cos[c + d*x]] - Log[Sin[c + d*x]]1)) - (3*b™2x
Sin[2*(c + d*x)])/2)*(a + bxTan[c + d*x])~2)/(3*d*(a*xCos[c + d*x] + bx*Sin[c

+ d*x])~2)

Maple [A] time = 0.053, size = 104, normalized size = 1.3

b? ~ b2 cot (dx + c) _ ab abln (tan (dx +¢)) 2 a? cot (dx + c) _ a? cot (dx
dsin (dx + ¢) cos (dx + ¢) d d (sin (dx + ¢))* d 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) " 4*(a+bxtan(d*x+c))~2,x)

[Out] 1/d*b"2/sin(d*x+c)/cos(d*x+c)-2/d*b"2*cot (d*x+c)-1/d*a*xb/sin(d*x+c) ~2+2*ax*b
*1n(tan(d*x+c))/d-2/3*xa"2*xcot (d*x+c)/d-1/3/d*a"2*cot (d*x+c) *csc (d*x+c) "2
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Maxima [A] time = 1.086006, size = 93, normalized size = 1.18

3abtan(dx+c)+3 (a2+b2) tam(dx+c)2+a2

6 ablog (tan (dx + c)) + 3 b tan (dx + c) —
3d

tan(dx+c)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) ~4x(atb*tan(d*x+c))”2,x, algorithm="maxima"

[Out] 1/3%(6*axb*log(tan(d*x + c)) + 3*%b~2*tan(d*x + c) - (3xa*bxtan(d*x + c) + 3
x(a”2 + b™2)*tan(d*x + c)~2 + a”2)/tan(d*x + ¢)~3)/d

Fricas [B] time = 2.39439, size = 446, normalized size = 5.65

2 (a2 +3 bz) cos (dx + c)4 —3abcos(dx+c)sin(dx+c¢)-3 (az +3 bz) cos (dx + c)2 +3 (ub cos (dx + c)3 —abcos (d

- 3(dcos(dx+c)3—c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 4x(atb*tan(d*x+c))”2,x, algorithm="fricas")

[Out] -1/3*%(2%(a"2 + 3*b~2)*cos(d*x + c)~4 - 3*axbxcos(d*x + c)*sin(d*x + c) - 3%
(a”2 + 3*%b"2)*cos(d*x + c)~2 + 3x(axb*cos(d*x + c)~3 - axbxcos(d*x + c))*lo
g(cos(d*x + c)~2)*sin(d*x + c) - 3x(axbkcos(d*x + c)~3 - axbxcos(d*x + c))x*
log(-1/4*cos(d*x + c)”2 + 1/4)*sin(d*x + c) + 3*b~2)/((d*cos(d*x + ¢c)”3 - d
*cos(d*x + c))*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**4*(atb*tan(d*x+c))**2,x)

[Out] Timed out
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Giac [A] time = 1.61879, size = 123, normalized size = 1.56

3 2 2 2 2 2
6 ab log (|tan (dx " C)D +3 b2 tan (dx " C) _ 11 abtan(dx+c)”+3a tan(dx:c) (;3b )t3an(dx+c) +3 abtan(dx+c)+a
an(dx+c

3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) ~4x(atb*tan(d*x+c))”2,x, algorithm="giac")

[Out] 1/3%(6*a*b*xlog(abs(tan(d*x + c))) + 3*b~2xtan(d*x + c) - (1lxaxbxtan(d*x +
c)”3 + 3*%a"2xtan(d*x + c)”2 + 3xb"2*xtan(d*x + c)”2 + 3xaxbxtan(d*x + c) + a

~2)/tan(d*x + ¢)~3)/d
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3.30 [ csc®(c+dx)(a+btan(c + dx))? dx

Optimal. Leaf size=165

3a% tanh " (cos(c + dx))  a? cot(c + dx) csc3(c + dx)  3a? cot(c + dx) csc(c + dx)  2abesc3(c+dx)  2abesc(c -

8d 4d 8d 3d d

[Out] (-3*a~2*xArcTanh[Cos[c + d*x]])/(8*d) - (3*b~2xArcTanh[Cos[c + d*x]])/(2*d)
+ (2*%axbxArcTanh[Sin[c + d*x]])/d - (2*axb*Cscl[c + d*x])/d - (3*a"2*Cot[c +
d*x]*Cscl[c + d*x])/(8+%d) - (2*axb*Cscl[c + d*x]~3)/(3*d) - (a"2*Cotl[c + d*x
1*Csclc + d*x]73)/(4*d) + (3*b~2xSec[c + d*x])/(2*d) - (b~2*Csc[c + d*x] 2%
Secl[c + dx*x])/(2xd)

Rubi [A] time = 0.160082, antiderivative size = 165, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 9, integrand size = 21, number of rules_

integrand size
0.429, Rules used = {3517, 3768, 3770, 2621, 302, 207, 2622, 288, 321}

3a% tanh ™ (cos(c + dx))  a? cot(c + dx) csc3(c + dx)  3a? cot(c + dx) csc(c + dx)  2abesc3(c+dx)  2abesc(c -

8d 4d 8d 3d d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x] 5*%(a + b*xTan[c + d*x])~2,x]

[Out] (-3*a"2*ArcTanh[Cos[c + d*x]])/(8xd) - (3*b~2xArcTanh[Cos[c + d*x]])/(2*d)
+ (2xaxbxArcTanh[Sin[c + d*x]])/d - (2*xaxb*Csc[c + d*x])/d - (3*xa"2*Cot[c +
dxx]*Csc[c + d*xx])/(8xd) - (2xaxb*Csclc + d*x]~3)/(3*d) - (a"2*Cot[c + d*x
1#Csc[c + d*x]~3)/(4*xd) + (3*b"2*Sec[c + d*x])/(2+%d) - (b~2+Csc[c + d*x] 2%
Seclc + dx*x])/(2xd)

Rule 3517

Int[sinl(e_.) + (£_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])“n, x], x]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)I*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Ix(b*Csclc + d*x])"(n - 1))/(@*(n - 1)), x] + Dist[(b"2*(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
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IntegerQ[2x*n]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Rule 2621

Int[(cscl(e_.) + (f_.)*(x )I*(a_.))"(m )*sec[(e_.) + (f_)*(x )1 (n_.), xS
ymbol] :> -Dist[(f*a"n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x]1, x, a*Cscle + f*x]], x] /; FreeQ[{a, e, f, m}, x] &% IntegerQ[(n
+ 1)/2] & !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Qlm, 2%n - 1]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (LtQla
, 01 |l GtQ[b, 01)

Rule 2622

Intlcscl(e_.) + (f_)*(x_)]1"(n_.)*((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_ ), x_S
ymbol] :> Dist[1/(f*a"n), Subst[Int[x"(m + n - 1)/(-1 + x72/2a"2)"((n + 1)/2
), x], x, axSecle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)
/2] && !(IntegerQ[(m + 1)/2] && LtQ[O, m, nl)

Rule 288

Int[((c_)*(x D))" (m_.)*((a)) + (b_)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[(c™
(n - D*(c*xx)"(m - n + D*x(a + b*x™n) " (p + 1))/ (bxnx(p + 1)), x] - Dist[(c”
nx(m - n + 1))/(b*nx(p + 1)), Int[(c*x)"(m - n)*(a + b*x™n) " (p + 1), x], x]
/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] && LtQlp, -1] && GtQ[m + 1, n] && !I
LtQ[(m + n*x(p + 1) + 1)/n, 0] && IntBinomialQ[a, b, c, n, m, p, x]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
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(axc™nx(m - n + 1))/(b*x(m + n¥p + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps

f csc®(c + dx)(a + btan(c + dx))? dx = f (a2 csc(c + dx) + 2ab csc(c + dx) sec(c + dx) + b? csc®(c + dx) sec?(c + d

=qa? fcscS(c + dx) dx + (2ab) f csct(c + dx) sec(c + dx) dx + b? fcsc3(c +d

a? cot(c +dx)esc®(c+dx) 1, , 3 (2ab) Subst (f =
=- 1 +Z(3a)fcsc(c+dx)dx—

3a? cot(c + dx) csc(c + dx)  a? cot(c + dx) csc3(c + dx)  b? csc?(c + dx) s
B 8d 4d 2d

3a% tanh ™ (cos(c + dx)) 2abesc(c+dx)  3a? cot(c + dx) csc(c + dx) |
B 8d d 8d

322 tanh }(cos(c + dx))  3b2 tanh *(cos(c + dx)) N 2ab tanh ™ (sin(c + d
T 8d - 2d d

Mathematica [B] time = 6.19963, size = 994, normalized size = 6.02

a? cos?(c + dx)(a + btan(c + dx))? csc? (%(c + dx)) (—3112 - 4b2) cos?(c + dx)(a + btan(c + dx))? csc? (%(c + dx))

64d(a cos(c + dx) + bsin(c + dx))? * 32d(a cos(c + dx) + bsin(c + dx))?

Warning: Unable to verify antiderivative.

[In] Integrate[Cscl[c + d*x]~5*(a + b*Tan[c + d*x])~2,x]

[Out] (b~"2*Cosl[c + d*x]~2x(a + b*Tan[c + d*x])~2)/(d*x(a*xCos[c + d*x] + b*Sin[c +
d*x])~2) - (7xaxb*xCos[c + d*x] "2*Cot[(c + d*x)/2]*(a + b*Tan[c + d*x])~2)/(
6xd*x (axCos[c + d*x] + b*Sin[c + d*x])~2) + ((-3*a"2 - 4*b~2)*Cos[c + d*x]~2
*Csc[(c + d*x)/2]72+(a + bxTan[c + d*x])"2)/(32*d*(a*Cos[c + d*x] + b*Sin[c
+ dxx])~2) - (axb*Cos[c + dxx] 2*Cot[(c + d*x)/2]*Csc[(c + d*x)/2] " 2*(a +
b*Tan[c + d*x])~2)/(12*d*(a*Cos[c + d*x] + bxSin[c + d*x])~2) - (a"2*Cosl[c
+ dxx] "2*Csc[(c + d*x)/2]74x(a + b*Tan[c + d*x])~2)/(64*xd*(a*xCos[c + d*x] +
bxSin[c + d*x])~2) - (3x(a”2 + 4*b~2)*Cos[c + d*x] 2*Logl[Cos[(c + dx*x)/2]]
x(a + bxTan[c + d*x])~2)/(8*d*(a*xCos[c + d*x] + bxSin[c + dxx])~2) - (2*a*b
xCos[c + dxx] 2*Log[Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]1*(a + b*Tan[c + d*x
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1)°2)/(d*(a*Cos[c + d*x] + b*Sin[c + d*x])~2) + (3*(a”2 + 4*xb~2)*Cos[c + d*
x]"2*xLog[Sin[(c + d*x)/2]1*(a + b*Tan[c + d*x])~2)/(8*dx(a*Cos[c + d*x] + b
xSin[c + dxx])~2) + (2%axbxCos[c + d*x] 2*Log[Cos[(c + dx*x)/2] + Sin[(c + d
xx)/2]1*(a + bxTan[c + dxx])~2)/(d*(axCos[c + d*x] + b*Sin[c + d*x])~2) + (
(3*%a~2 + 4%b"2)*Cos[c + d*x]"2*xSec[(c + d*x)/2]"2*(a + b*Tan[c + d*x])"2)/(
32*d*(a*Cos[c + d*x] + b*Sin[c + d*x])~2) + (a"2xCos[c + d*x] 2*Sec[(c + dx*
x)/2]74x(a + b*Tan[c + d*x])~2)/(64*d*(a*Cos[c + d*x] + b*Sin[c + dx*x])~2)

+ (b™2*Cos[c + d*x]~2xSin[(c + d*x)/2]*(a + b*Tan[c + d*x])~2)/(d*(Cos[(c +
d*x)/2] - Sin[(c + d*x)/2])*(a*Cos[c + d*x] + b*Sin[c + d*x])"2) - (b"2*Co
slc + d*x]~2*Sin[(c + d*x)/2]*(a + b*Tan[c + d*x])~2)/(d*(Cos[(c + dx*x)/2]

+ Sin[(c + d*x)/2])*(a*Cos[c + d*x] + bxSin[c + d*x])~2) - (7*axb*Cos[c + d
*x]"2+Tan[(c + d*x)/2]*(a + b*Tan[c + d*x])~2)/(6*d*(a*Cos[c + d*x] + b*Sin
[c + d*x])~2) - (a*xb*Cos[c + d*x] 2*Sec[(c + d*xx)/2] " 2xTan[(c + d*x)/2]*(a

+ b*Tan[c + d*x])~2)/(12+*d*(a*Cos[c + d*x] + b*Sin[c + d*x])~2)

Maple [A] time = 0.054, size = 183, normalized size = 1.1

b? N 312 . 3% In (csc (dx + ¢) — cot (dx + c)) 2ab ) al
2d (sin (dx + ¢))* cos (dx + ¢)  2dcos (dx +c) 2d 3d(sin(dx+c)®  dsin(d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 5*x(at+b*tan(d*x+c))~2,x)

[Out] -1/2/d*b~2/sin(d*x+c)~2/cos(d*x+c)+3/2/d*b"2/cos (d*x+c)+3/2/d*b"2*1In(csc(dx*
x+c)-cot (d*x+c))-2/3/d*a*b/sin(d*x+c) ~3-2/d*a*b/sin(d*x+c)+2/d*a*xbx1n(sec(d
*x+c)+tan(d*x+c))-1/4*a"2xcot (d*x+c) *csc(d*x+c) ~3/d-3/8*a"2xcot (d*x+c) *csc(
d*x+c)/d+3/8/d*a"2*1n(csc(d*x+c)-cot (d*x+c))

Maxima [A] time = 1.07451, size = 252, normalized size = 1.53

2 (3 cos(dx+c)2—2)

3 az(Z (3 cos(dx+c)3—5 cos(dx+c)) -3 log (cos

-3 log(cos(dx +c)+1) + 3 log (cos (dx + ¢) — 1)) +12 bz(

cos(dx+c)4—2 cos(dx+c)2+1 cos(dx+c)3—cos(dx+c)

48d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 5x(atb*tan(d*x+c))”2,x, algorithm="maxima"
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[Out] 1/48+%(3xa”2%(2*(3*cos(d*x + c)~3 - bxcos(d*x + c))/(cos(d*x + c)74 - 2x*cos(
d¥x + c¢)72 + 1) - 3*log(cos(d*x + c) + 1) + 3xlog(cos(d*x + c) - 1)) + 12xb

2% (2% (3*%cos(d*x + ¢c)”2 - 2)/(cos(d*x + ¢)~3 - cos(d*x + c)) - 3*log(cos(dx

x +c) + 1) + 3xlog(cos(d*x + c) - 1)) - 16*a*xb*x(2+(3*sin(d*x + c)"2 + 1)/s
in(d*x + ¢)~3 - 3*log(sin(d*x + c) + 1) + 3xlog(sin(d*x + c) - 1)))/d

Fricas [B] time = 2.97415, size = 856, normalized size = 5.19

18 (az +4 bz) cos (dx + ¢)* = 30 (az +4 bz) cos (dx +¢)* + 4812 -9 ((az +4 bz) cos (dx +¢)° -2 (a2 +4 bz) cos (dx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 5% (atbxtan(d*x+c))”~2,x, algorithm="fricas")

[Out] 1/48*%(18*(a”~2 + 4*b~2)*cos(d*x + c)”4 - 30*(a"2 + 4*b~2)*cos(d*x + ¢c)"2 + 4
8xb"2 - 9% ((a”2 + 4*b~2)*cos(d*x + ¢c)75 - 2*x(a”2 + 4xb~"2)xcos(d*x + c)~3 +

(a”2 + 4%b~2)*cos(d*x + c))*log(1/2*cos(d*x + c) + 1/2) + 9%x((a”2 + 4*b~2)*
cos(d*x + ¢c)75 - 2x(a”2 + 4xb"2)*cos(d*x + ¢c)~3 + (a”2 + 4*xb"2)*cos(d*x + c
))*log(-1/2*cos(d*x + c) + 1/2) + 48x(axbxcos(d*x + c)~5 - 2%a*xb*cos(d*x +

c)~3 + axbkxcos(d*x + c))*log(sin(d*x + c) + 1) - 48*(a*b*xcos(d*x + ¢c)”5 - 2
xaxbxcos(d*x + ¢c)”3 + axb*cos(d*x + c))*log(-sin(d*x + c) + 1) + 32%(3*axbx
cos(d*x + ¢)~3 - 4*axbxcos(d*x + c))*sin(d*x + c))/(d*cos(d*x + c)~5 - 2xd*
cos(d*x + ¢c)~3 + d*xcos(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**5*(atb*tan(d*x+c))**2,x)

[Out] Timed out
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Giac [A] time = 1.6524, size = 363, normalized size = 2.2

3 2 1

+ 384 ablog (ltan (—

3a2tan (= dx + = 4—16bt Yax+te) +2402tan(ldx+ L 2+24b2t Tax 4+ L
aanzxzc uanzxzc aanzxzc anzxzc >

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 5*x(atb*tan(d*x+c))”2,x, algorithm="giac")

[Out] 1/192*(3*a"2xtan(1/2*d*x + 1/2*%c)”4 - 16%axbxtan(1/2xd*x + 1/2%c)”~3 + 24xa”
2xtan(1/2*d*xx + 1/2%c)”2 + 24%b~2xtan(1/2*d*x + 1/2%c)”2 + 384*axbxlog(abs(
tan(1/2*d*xx + 1/2%c) + 1)) - 384*axb*xlog(abs(tan(1/2*xd*x + 1/2%c) - 1)) - 2
40*axbxtan(1/2*d*x + 1/2%c) + 72x(a”2 + 4xb~2)*log(abs(tan(1/2*xd*x + 1/2%c)

)) - 384%b"2/(tan(1/2*d*x + 1/2*c)"2 - 1) - (150*a"2*tan(1/2*d*x + 1/2%c)"4

+ 600*%b~"2xtan(1/2*d*x + 1/2*%c)~4 + 240*axbxtan(1/2*d*x + 1/2*%c)~3 + 24*a”2
*tan(1/2*%d*x + 1/2*%c)”2 + 24xb"2%tan(1/2*d*x + 1/2*%c)”2 + 16xaxb*tan(1/2*d*

x + 1/2*%c) + 3*xa~2)/tan(1/2*xd*x + 1/2%c)~4)/d
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3.31 f cscl(c + dx)(a + btan(c + dx))? dx

Optimal. Leaf size=122

(202 + 1) cot®(c +dx)  (a?+2b%) cot(c+dx)  g2cotd(c+dx) abcot*(c+dx) 2abcot?(c +dx) , 2ablogt
3d d 5d 2d d

[Out] -(((a"2 + 2xb"2)*Cot[c + d*x])/d) - (2xaxb*Cot[c + d*x]"2)/d - ((2*¥a"2 + b~
2)*Cot [c + d*x]~3)/(3%d) - (a*b*Cot[c + d*x]~4)/(2xd) - (a~2*Cot[c + d*x]"5
)/ (5%d) + (2*axbxLog[Tan[c + d*x]])/d + (b~ 2xTan[c + d*x])/d

Rubi [A] time = 0.101281, antiderivative size = 122, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, fomner o e

0.095, Rules used = {3516, 948}

integrand size

(2ﬂ2 + bZ) cot’(c + dx) (112 + 2192) cot(c+dx) g2cot>(c+dx) abcoti(c+dx) 2abcot?(c+ dx) s 2ablog(t
3d d 5d 2d d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~6%(a + bxTan[c + d*x])~2,x]

[Out] -(((a"2 + 2*xb"2)*Cot[c + d*x])/d) - (2*a*xb*Cot[c + d*x]"2)/d - ((2%¥a"2 + b~
2)*Cot [c + d*x]~3)/(3*d) - (axbxCot[c + d*x]~4)/(2xd) - (a~2*Cot[c + d*x]~5
)/ (5*%d) + (2xa*bxLogl[Tan[c + d*x]])/d + (b~2+Tan[c + dx*x])/d

Rule 3516

Int[sinl(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)]1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 948

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*x(x_))"(n_)*((a_) + (c_.)*(x_)"
2)~(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
~2)7p, x], x] /; FreeQ[{a, c, d, e, £, g}, x] && NeQ[exf - d*xg, 0] && NeQ[c
*d~2 + a*xe”2, 0] && IGtQ[p, 0] && (IGtQ[m, O] || (EqQ[m, -2] && EqQ[p, 1] &
& EqQ[d, 01))

Rubi steps
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(u+x)2(b2+x2)2

b Subst ( i ——5——dx,x,btan(c + dx))

fcsc6(c +dx)(a + btan(c + dx))?dx = y
2pt 2ab*  2020%+b% dab? 224202 2 |
_bSubst(f(1+% =+ +Z—3+”x—2+;ﬂ) dx, x, btan(c + dx)
B d
(az + 2b2) cot(c+dx)  2abcot?(c + dx) (2a2 + bz) cot>(c +dx)  abcot
— d - d - 3d - |

Mathematica [A] time = 1.5103, size = 114, normalized size = 0.93

2 cot(c + dx) ((4&2 + 5b2) csc?(c + dx) + 3a® csc*(c + dx) + 8a% + 25b2) +15b (a csct(c + dx) + 2a csc?(c + dx) — 4alc
- 30d

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~6*(a + b*Tan[c + d*x])~2,x]

[Out] -(2*Cot[c + d*x]*(8*a~2 + 25%xb~2 + (4*a”2 + 5xb~2)*Csclc + d*x]~2 + 3*a~2xC
sclc + dxx]~4) + 15%bx(2*axCsclc + d*x]~2 + a*Csclc + d*x]~4 + 4xaxLog[Cos[
c + d*x]] - 4xaxLog[Sin[c + d*x]] - 2*b*Tan[c + d*xx]))/(30%d)

Maple [A] time = 0.055, size = 166, normalized size = 1.4

b? 412 8 b? cot (dx + c) ab ab
- ] 3 + - - - ; 4 ] 2
3d (sin (dx + ¢))’ cos (dx +¢)  3dsin (dx + c) cos (dx + ¢) 3d 2d (sin (dx +¢))*  d(sin (dx + ¢))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 6% (at+b*tan(d*x+c)) 2,x)

[Out] -1/3/d*b"2/sin(d*x+c) ~3/cos(d*x+c)+4/3/d*b"2/sin(d*x+c)/cos (d*x+c)-8/3/d*b™
2%cot (d*x+c)-1/2/d*axb/sin(d*x+c) "4-1/d*axb/sin(d*x+c) ~2+2*axb*x1ln(tan(d*x+c
))/d-8/15%a~2%xcot (d*x+c)/d-1/5/d*a"2*cot (d*x+c)*csc(d*x+c) ~4-4/15/d*a"2*cot

(d*x+c)*csc(d*xx+c) "2
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Maxima [A] time = 1.03974, size = 140, normalized size = 1.15

60 ab tan(dx+c)3+30 (a2+2 bZ) tan(dx+c)4+15 ab tan(dx+c)+10 (2 a2+b2) tan(dx+c)2+6 a?

60 ablog (tan (dx + c)) + 30 b? tan (dx + c) —

tan(dx+c)5

30d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6% (atb*tan(d*x+c))”2,x, algorithm="maxima"

[Out] 1/30%(60*axbxlog(tan(d*x + c)) + 30*%b~2*tan(d*x + c) - (60*axbxtan(d*x + c)
~3 + 30%(a"2 + 2xb"2)*tan(d*x + c)~4 + 15*xaxbxtan(d*x + c) + 10*x(2*xa”2 + b~
2)*xtan(d*x + c)”2 + 6%a”2)/tan(d*x + c)~5)/d

Fricas [B] time = 2.42819, size = 628, normalized size = 5.15

16 (az +5 bz) cos (dx +¢)® - 40 (az +5 bz) cos (dx +¢)* + 30 (az +5 bz) cos (dx + ¢)* + 30 (ab cos (dx + ¢)° — 2 ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6 (atb*tan(d*x+c))~2,x, algorithm="fricas")

[Out] -1/30%(16*(a"2 + 5%b~2)*cos(d*x + c)”6 - 40*x(a”~2 + 5%b~2)*cos(d*x + c)”4 +
30*%(a”2 + 5*b"2)*cos(d*x + c)”2 + 30x(axb*cos(d*x + c)~5 - 2*axb*cos(d*x +

c)”3 + ax*b*xcos(d*x + c))*log(cos(d*x + c)"2)*sin(d*x + c) - 30*(axb*cos(d*x

+ ¢)75 - 2xa*xbxcos(d*x + c)”3 + axb*cos(d*x + c))*log(-1/4*cos(d*x + c)~2

+ 1/4)*sin(d*x + c) - 30%b~2 - 15k (2*ax*bxcos(d*x + ¢)~3 - 3*a*b*cos(d*x + ¢
Y)xsin(d*x + ¢))/((d*cos(d*x + ¢)~5 - 2*d*cos(d*x + c)~3 + d*xcos(d*x + c))*
sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**6%(atb*tan(d*x+c))**2,x)



180

[Out] Timed out

Giac [A] time = 1.40844, size = 177, normalized size = 1.45

137 ab tan(dx+c)5+30 a? tan(dx+c)4+60 v? tan(dx+c)4+60 ab tan(dx+c)3+20 a? tan(dx+c)2+10

60 ab 10g(| an (dx + C)l) + 30b“ tan (dx ) tan(dx+c)
¢ an(dx+c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6% (atb*tan(d*x+c))”2,x, algorithm="giac")

[Out] 1/30%(60*axb*log(abs(tan(d*x + c))) + 30%b~2xtan(d*x + c) - (137*xaxbkxtan(d*
x + ¢)75 + 30*%a"2xtan(d*x + c)~4 + 60*xb"2*xtan(d*x + c)~4 + 60*xaxbxtan(d*x +
c)”"3 + 20*a"2*xtan(d*x + c)”2 + 10%b"2xtan(d*x + c)~2 + 1b5xaxbxtan(d*x + c)

+ 6xa~2)/tan(d*x + ¢)75)/d



181

3.32  [sin’(c+dx)(a+ btan(c + dx))* dx

Optimal. Leaf size=205

a2bsin®(c +dx)  3a2bsin(c +dx)  3a2btanh” (sin(c + dx)) N a3 cosd(c+dx) alcos(c+dx) ab®cos(c+ d
d d d 3d d d

[Out] (3*a~2*b*ArcTanh[Sin[c + d*x]])/d - (6xb~3*ArcTanh[Sin[c + d*x]])/(2*d) - (
a~3*Cos[c + d*x])/d + (6%axb~2xCos[c + d*x])/d + (a~3*Cos[c + d*x]~3)/(3xd)

- (a*b”2*Cos[c + d*x]~3)/d + (3*a*b”™2*Secl[c + d*x])/d - (3*a”2*b*Sin[c + d
*x])/d + (5%b~3*Sin[c + d*x])/(2*%d) - (a~2*b*Sin[c + d*x]~3)/d + (5*%b~3%*Sin

[c + d*x]"3)/(6xd) + (b~3*Sin[c + d*x] 3*Tan[c + d*x]~2)/(2xd)

Rubi [A] time = 0.188873, antiderivative size = 205, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 16, number of rules used = 8, integrand size = 21, e .

integrand size
0.381, Rules used = {3517, 2633, 2592, 302, 206, 2590, 270, 288}

a2bsin®(c + dx)  3a2bsin(c +dx)  3a2btanh ' (sin(c + dx)) N adcos®(c+dx) a’cos(c+dx) ab®cos*(c+ d
d d d 3d d d

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x] 3*(a + b*Tan[c + d*x])~3,x]

[Out] (3*a~2%b*ArcTanh[Sin[c + d*x]])/d - (5%b~3*ArcTanh[Sin[c + d*x]])/(2*xd) - (
a~3xCos[c + d*x])/d + (6%axb~2xCos[c + d*x])/d + (a~3*Cos[c + d*x]~3)/(3xd)

- (a*b”2*Cos[c + d*x]~3)/d + (3*a*b”2*Sec[c + d*x])/d - (3*a”2*b*Sin[c + d
*xx])/d + (5%b~3*Sin[c + d*x])/(2*d) - (a"2*b*Sin[c + d*x]~3)/d + (5*%b~3%*Sin

[c + d*x]~3)/(6xd) + (b~3*Sin[c + d*x] 3*Tan[c + d*x]~2)/(2xd)

Rule 3517

Int[sinl[(e_.) + (f_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x72)"((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
&& 1GtQ[(n - 1)/2, O]
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Rule 2592

Int[((a_.)*sin[(e_.) + (f_)*(x)])"(m_.)*tan[(e_.) + (f£_D)*x )] " (n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
ffxx)"(m + n)/(@"2 - ff72xx"2)"((n + 1)/2), x], x, (axSin[e + fxx])/ff], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 302

Int[(x_ )" (m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide [x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Qlm, 2%n - 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 2590

Int[sin[(e_.) + (f_)*(x )] (m_.)*tan[(e_.) + (f£_)*(x_)]1"(n_.), x_Symbol]
:> -Dist[f~(-1), Subst[Int[(1 - x*2)"((m + n - 1)/2)/x"n, x], x, Cosl[e + fx*
x]]1, x] /; FreeQ[{e, f}, x] && IntegersQ[m, n, (m + n - 1)/2]

Rule 270

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_)*x(x_)"(m_))"(p_.), x_Symbol] :> Int[Exp
andIntegrand[(c*x) "m*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, c, m, n}, x] &&
I1GtQ[p, 0]

Rule 288

Int[((c_)*x))"(@_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~
(n - D*(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (b*n*x(p + 1)), x] - Dist[(c”
nx(m - n + 1))/ (b*nx(p + 1)), Int[(c*x)"(m - n)*(a + bxx™n) " (p + 1), x], x]
/; FreeQ[{a, b, c}, x] &% IGtQ[n, 0] && LtQ[p, -1] && GtQ[m + 1, n] && !'I
LtQ[(m + n*(p + 1) + 1)/n, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps
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fsin3(c +dx)(a + btan(c + dx))> dx = f(a3 sin®(c + dx) + 3a2bsin®(c + dx) tan(c + dx) + 3ab? sin’(c + dx) tan?(c

=ad fsin3(c +dx)dx + (Bazb) fsin3(c + dx) tan(c + dx) dx + (Babz) fsins(

X4 .
a3 Subst (f (1 - xz) dx, x, cos(c + dx)) (3”217) Subst (f 152 4%, x, sin(c
d * d
2
adcos(c+dx) aPcos(c+dx) bPsin’(c + dx)tan®(c + dx) (311 b) St
= - d + 3d =+ zd +

adcos(c +dx) 6ab®cos(c +dx) a®cosP(c+dx) ab®cos®(c+dx) 3
a7 d T e d T

_ 3a%b tanh " (sin(c + dx)) a3 cos(c + dx) N 6ab? cos(c + dx) . a3 cos3(c + ¢
- d d d 3d

_ 3a%b tanh ™ (sin(c + dx)) 563 tanh ' (sin(c + dx)) a3 cos(c + dx) .\ 6ab*
B d - 24 - d

Mathematica [B] time = 6.26557, size = 771, normalized size = 3.76

3a (az - 7b2) cost(c + dx)(a + btan(c + dx))> b (3a2 —~ bz) sin(3(c + dx)) cos3(c + dx)(a + btan(c + dx))®> a (az :
4d(a cos(c + dx) + bsin(c + dx))3 * 12d(a cos(c + dx) + bsin(c + dx))3

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~3*(a + b*Tan[c + d*x])~3,x]

[Out] (3*axb"2*Cos[c + d*x]~3*(a + b*Tan[c + d*x])~3)/(d*(a*Cos[c + d*x] + b*Sin[
c + d*x])7~3) - (3*ax(a”2 - 7*¥b~2)*Cos[c + d*x]~4*(a + bxTan[c + d*x])"3)/(4
*dx (axCos[c + d*x] + b*Sin[c + d*x])~3) + (a*x(a”2 - 3*b~2)*Cos[c + d*x]~3*C
os[3*x(c + d*x)]*(a + bxTan[c + d*x])~3)/(12xd*(a*Cos[c + d*x] + b*Sin[c + d
*xx])73) + ((-6*%a~2*b + 5xb~3)*Cos[c + dxx] 3*Log[Cos[(c + dxx)/2] - Sin[(c
+ d*x)/2]]*(a + bxTan[c + dxx])~3)/(2xd*(axCos[c + dxx] + b*Sin[c + d*x])~3
) + ((6%a~2xb - 5*b~3)*Cos[c + d*x] 3xLogl[Cos[(c + d*x)/2] + Sin[(c + d*x)/
2]1*(a + b*Tan[c + d*x])~3)/(2*d*(a*xCos[c + d*x] + b*Sin[c + d*x])~3) + (b~
3*Cos[c + d*x] " 3x(a + bxTan[c + d*x])~3)/(4*xd*(Cos[(c + d*x)/2] - Sin[(c +
d*x)/2]) "2+ (a*Cos[c + d*x] + b*Sin[c + d*x])~3) + (3*axb”™2+Cos[c + d*x] 3%S
in[(c + d*x)/2]*(a + bxTan[c + d*x])~3)/(d*(Cos[(c + d*x)/2] - Sin[(c + d*x
)/2])*(a*xCos[c + d*x] + b*Sin[c + d*x])~3) - (b~3*Cos[c + d*x] 3*(a + b*Tan
[c + d*x])~3)/(4xd*x(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]) 2*(a*Cos[c + d*x]
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+ b*Sin[c + d*x])~3) - (3*axb”2xCos[c + d*x]~3*Sin[(c + dxx)/2]*(a + b*Tan[
c + d*x])7"3)/(d*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])*(a*xCos[c + d*x] + b*S
in[c + d*x])~3) - (3*b*(5%xa”2 - 3*b~2)*Cos[c + d*x] 3*Sinl[c + d*x]*(a + bxT
anl[c + d*x])~3)/(4xd*x(a*xCos[c + d*x] + b*Sinf[c + d*x])~3) + (b*(3*¥a”2 - b~2
)*Cos[c + d*x]~3*Sin[3*(c + d*x)]*(a + b*Tan[c + d*x])~3)/(12xd*(a*xCos[c +
d*x] + b*Sin[c + d*xx])~3)

Maple [A] time = 0.053, size = 271, normalized size = 1.3

b3 (sin (dx + ¢))’ N B3 (sin (dx +¢))° 53 (sin (dx +¢))° L3 BPsin(dx +c) 5% In (sec (dx + ) + tan (dx + )) N
2d (cos (dx + ¢)) 2d 6d 2d 2d ‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) " 3*(at+b*tan(d*x+c))"3,x)

[Out] 1/2/d*b~3*sin(d*x+c)”~7/cos(d*x+c)~2+1/2/d*b"3*sin(d*x+c) ~5+5/6*%b~3*sin (d*x+
c)~3/d+5/2xb~3*sin(d*x+c)/d-5/2/d*b~3*1n(sec (d*x+c)+tan (d*x+c))+3/d*axb”2*s
in(d*x+c) ~6/cos (d*x+c)+8*axb~2xcos (d*x+c) /d+3/d*a*b”2*xcos (d*x+c) *sin (d*x+c)
~4+4/d*cos (d*xx+c) *sin(d*x+c) "2*a*xb~2-a"2*b*sin (d*x+c) ~3/d-3*a"2*b*sin (d*x+c
)/d+3/d*b*a"2*1ln(sec(d*x+c)+tan(d*x+c))-1/3/d*cos (d*x+c) *sin(d*x+c) ~2%a~3-2
/3*a~3*cos(d*x+c)/d

Maxima [A] time = 1.03738, size = 234, normalized size = 1.14

4 (cos (dx + c)3 -3 cos (dx + c))a3 -6 (2 sin (dx + c)3 -3 log (sin (dx + c) + 1) + 3 log (sin (dx + ¢) — 1) + 6 sin (dx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) ~3*(atb*tan(d*x+c))”3,x, algorithm="maxima"

[Out] 1/12%(4x(cos(d*x + c)~3 - 3%cos(d*x + c))*a”3 - 6%(2*sin(d*x + c)~3 - 3*log
(sin(d*x + c) + 1) + 3xlog(sin(d*x + c) - 1) + 6*sin(d*x + c))*a”2xb - 12%(
cos(d*x + ¢c)73 - 3/cos(d*x + c) - 6%cos(d*x + c))*a*xb”2 + (4*sin(d*x + c)”3

- 6%sin(d*x + c)/(sin(d*x + ¢c)72 - 1) - 16xlog(sin(d*x + c) + 1) + 15xlog(
sin(d*x + c) - 1) + 24xsin(d*x + c))*b~3)/d
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Fricas [A] time = 2.39564, size = 455, normalized size = 2.22

4 (a3 -3 abz) cos (dx + ¢)° + 36 ab? cos (dx + ¢) — 12 (a3 -6 abz) cos (dx +¢)° +3 (6 a’b -5 b3) cos (dx + ¢)* log (sin (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 3*(atb*tan(d*x+c))~3,x, algorithm="fricas")

[Out] 1/12*(4*x(a"~3 - 3*a*b~2)*cos(d*x + c)”5 + 36*axb”2*cos(d*x + c) - 12*x(a"3 -
6*xaxb~2)*cos(d*x + c)~3 + 3x(6%a”2%b - 5*b~3)*cos(d*x + c) 2*log(sin(d*x +
c) + 1) - 3%(6%a”2%b - 5xb~3)*cos(d*x + c) 2xlog(-sin(d*x + c) + 1) + 2x(2x
(3*a"2*%b - b~3)*cos(d*x + c)”4 + 3%b"3 - 2% (12*a"2xb - 7*b~3)*cos(d*x + c)~

2)*sin(d*x + c¢))/(d*cos(d*x + c)~2)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**3*(a+b*tan(d*x+c))**3,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c) ~3*(atb*tan(d*x+c))”3,x, algorithm="giac")

[Out] Timed out
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3.33  [sin’(c+dx)(a+ btan(c + dx))* dx

Optimal. Leaf size=103

2 _2p2)1
b3 -2 O L (- 2) +

2d 2d

[Out] (ax(a™2 - 9*%b~2)*x)/2 - (bx(3*%a”2 - 2%b~2)*Log[Cos[c + d*x]])/d + (9*%a*xb~2x
Tan[c + d*x])/(2x%d) + (b~ 3*Tan[c + d*x]~2)/d - (Cos[c + d*xx]*Sin[c + d*x]x*(
a + bxTan[c + d*xx])~3)/(2xd)

Rubi [A] time = 0.144593, antiderivative size = 103, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 21, L

integrand size
0.286, Rules used = {3516, 1645, 801, 635, 203, 260}

b(3a% - 20%)1 d
_ (3a Zb)zgdﬁk+ w)+%m%f—9ﬁ)+

2d 2d

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]"2*x(a + bx*Tan[c + d*x])~3,x]

[Out] (ax(a”2 - 9*xb~2)*x)/2 - (b*(3*a”2 - 2xb~2)*Log[Cos[c + d*x]])/d + (9*kaxb~2x%
Tan[c + d*x])/(2%d) + (b"3*xTan[c + d*x]~2)/d - (Cosl[c + d*x]*Sin[c + d*x]x*(
a + bxTan[c + d*x])~3)/(2xd)

Rule 3516

Int[sinf(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1645

Int[(Pq_)*((d_)) + (e_)*x(x_))"(m_.)*x((a_) + (c_.)*(x_)"2)"(p_), x_Symbol]

> With[{Q = PolynomialQuotient[Pq, a + c*x~2, x], f = Coeff[PolynomialRemai

nder[Pq, a + c*x72, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + c*x72,
x], x, 11}, Simp[((d + exx)"m*(a + c*x72)"(p + 1)*(a*xg - cxfx*x))/(2xa*xc*x(p
+ 1)), x] + Dist[1/(2xa*xcx(p + 1)), Int[(d + e*x)"(m - 1)x(a + c*xx"2) " (p +
1) *ExpandToSum[2*axc*(p + 1)*x(d + e*xx)*Q - akxexgxm + ckdxfx(2*p + 3) + cxe
xfx(m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &

& NeQ[c*d™2 + axe”2, 0] && LtQlp, -1] && GtQ[m, 0] && !'(IGtQ[m, O] && Rati

9ab? tan(c + dx) _sin(c +dx) cos(c + dx)(a + btan(c + dx))3 . b_3

9ab? tan(c + dx) _sin(c +dx) cos(c + dx)(a + btan(c + dx))3 . b_3
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onalQ[a, c, d, e] & (IntegerQ[p] || ILtQ[p + 1/2, 0]))

Rule 801

Int[(((d_.) + (e_.)*x(x_))"(m_)*((f_.) + (g_.)*(x_)))/((a ) + (c_.)*(x_)72),
x_Symbol] :> Int[ExpandIntegrand[((d + e*x) mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, £, g}, x] &% NeQ[cxd~2 + a*e”2, 0] && IntegerQ[m]

Rule 635

Int[((d) + (e_)*(x))/((a_) + (c_.)*(x_)~2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(axc)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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b Subst ( f xz(a+x)z dx, x,btan(c + dx))

(b2+x2)

f sin?(c + dx)(a + b tan(c + dx))3 dx = -

(a+x)2(—ab2—4b2x)
bst| | —————=

_ cos(c + dx)sin(c + dx)(a + b tan(c + dx))? Subs (f B2+x2
N 2d 2bd

Subst ( f (—9ab2 —4b%x —

dx, x, |

abz(a:
_ cos(c +dx)sin(c + dx)(a + btan(c + dx))3 -
- 2d -

_ 9ab?tan(c +dx) b3 tan’(c +dx) _ cos(c + dx) sin(c + dx)(a + btan(c + dx)

2d d 2d
_ 9ab?tan(c +dx) b3 tan’(c +dx) _ cos(c + dx) sin(c + dx)(a + btan(c + dx)
B 2d d 2d
2 _ 2 2
_ la (a2 ~ %2) o b (3ﬂ 2b )log(cos(c + dx)) . 9ab? tan(c + dx) .\ b3 tan®(
2 d 2d d

Mathematica [A] time = 4.22673, size = 203, normalized size = 1.97

(3a2 -~ bz) cos?(c + dx) —

a(a2—3b2) sin(2(c+dx))
b(— 5 +

a(az—?)bz) tan™!(tan(c+dx)) (u3—611b2
+

- =t 3a% - 2b2) log (\/—bz —btan(c +

2d

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~2*(a + b*Tan[c + d*x])~3,x]

[Out] (bx(-((ax(a"2 - 3*b"2)*ArcTan[Tanlc + d*x]])/b) + (3*¥a"2 - b"2)*Cos[c + d*x
172 + (3%a™2 - 2#b”2 + (a3 - 6%axb”2)/Sqrt[-b~2])*Log[Sqrt[-b~2] - bxTanl[c

+ dxx]] + (3*%a”2 - 2%b"2 + (-a”3 + 6*axb~2)/Sqrt[-b~2])*Logl[Sqrt[-b~2] + b
*Tan[c + d*x]] - (a*x(a”2 - 3*b~2)*Sin[2*(c + d*x)])/(2*b) + 6xaxb*Tan[c + d

*x] + b~ 2xTan[c + d*x]~2))/(2%d)

Maple [B] time = 0.052, size = 226, normalized size = 2.2

B (sin (dx +¢))® B3 (sin(dx +¢))*  (sin(@x+0)*b® _ bIn(cos(dx+c) _ ab?(sin(dx+c)° _ ab?cos (dx
5+ + +2
2d (cos (dx + ¢)) 2d d d d cos (dx + ¢)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) " 2*(a+bxtan(d*x+c))~3,x)

[Out] 1/2/d*b~3*sin(d*x+c)~6/cos(d*x+c) ~2+1/2/d*b"3*sin(d*x+c) "4+1/d*sin(d*x+c) "2
*b~3+2%b~3*1n(cos (d*x+c))/d+3/d*a*xb~2*sin (d*x+c) ~5/cos (d*x+c)+3/d*a*xb " 2*cos
(d*x+c) *sin(d*x+c) ~3+9/2/d*sin (d*x+c)*cos (d*x+c)*axb™2-9/2%axb~2*x-9/2/d*ax*
b~2xc-3/2/d*b*xa”2*sin (d*x+c) ~2-3/d*b*a”~2*1n(cos (d*x+c))-1/2/d*a"3*sin(d*x+c

Yxcos (d*x+c)+1/2%a"3*x+1/2/d*a"3*c

Maxima [A] time = 1.51541, size = 153, normalized size = 1.49
3 2 2 3 5 5 3 2 3 uzb—b3—(a3—3 ubz) ta
b tan (dx + ¢)* + 6 ab? tan (dx + ¢) + (a° - 9 ab?)(dx + ) + (3420 — 21°) log (tan (dx + 0)* +1) + :
tan(dx+c)"+1

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 2x(atb*tan(d*x+c))”3,x, algorithm="maxima"

[Out] 1/2*%(b"3*tan(d*x + c)~2 + 6*xaxb”™2*xtan(d*x + c) + (a”3 - 9*axb™2)*x(d*x + c)
+ (3*a”2xb - 2xb~3)*log(tan(d*x + c)72 + 1) + (3*a”2%b - b~3 - (a”3 - 3xaxb
“2)*xtan(d*x + c))/(tan(d*x + c)"2 + 1))/d

Fricas [A] time = 2.16828, size = 342, normalized size = 3.32

2 (3 a’b — b3) cos (dx + 0)* — 4 (3 a’b -2 b3) cos (dx + ¢)* log (- cos (dx + ¢)) + 2 b3 — (3 a’b-b® -2 (a3 -9 abz)dx) C
4dcos(dx + c)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c) 2x(at+b*tan(d*x+c))”3,x, algorithm="fricas")

[Out] 1/4*%(2%(3*a"2%b - b~3)*cos(d*x + c)”4 - 4%(3*a"2*b - 2*¥b~3)*cos(d*x + c) 2%
log(-cos(d*x + c)) + 2%b~3 - (3*%a”2*b - b~3 - 2*x(a”3 - 9xa*b”2)*d*x)*cos (dx*
X + ¢c)72 + 2% (6xaxb~2*xcos(d*x + c) - (2”3 - 3*axb"2)*cos(d*x + ¢) " 3)*sin(d*

x + c))/(d*cos(d*x + c)~2)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + btan(c + clx))3 sin? (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**2%(a+b*tan(d*x+c))**3,x)

[Out] Integral((a + bxtan(c + d*x))*+*3*sin(c + d*x)**2, x)

Giac [B] time = 3.22714, size = 3497, normalized size = 33.95

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 2% (a+b*tan(d*x+c))~3,x, algorithm="giac")
g g g

[Out] 1/4%(2*a~3*d*x*tan(d*x) “4*tan(c) 4 - 18*axb~2xd*x*tan(d*x) “4*tan(c)~4 - 6*a
~2%bxlog(4x(tan(c)~2 + 1)/(tan(d*x) “4*xtan(c)”2 - 2*xtan(d*x) “3*tan(c) + tan(
d*x) "2*tan(c) "2 + tan(d*x)"2 - 2*tan(d*x)*tan(c) + 1))*tan(d*x) 4*tan(c) 4
+ 4xb~3xlog(4*(tan(c)~2 + 1)/(tan(d*x) 4*xtan(c)~2 - 2*tan(d*x) “3xtan(c) + t
an(d*x) "2*tan(c) "2 + tan(d*x)~2 - 2%tan(d*x)*tan(c) + 1))xtan(d+*x) 4*tan(c)
4 + 2*a”3*dxxxtan(d*x) “4xtan(c) "2 - 18*ax*b”2*d*x*tan(d*x) “4xtan(c)”2 - 4x*a
~3*d*x*tan(d*x) "3*tan(c) "3 + 36*a*xb " 2*d*x*tan(d*x) "3*tan(c) "3 + 2*a”3*kd*x*t
an(d*x) "2*xtan(c) "4 - 18*axb~2xd*x*tan(d*x) "2*tan(c) "4 + 3*a~2xbxtan(d*x) "4
tan(c) "4 + b~ 3*tan(d+*x) “4xtan(c) 4 - 6*%a”2xbxlog(4*(tan(c)”2 + 1)/(tan(d*x)
“4xtan(c)”2 - 2*xtan(d*x) “3xtan(c) + tan(d*x) " 2*tan(c)”2 + tan(d*x)~2 - 2%*ta
n(d*x)*tan(c) + 1))*tan(d*x) 4*tan(c)~2 + 4%b~3xlog(4*(tan(c)”2 + 1)/(tan(d
*x) "4xtan(c) "2 - 2*xtan(d*x) " 3*tan(c) + tan(d*x) " 2*tan(c)”2 + tan(d*x)"2 - 2
xtan(d*x)*tan(c) + 1))*tan(d*x) 4*tan(c)”2 + 12*a~2*b*xlog(4x(tan(c)”2 + 1)/
(tan(d*x) “4*tan(c) 2 - 2*xtan(d*x) 3*tan(c) + tan(d*x) " 2*tan(c)”2 + tan(d+*x)
72 - 2xtan(d*x)*tan(c) + 1))*tan(d+*x) 3*tan(c)”3 - 8*b~3*log(4*(tan(c)”2 +
1)/ (tan(d*x) “4*tan(c) "2 - 2*tan(d*x) " 3*tan(c) + tan(d+*x) " 2*tan(c)”2 + tan(d
*x)72 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x) 3*tan(c) 3 + 2*a~3xtan(d*x) “4*tan(
c)~3 - 18xa*b”~2xtan(d*x) "4*xtan(c)”3 - 6*%a~2*bxlog(4*(tan(c)”2 + 1)/(tan(d*x
) 4xtan(c) "2 - 2*tan(d*x) "3*tan(c) + tan(d*x) 2*tan(c) 2 + tan(d*x)~2 - 2%t
an(d*x)*tan(c) + 1))*tan(d*x) "2*tan(c) 4 + 4xb~3*log(4*(tan(c)”2 + 1)/(tan(
d*x) "4*xtan(c) "2 - 2xtan(d+*x) “3*tan(c) + tan(d*x) 2*xtan(c)”2 + tan(d*x)~2 -
2xtan(d*x)*tan(c) + 1))*tan(d*x) 2*tan(c)”4 + 2*a”3*xtan(d*x) 3xtan(c)”4 - 1
8*xaxb~2*xtan(d*x) "3xtan(c) 4 - 4*a”3*kd*x*tan(d*x) “3xtan(c) + 36*a*b”2*xd*x*ta
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n(d*x) “3*tan(c) + 4xa”3*xd*x*tan(d*x) "2*tan(c) 2 - 36xaxb~2*xd*x*tan(d*x) "2t
an(c)~2 - 3*a”2*xbxtan(d*x) “4xtan(c)~2 + 5*b~3*tan(d*x) “4*xtan(c)”2 - 4*a~3x*d
*x*tan (d*x) *tan(c) "3 + 36*axb~2*d*x*tan(d*x)*tan(c)~3 - 18*a~2*b*tan(d*x) 3
*tan(c) "3 + 6*b~3*tan(d*x) "3*tan(c) 3 - 3*a " 2*b*tan(d*x) “2*xtan(c)”4 + 5*%b~3
xtan(d*x) "2*tan(c) "4 + 12%a”2xb*log(4*(tan(c)~2 + 1)/(tan(d*x) ~“4*tan(c)~2 -
2*xtan(d*x) “3*tan(c) + tan(d*x) "2*tan(c)”2 + tan(d*x)~2 - 2*tan(d#*x)x*tan(c)
+ 1))*tan(d*x) "3*tan(c) - 8*b~3*log(4x(tan(c)”2 + 1)/(tan(d*x) 4xtan(c) "2
- 2xtan(d*x) "3*tan(c) + tan(d+*x) 2*tan(c) 2 + tan(d*x)~2 - 2xtan(d+*x)*tan(c
) + 1))*tan(d*x) "3*tan(c) - 12*axb~2xtan(d*x) 4*xtan(c) - 12*a"2xbxlog(4*(ta
n(c)"2 + 1)/(tan(d*x) "4*tan(c) "2 - 2*xtan(d*x) " 3*tan(c) + tan(d*x) " 2*xtan(c)”
2 + tan(d*x) "2 - 2*tan(d*x)*tan(c) + 1))*tan(d+*x) 2xtan(c)”2 + 8*b~3xlog(4x
(tan(c)~2 + 1)/(tan(d*x) " 4*tan(c)~2 - 2*tan(d*x) " 3*tan(c) + tan(d*x) 2xtan(
c)"2 + tan(d*x) "2 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x) " 2*tan(c)~2 - 6*a~3*tan
(d*x) "3*tan(c) "2 + 18*axb~2*xtan(d*x) “3*tan(c)~2 + 12%a”2xb*xlog(4*(tan(c)~2
+ 1)/ (tan(d*x) “4*tan(c) "2 - 2*tan(d*x) "3*tan(c) + tan(d*x) 2*tan(c)”2 + tan
(d*x)~2 - 2xtan(d*x)*tan(c) + 1))*tan(d*x)*tan(c)”~3 - 8*b~3*log(4*(tan(c) 2
+ 1)/ (tan(d*x) “4*tan(c) 2 - 2*tan(d*x) 3*tan(c) + tan(d*x) 2*tan(c)”2 + ta
n(d*x)~2 - 2xtan(d*x)*tan(c) + 1))*tan(d*x)*tan(c)”3 - 6*a”3*tan(d*x) “2xtan
(c)~3 + 18*a*b~2*xtan(d*x) "2*xtan(c)~3 - 12*a*b”2*xtan(d*x)*tan(c)~4 + 2*a~3*d
xxxtan (d*x) "2 - 18*axb~2xd*x*tan(d*x) "2 + 2%b~3xtan(d*x) 4 - 4*a”3*d*x*tan(
d*x)*tan(c) + 36*xaxb~2*d*x*tan(d*x)*tan(c) + 6*a~2xbxtan(d*x) "3*tan(c) - 2%
b~3*tan(d*x) "3*tan(c) + 2*a~3xd*x*tan(c)~2 - 18*a*b~2xd*x*tan(c)~2 + 30*a~2
*b¥xtan (d*x) "2*xtan(c) "2 - 2xb~3xtan(d*x) "2*tan(c) "2 + 6*a~2xbxtan(d+*x)*tan(c
)73 - 2*%b~3*tan(d*x)*tan(c)”3 + 2*b~3*tan(c) 4 - 6*a~2*bxlog(4*(tan(c)~2 +
1)/ (tan(d*x) “4*tan(c) "2 - 2*tan(d*x) "3*tan(c) + tan(d*x) " 2*tan(c)”2 + tan(d
*x) "2 - 2+tan(d*x)*tan(c) + 1))*tan(d*x)”2 + 4xb~3*log(4x(tan(c)”2 + 1)/(ta
n(d*x) “4xtan(c) "2 - 2xtan(d*x) " 3*tan(c) + tan(d*x) 2*tan(c)”2 + tan(d*x) "2
- 2xtan(d*x)*tan(c) + 1))*tan(d*x)”2 + 12*axb~2*xtan(d*x)”~3 + 12*a~2*bxlog(4
*(tan(c)”2 + 1)/(tan(d*x) “4xtan(c)~2 - 2*tan(d*x) " 3*tan(c) + tan(d+*x) 2*tan
()72 + tan(d*x)~2 - 2xtan(d*x)*tan(c) + 1))*tan(d*x)*tan(c) - 8*b~3xlog(4*
(tan(c)™2 + 1)/(tan(d*x) “4*xtan(c) "2 - 2*tan(d*x) "3*tan(c) + tan(d*x) 2*tan(
c)”2 + tan(d*x)~2 - 2%tan(d*x)*tan(c) + 1))*tan(d*x)*tan(c) + 6*a~3*tan(d*x
)"2*tan(c) - 18*axb~2+tan(d*x) 2*tan(c) - 6*a”2*bxlog(4*(tan(c)~2 + 1)/(tan
(d*x)~4*tan(c) "2 - 2*xtan(d*x) “3*tan(c) + tan(d*x) 2*tan(c)”2 + tan(dxx)"2 -
2xtan(d*x)*tan(c) + 1))*tan(c)”2 + 4xb~3xlog(4*(tan(c)”2 + 1)/(tan(d*x) 4%
tan(c) "2 - 2xtan(d+*x) "3*tan(c) + tan(d*x) " 2xtan(c)”2 + tan(d*x)”"2 - 2*xtan(d
*x)*tan(c) + 1))*tan(c)”2 + 6*a~3*tan(d*x)*tan(c) 2 - 18*a*xb~2*tan(d*x)*tan
(c)72 + 12xaxb”™2*tan(c)~3 + 2*a~3*dxx - 18*a*xb~2xd*x - 3*a~2xb*tan(d*x)~2 +
5%b~3*tan(d*x) "2 - 18*a~2xb*tan(d*x)*tan(c) + 6xb~3*tan(d*x)*tan(c) - 3*a”
2xbxtan(c)~2 + 5xb~3*tan(c) "2 - 6*a”2*xbxlog(4*(tan(c)”2 + 1)/(tan(d*x) 4*ta
n(c)"2 - 2xtan(d*x) "3*tan(c) + tan(d*x) " 2*xtan(c)”2 + tan(d*x)~2 - 2*xtan(d*x
)*¥tan(c) + 1)) + 4xb~3*xlog(4*(tan(c)~2 + 1)/(tan(d*x) “4*tan(c)”2 - 2xtan(dx*
x)"3*xtan(c) + tan(d*x) "2*tan(c)”2 + tan(d*x)~2 - 2%tan(d*x)*tan(c) + 1)) -
2xa”~3*tan(d*x) + 18*axb~2xtan(d*x) - 2*xa”~3*tan(c) + 18*a*b~2xtan(c) + 3*a”~2
*b + b~3)/(d*tan(d*x) “4*xtan(c) 4 + d+tan(d*x) “4*tan(c) 2 - 2xd*tan(d*x) ~3*t
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an(c)”3 + dxtan(d*x) " 2*xtan(c)”4 - 2xd*tan(d*x) " 3xtan(c) + 2*xd*tan(d*xx) “2*ta
n(c)"2 - 2xd*tan(d*x)*tan(c) 3 + d*xtan(d*x)”2 - 2xd*xtan(d*x)*tan(c) + dxtan
(c)"2 + 4d)
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3.34  [sin(c+dx)(a+ btan(c + dx))® dx

Optimal. Leaf size=133

3a2bsin(c +dx) 3a?btanh (sin(c +dx)) adcos(c+dx) 3ab?cos(c+dx) 3ab?sec(c +dx) 3b3sin(c +d
) d " d I d " d T o

[Out] (3*a~2*b*ArcTanh[Sin[c + d*x]])/d - (3*b~3*ArcTanh[Sin[c + d*x]])/(2*d) - (

a~3*Cos[c + d*x])/d + (3*xaxb~2*Cos[c + d*x])/d + (3*xa*xb~2xSec[c + d*x])/d -
(3*a~2*xb*Sin[c + d*x])/d + (3*b~3*Sin[c + d*x])/(2xd) + (b~3*Sin[c + d*x]*

Tan[c + d*x]~2)/(2xd)

Rubi [A] time = 0.116482, antiderivative size = 133, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 8, integrand size = 19, number of rules_

integrand size
0.421, Rules used = {3517, 2638, 2592, 321, 206, 2590, 14, 288}

3a2bsin(c +dx) 3a’btanh (sin(c +dx)) adcosc+dx) 3ab?cos(c+dx) 3ab?sec(c +dx) 3b3sin(c +d
- d d T a " d " d T

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]*(a + b*Tan[c + d*x])~3,x]

[Out] (3*a~2*b*ArcTanh[Sin[c + d*x]])/d - (3*b~3*ArcTanh[Sin[c + d*x]])/(2*d) - (

a~3*Cos[c + d*x])/d + (3*xaxb~2*Cos[c + d*x])/d + (3*xa*xb~2xSec[c + d*x])/d -
(3*xa~2%b*Sin[c + d*x])/d + (3*b~3*Sin[c + d*x])/(2*d) + (b"3*Sin[c + dxx]*

Tan[c + d*x]~2)/(2x*d)

Rule 3517

Int[sinl(e_.) + (£_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 2638

Int[sinl[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, xl]

Rule 2592

Int[((a_.)*sin[(e_.) + (f_)*(x)])"(m_.)*tan[(e_.) + (f£_D)*x )] " (n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
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ff*x)"(m + n)/(@"2 - ff72xx"2) " ((n + 1)/2), x], x, (axSin[e + fxx])/ff], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 321

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - Dx(cxx)"(m - n + 1)*(a + bxx™n) " (p + 1))/(b*(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 2590

Int[sin[(e_.) + (f_)*(x_ )] (m_.)*tan[(e_.) + (f_)*(x_)]"(n_.), x_Symbol]
:> -Dist[f~(-1), Subst[Int[(1 - x"2)"((m + n - 1)/2)/x"n, x], x, Cos[e + fx*
x]1, x] /; FreeQ[{e, f}, x] &% IntegersQ[m, n, (m + n - 1)/2]

Rule 14

Int[(u )*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 288

Int[((c_)*(x D))" (m_.)*x((a_) + (b_.)*(x_ )" (n ))"(p_), x_Symbol]l :> Simp[(c~
(n - D*(c*xx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (b*n*x(p + 1)), x] - Dist[(c~
n¥x(m - n + 1))/(b*nx(p + 1)), Int[(c*x)"(m - n)*(a + b*xx™n) " (p + 1), x], x]
/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] && LtQ[p, -1] && GtQ[m + 1, n] && !'I
LtQ[(m + nx(p + 1) + 1)/n, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps
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fsin(c +dx)(a + btan(c + dx))? dx = f (a3 sin(c + dx) + 3a2bsin(c + dx) tan(c + dx) + 3ab? sin(c + dx) tan?(c + d:

=a° f sin(c + dx) dx + (3a2b) f sin(c + dx) tan(c + dx) dx + (Babz) f sin(c +

(3a2b) Subst ( f % dx, x,sin(c + dx)) (3ab2) Subst ( f

_ _a3 cos(c + dx)
Bl d d

2
_adcos(c+dx)  3a’bsin(c + dx) . b3 sin(c + dx) tan?(c + dx) . (3a b) Sul

d d 2d

3a2btanh ! (sin(c + dx)) aBcos(c +dx) 3ab?cos(c +dx)  3ab?sec(c + ¢
d d d d
_ 3a?b tanh " (sin(c + dx))  3b%tanh (sin(c + dx)) a3 cos(c + dx) N 3ab? ¢
B d - 2d - d

Mathematica [B] time = 6.1559, size = 637, normalized size = 4.79

a (az - 3b2) cost(c + dx)(a + btan(c +dx))> b (3112 - b2) sin(c + dx) cos?(c + dx)(a + btan(c + dx))®> 3 (2512[7 -

d(a cos(c + dx) + bsin(c + dx))3 - d(a cos(c + dx) + bsin(c + dx))3

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]x(a + b*Tan[c + d*x])~3,x]

[Out] (3*a*b~2*Cos[c + d*x]~3*(a + b*Tan[c + d*x])~3)/(d*(a*xCos[c + d*x] + b*Sin[
c + d*x])73) - (ax(a”2 - 3*b"2)*Cos[c + d*x] 4*(a + b*Tan[c + dxx])~3)/(dx*(
axCos[c + d*x] + b*Sin[c + d*x])~3) - (3*x(2%xa"2*b - b~3)*Cos[c + dxx] 3*Log
[Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]1*(a + bxTan[c + d*x])~3)/(2*xd*(a*Cos[c
+ d*xx] + bxSin[c + d*x])73) + (3*x(2*a”2*b - b~3)*Cos[c + d*x] ~3*Log[Cos[(c
+ d*x) /2] + Sin[(c + d*x)/2]]*(a + b*Tan[c + d*x])~3)/(2xd*(a*Cos[c + d*x]
+ bxSin[c + d*x])~3) + (b~3*Cos[c + dxx]~3*(a + bxTan[c + d*x])~3)/(4*d*(C
osl[(c + d*x)/2] - Sinl[(c + d*x)/2]) " 2+(a*Cos[c + d*x] + b*Sin[c + d*x])~3)
+ (3*axb"2*Cos[c + d*x]~3*Sin[(c + d*x)/2]*(a + bxTanl[c + d*x])~3)/(d*(Cos[
(c + d*x)/2] - Sin[(c + d*x)/2])*(axCos[c + d*x] + b*Sin[c + d*x])"3) - (b~
3%Cos[c + d*x]~3%(a + b*Tan[c + d*x])~3)/(4*d*x(Cos[(c + d*x)/2] + Sin[(c +
d*x)/2]) " 2*(a*Cos[c + d*x] + b*Sin[c + d*x])~3) - (3*a*xb”™2*Cos[c + d*x]~3%S
in[(c + d*x)/2]*(a + b*Tan[c + d*x])~3)/(d*(Cos[(c + d*x)/2] + Sin[(c + d*x
)/2])*(a*Cos[c + d*x] + b*Sin[c + d*x])~3) - (b*(3*a”™2 - b"2)*Cos[c + d*x]~
3*%Sin[c + d*x]*(a + b*Tan[c + d*x])~3)/(d*x(a*Cos[c + d*x] + b*Sin[c + d*x])
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~3)

Maple [A] time = 0.043, size = 193, normalized size = 1.5

B3 (sin (dx +¢))° b3 (sin (dx +¢))° N 3b3sin (dx + ¢) 3 B3 1n (sec (dx + ¢) + tan (dx + ¢)) _ ab? (sin (dx + ¢))*
2d 2d 2d dcos(dx +¢)

2d (cos (dx + c))2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c)*(a+bxtan(d*x+c))~3,x)

[Out] 1/2/d*b~3*sin(d*x+c)~5/cos(d*x+c) 2+1/2*b"3*sin(d*x+c) ~3/d+3/2*b~3*sin (d*x+
c)/d-3/2/d*b~3*1n(sec(d*x+c)+tan(d*x+c) ) +3/d*axb”2*sin(d*x+c) “4/cos (d*x+c)+
3/dx*cos (d*x+c) *sin(d*x+c) "2xaxb~2+6*a*b~2xcos (d*x+c) /d-3*a”2*b*sin(d*x+c) /d
+3/d*b*a”2x1n(sec(d*x+c)+tan(d*x+c))—-a~3*cos (d*x+c)/d

Maxima [A] time = 1.11825, size = 173, normalized size = 1.3

3( 2 sin(dx+c) . _ . 1y . _ 2 1 _
b (—Sm( et +3 log (sin (dx + ¢) + 1) — 3 log (sin (dx + ¢) = 1) — 4 sin (dx + c)) 12 ab (COS g o8 (dx + c))
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c)*(at+bxtan(d*x+c))~3,x, algorithm="maxima"

[Out] -1/4%(b~3*%(2*sin(d*x + c)/(sin(d*x + c)”2 - 1) + 3xlog(sin(d*x + c) + 1) -
3xlog(sin(d*x + c) - 1) - 4xsin(d*x + c)) - 12%a*b”2*(1/cos(d*x + c) + cos(

d*xx + c)) - 6%a”2xb*(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1) - 2xsin(

dxx + c)) + 4xa~3xcos(d*x + c))/d

Fricas [A] time = 2.12391, size = 346, normalized size = 2.6

12 ab? cos (dx + c) — 4 (a3 -3 abz) cos(dx +¢)° +3 (2 a’b — b3) cos (dx + ¢)* log (sin (dx + ¢) +1) - 3 (2 a’b — b3) cos (¢
4dcos(dx + c)2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c)*(atb*xtan(d*x+c))~3,x, algorithm="fricas")

[Out] 1/4%(12*axb~2*cos(d*x + c) - 4*(a”3 - 3*axb~2)*cos(d*x + c)73 + 3*(2%xa~2x*b
- b73)*cos(d*x + c) 2*log(sin(d*x + c) + 1) - 3*%(2*a"2*b - b~3)*cos(d*x + ¢
) "2xlog(-sin(d*x + c) + 1) + 2%(b"3 - 2x(3*a"2%b - b~3)*cos(d*x + c)~2)*sin

(d*x + c¢))/(d*cos(d*x + c)~2)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a +btan(c + dx))3 sin (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(atbxtan(d*x+c))**3,x)

[Out] Integral((a + bxtan(c + d*x))*+*3*sin(c + d*x), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(atbxtan(d*x+c))~3,x, algorithm="giac")

[Out] Timed out
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3.35 [ csc(c+dx)(a+btan(c + dx))® dx

Optimal. Leaf size=86

3a2btanh ! (sin(c + dx)) a3 tanh ' (cos(c + dx)) s 3ab?sec(c +dx) b3 tanh ™ (sin(c + dx)) .\ b3 tan(c + dx) sec(c
d d d 2d 2d

[Out] -((a~3%ArcTanh[Cos[c + d*x]])/d) + (3*a~2*bxArcTanh[Sin[c + d*x]]1)/d - (b"3
¥ArcTanh([Sin[c + d*x]])/(2*d) + (3*axb~2*Sec[c + d*x])/d + (b~3*Sec[c + dx*x
1*Tan[c + dx*x])/(2%d)

Rubi [A] time = 0.0856801, antiderivative size = 86, normalized size of antiderivative =

. . b f rul
1., number of steps used = 8, number of rules used = 5, integrand size = 19, i L

integrand size
0.263, Rules used = {3517, 3770, 2606, 8, 2611}

3a2btanh (sin(c + dx)) a3 tanh ' (cos(c + dx)) . 3ab?sec(c + dx) b3 tanh ! (sin(c + dx)) N b3 tan(c + dx) sec(c

d d d 2d 2d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]*(a + bxTan[c + d*x])~3,x]

[Out] -((a"3%xArcTanh[Cos[c + d*x]])/d) + (3*a~2xbxArcTanh[Sin[c + d*x]])/d - (b"3
*ArcTanh[Sin[c + d*x]])/(2*%d) + (3*a*b~2*Sec[c + d*x])/d + (b~3*Sec[c + dx*x
1*Tan[c + dx*x])/(2%d)

Rule 3517

Int[sinl[(e_.) + (£_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])“n, x], x]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Rule 2606

Int[((a_.)*sec[(e_.) + (£_)*(x_)1)"(m_.)*x((b_.)*tan[(e_.) + (£f_.)*x(x_)]1)"(
n_.), x_Symbol] :> Dist([a/f, Subst[Int[(a*x)"(m - 1)*(-1 + x72)"((n - 1)/2)
, x], x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] &% IntegerQ[(n - 1)/2]



199
&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2611

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1])"(m_.)*((b_.)*tanl[(e_.) + (£_.)*(x_)1)"(
n_), x_Symbol] :> Simp[(b*(a*Secl[e + f*x]) m*(b*Tanl[e + fxx])~(n - 1))/ (£*(
m+n-1)), x] - Dist[(b™2*x(n - 1))/(m + n - 1), Int[(a*Sec[e + f*x]) m*(b
xTan[e + f*x])"(n - 2), x], x] /; FreeQ[{a, b, e, f, m}, x] && GtQ[n, 1] &&
NeQ[m + n - 1, 0] &% IntegersQ[2*m, 2#n]

Rubi steps

fcsc(c +dx)(a + btan(c + dx))3 dx = f (a3 csc(c + dx) + 3absec(c + dx) + 3ab? sec(c + dx) tan(c + dx) + b3 sec(c
=a’ fcsc(c + dx) dx + (3a2b) fsec(c + dx) dx + (3ab2) fsec(c + dx) tan(c +

_ _a3 tanh ™ (cos(c + dx)) s 3a2b tanh ™ (sin(c + dx)) . b3 sec(c + dx) tan(c +

d d 2d
o a tanh ™ (cos(c + dx)) s 3a2btanh ! (sin(c + dx)) b3 tanh™!(sin(c + dx))
T d d - 2d

Mathematica [B] time = 2.25956, size = 241, normalized size = 2.8

-12a%blog (COS (%(C + dx)) —sin (%(c + dx))) +12a%blog (sin (%(c + dx)) + cos (%(c + dx))) +4a°log (Sin (%(c + d:

Antiderivative was successfully verified.

[In] Integrate[Csc[c + d*x]x(a + bxTan[c + d*x])~3,x]

[Out] (12*%a*b™2 - 4*a~3*Log[Cos[(c + d*x)/2]] - 12xa~2*b*Log[Cos[(c + d*x)/2] - S
in[(c + d*x)/2]] + 2*b~3*Log[Cos[(c + d*x)/2] - Sin[(c + dx*x)/2]] + 4*a~3x*L
ogl[Sin[(c + dxx)/2]] + 12*a”2xb*Log[Cos[(c + d*x)/2] + Sin[(c + d*x)/2]] -
2xb~3*Log[Cos[(c + d*x)/2] + Sin[(c + d*x)/2]] + b~3/(Cos[(c + d*x)/2] - Si

nl[(c + d*x)/2])72 + 24xa*b”~2*xSec[c + d*x]*Sin[(c + d*x)/2]"2 - b~3/(Cos[(c

+ d*x)/2] + Sin[(c + d*x)/2])72)/(4xd)
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Maple [A] time = 0.061, size = 125, normalized size = 1.5

B (sin(dx +¢))° BPsin(dx+c) b3ln(sec(dx +c) + tan (dx + ) ab? 3 ba? In (sec (dx + ¢) + tan
24 (cos (dx + ¢)) 2d 2d d cos (dx + ¢) d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)*(a+bxtan(d*x+c))~3,x)

[Out] 1/2/d*b~3*sin(d*x+c) ~3/cos(d*x+c) ~2+1/2%b " 3*sin(d*x+c)/d-1/2/d*b~3*1n(sec(d
*x+c)+tan(d*x+c))+3/d*axb~2/cos (d*x+c) +3/d*xb*a~2*x1n(sec(d*x+c)+tan(d*x+c))+
1/d*a~3*1n(csc(d*x+c)-cot (d*x+c))

Maxima [A] time = 1.08484, size = 150, normalized size = 1.74

3( 2 sin(dx+c)

sin(dx+c)2—1

+ log (sin (dx + ¢) + 1) — log (sin (dx + ¢) — 1)) — 6 a?b(log (sin (dx + ¢) + 1) — log (sin (dx + ¢) — 1)) + 4
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c))~3,x, algorithm="maxima"

[Out] -1/4%(b~3*%(2*sin(d*x + c)/(sin(d*x + c)”2 - 1) + log(sin(d*x + c) + 1) - lo
g(sin(d*x + c) - 1)) - 6%a”2xb*x(log(sin(d*x + c) + 1) - log(sin(d*x + c) -
1)) + 4*xa"3xlog(cot(d*x + c) + csc(d*x + c)) - 12*axb~2/cos(d*x + c))/d

Fricas [A] time = 2.49657, size = 383, normalized size = 4.45

243 cos (dx + ¢)? log (% cos (dx +c) + %) — 243 cos (dx + ¢)* log (—% cos (dx +¢) + %) — 12 ab? cos (dx + ¢) — (6 a2b -

4dcos(dx +
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c))~3,x, algorithm="fricas")

[Out] -1/4%(2*a”3*cos(d*x + c) 2*log(1l/2*cos(d*x + c) + 1/2) - 2*a"3%cos(d*x + c)
~2xlog(-1/2%cos(d*x + c) + 1/2) - 12%a*b"2*cos(d*x + c) - (6%a”2*%b - b73)*c
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os(d*x + c)"2xlog(sin(d*x + c) + 1) + (6%a”2%b - b~3)*cos(d*x + c) 2*log(-s
in(d*x + c¢) + 1) - 2*%b"3*sin(d*x + c))/(d*cos(d*x + c)~2)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + btan(c + clx))3 csc (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c))**3,x)

[Out] Integral((a + bxtan(c + d*x))**3*csc(c + d*x), x)

Giac [A] time = 2.06041, size = 194, normalized size = 2.26

b
2a°log (|tan(% dx + %c)|) + (6a2b - b3) log (|tan(% dx + %c) + 1|) - (6 a’b — b3) log (|tan (% dx + %c) - 1|) + L

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c))~3,x, algorithm="giac")

[Out] 1/2*(2*a"3*log(abs(tan(1/2*d*x + 1/2%c))) + (6*a”2%b - b~3)*log(abs(tan(1/2
xd*x + 1/2xc) + 1)) - (6*%a”2*b - b~3)*log(abs(tan(1/2xd*x + 1/2%c) - 1)) +

2x (b~ 3*tan(1/2*d*x + 1/2%c)”3 - 6*a*xb~2*tan(1/2xd*x + 1/2*c)~2 + b~ 3*tan(1/
2xd*x + 1/2*xc) + 6*axb”2)/(tan(1/2*d*x + 1/2%c)”2 - 1)72)/d
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3.36 [ cscX(c+dx)(a+btan(c + dx))> dx

Optimal. Leaf size=64

3a2blog(tan(c + dx)) a®cot(c +dx) 3ab?tan(c+dx) b3 tan®(c + dx)
d a4 " d Y

[Out] -((a”3*Cot[c + d*x])/d) + (3*a~2*b*Log[Tan[c + d*x]])/d + (3*a*b”~2*Tan[c +
d*x])/d + (b™3*Tan[c + d*x]~2)/(2%d)

Rubi [A] time = 0.0525311, antiderivative size = 64, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, e e =

0.095, Rules used = {3516, 43}

integrand size

3a2blog(tan(c + dx)) a®cot(c +dx) 3ab?tan(c +dx) b3 tan®(c + dx)
d a4 " d Y

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~2*x(a + bxTan[c + d*x])~3,x]

[Out] -((a”3*Cot[c + d*x])/d) + (3*a~2*bxLogl[Tan[c + d*x]])/d + (3*a*b”2*Tan[c +
d*x])/d + (b™3*Tan[c + d*x]~2)/(2%d)

Rule 3516

Int[sinl(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)]) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
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b Subst (f (LII—;)S dx, x,btan(c + dx))

f csc2(c + dx)(a + btan(c + dx))® dx =

1[113 302
b Subst (f (311 +5+— x) dx, x,btan(c + dx))
B d
a®cot(c +dx) 3a?blog(tan(c +dx)) 3ab?tan(c+dx) b3 tan?(c +d:
T d " d T

Mathematica [A] time = 0.975801, size = 126, normalized size = 1.97

csc(c + dx) sec?(c + dx) (311 (a2 - bz) cos(c + dx) + (a3 + Babz) cos(3(c + dx)) — 2bsin(c + dx) (3{12 log(sin(c + dx)) -
- 4d

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~2*(a + b*Tan[c + d*x])~3,x]

[Out] -(Csclc + dxx]x*Sec[c + dxx]~2*(3*ax(a”2 - b~2)*Cos[c + d*x] + (a”3 + 3xa*b”
2)*Cos [3%(c + d*x)] - 2*¥b*(b~™2 - 3*a~2*Log[Cos[c + d*x]] - 3*a"2xCos[2*(c +
d*x)]*(Log[Cos[c + d*x]] - Logl[Sin[c + d*x]]) + 3*a"2xLog[Sin[c + d*x]])*S

inlc + d*x]))/(4xd)

Maple [A] time = 0.056, size = 63, normalized size = 1.

b . ab? tan (dx + ¢) 3 ba? In (tan (dx + c)) _ a3 cot (dx + c)
2d (cos (dx + ¢))* d d d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) " 2*(a+bxtan(d*x+c))~3,x)

[Out] 1/2/d*b~3/cos(d*x+c) " 2+3*xa*b~2*tan (d*x+c)/d+3*a~2*xb*x1n(tan(d*x+c))/d-a"3*co
t(d*x+c)/d

Maxima [A] time = 1.10142, size = 76, normalized size = 1.19

243
tan(dx+c)

b3 tan (dx + ¢) + 6 a2blog (tan (dx + ¢)) + 6 ab? tan (dx + ¢) —
2d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2x(atb*tan(d*x+c))”3,x, algorithm="maxima"

[Out] 1/2*%(b~3*tan(d*x + c)~2 + 6*%a”2*bxlog(tan(d*x + c)) + 6*a*b”2xtan(d*x + c)
- 2xa”3/tan(d*x + c))/d

Fricas [B] time = 2.04725, size = 327, normalized size = 5.11

3.a2b cos (dx + ) log (cos (dx + ¢)?) sin (dx + ¢) — 3a2b cos (dx + ¢) log (‘411 cos (dx + o) + i) sin (dx + ¢) — 6 ab?

2d cos (dx + c)2 sin (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~2*(atb*tan(d*x+c))~3,x, algorithm="fricas")

[Out] -1/2%(3*a"2xb*cos(d*x + c) 2xlog(cos(d*x + c)"2)*sin(d*x + c) - 3*a~2*b*cos
(d*x + c)"2*log(-1/4*cos(d*x + ¢c)72 + 1/4)*sin(d*x + c) - 6xa*b”2xcos(d*x +
c) + 2%(a”3 + 3*xaxb”2)*cos(d*x + ¢)”3 - b~ 3*sin(d*x + c))/(d*cos(d*x + c)~

2xsin(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + btan (c + dx))® csc? (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**2*(atb*tan(d*x+c))**3,x)

[Out] Integral((a + bxtan(c + d*x))**3*csc(c + d*x)**2, x)

Giac [A] time = 2.06722, size = 95, normalized size = 1.48

3 2 ’ > 3 2 (3 a2b tan(dx+c)+a3)
b° tan (dx + ¢)” + 6 a*blog ([tan (dx + c)|) + 6 ab- tan (dx + c) Py———

2d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) ~2x(atb*tan(d*x+c))”3,x, algorithm="giac")

[Out] 1/2*%(b~3*tan(d*x + c)~2 + 6*%a”2xbxlog(abs(tan(d*x + c))) + 6*a*xb”~2*xtan(d*x
+ ¢c) - 2%(3%a"2«b*xtan(d*x + c) + a~3)/tan(d*x + c))/d
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3.37 f csc(c + dx)(a + btan(c + dx))> dx

Optimal. Leaf size=141

_3a2b csc(c +dx)  3a’b tanh_l(sin(c +dx)) ad tanh_l(cos(c +dx))  a®cot(c + dx) csc(c + dx) N 3ab® sec(c + dx
d d 2d 2d d

[Out] -(a”3*ArcTanh[Cos[c + d*x]])/(2*d) - (3*axb~2xArcTanh[Cos[c + d*x]])/d + (3
*a~2%b*ArcTanh[Sin[c + d*x]])/d + (b~3*ArcTanh[Sin[c + d*x]])/(2*d) - (3*a”
2%b*Csc[c + d*x])/d - (a~3*Cot[c + d*x]*Csclc + dxx])/(2xd) + (3*axb~2*Sec[

c + d*x])/d + (b”3*Sec[c + d*x]*Tan[c + dx*x])/(2*d)

Rubi [A] time = 0.134904, antiderivative size = 141, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 7, integrand size = 21, number of rules _

integrand size
0.333, Rules used = {3517, 3768, 3770, 2621, 321, 207, 2622}

_3a2b csc(c+dx)  3a2btanh ' (sin(c + dx)) ~ a3 tanh ™ (cos(c + dx))  a® cot(c + dx) csc(c + dx) . 3ab? sec(c + dx
d d 2d 2d d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~3*x(a + bxTan[c + dx*x])~3,x]

[Out] -(a”3*ArcTanh[Cos[c + d*x]])/(2*d) - (3*axb~2xArcTanh[Cos[c + d*x]])/d + (3
*a”2%b*ArcTanh[Sin[c + d*x]])/d + (b~3*ArcTanh[Sin[c + d*x]])/(2%d) - (3*a”
2%b*Csc[c + d*x])/d - (a~3*Cot[c + d*x]*Csclc + dxx])/(2xd) + (3*axb~2*Sec[

c + d*x])/d + (b~3*Sec[c + d*x]*Tan[c + d*x])/(2%d)

Rule 3517

Int[sin[(e_.) + (f_)*(x_ )] (m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*x(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, 0]

Rule 3768

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + dx*x
Jx(bxCsclc + d*x])"(n - 1))/(d*x(n - 1)), x] + Dist[(b"2x(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &%
IntegerQ[2+*n]

Rule 3770
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 2621

Int[(cscl(e_.) + (f_)*(x_)]*(a_.)) " (m_)*secl(e_.) + (f_)*x )] (n_.), x_S
ymbol] :> -Dist[(f*a”n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x1, x, axCscle + f*x]]1, x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n
+1)/2] && !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 321

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 21*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 2622

Int[cscl(e_.) + (f_D)*xx )] (_.)*x((a_.)*secl(e_.) + (f_)*x(x)])"(m ), xS
ymbol] :> Dist[1/(f*a"n), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n + 1)/2
), x], x, axSec[e + fx*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)
/2] && !'(IntegerQ[(m + 1)/2] && LtQ[O, m, nl)

Rubi steps
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fcsc3(c +dx)(a + btan(c + dx))3dx = f (a3 csc3(c + dx) + 3a%b csc?(c + dx) sec(c + dx) + 3ab? csc(c + dx) sec?(c + ¢

=a fcsc3(c +dx) dx + (3a2b) f csc?(c + dx) sec(c + dx) dx + (3ab2) f csc(c A

_ _ a’ cot(c + dx) csc(c + dx) s b3 sec(c + dx) tan(c + dx) s 1&13 fcsc(c 4 ).
2d 2d 2
a3 tanh ' (cos(c + dx)) b3 tanh ' (sin(c + dx)) 3a2besc(c +dx)  adcot
B 2d 2d d
o tanh ™ (cos(c + dx))  3ab? tanh ' (cos(c + dx)) . 3a2b tanh ™ (sin(c + d>
T 2d - d d

Mathematica [B] time = 6.18345, size = 897, normalized size = 6.36

_3a2b cos®(c + dx) tan (%(c + dx)) (a+btan(c+dx))’ 5.2 cos3(c + dx)(a + btan(c + dv))® ) a3 cos3(c + dx) csc? (

2d(a cos(c + dx) + bsin(c + dx))3 d(a cos(c + dx) + bsin(c + dx))3 8d(a cos(c +

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~3*(a + b*Tan[c + d*x])~3,x]

[Out] (3*axb"2*Cos[c + d*x]~3*(a + b*Tan[c + d*x])~3)/(d*(a*Cos[c + d*x] + b*Sinl[
c + d*x])73) - (3*a"2*b*Cos[c + d*x] 3*Cot[(c + d*x)/2]*(a + b*Tan[c + d*x]
)"3)/(2*d*(a*Cos[c + d*x] + b*Sin[c + d*x])~3) - (a”3*Cos[c + d*x] 3*Csc[(c
+ d*x)/2]72*(a + bxTan[c + d*x])~3)/(8*d*(a*Cos[c + d*x] + b*Sin[c + dx*x])
~3) + ((-a”3 - 6xa*b~2)*Cos[c + d*x] 3*Log[Cos[(c + d*x)/2]]1*(a + b*Tan[c +
d*x])"3)/(2*d*(a*Cos[c + d*x] + b*Sin[c + d*x])~3) + ((-6*a”2%b - b~3)*Cos
[c + d*x]~3*Log[Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]1*(a + b*Tan[c + d*x])~3
)/ (2xd* (axCos[c + dxx] + b*Sin[c + d*x])~3) + ((a~3 + 6*xa*b~2)*Cos[c + d*x]
~3%Log[Sin[(c + d*x)/2]]1*(a + b*Tan[c + d*x])~3)/(2*d*(axCos[c + d*x] + Db*S
infc + d*x])~3) + ((6*%a"2%b + b~3)*Cos[c + d*x]~3*Log[Cos[(c + d*x)/2] + Si
n[(c + d*x)/2]]1*(a + b*Tan[c + d*x])~3)/(2xd*(a*Cos[c + d*x] + bxSin[c + d*
x])73) + (a”3*Cos[c + d*xx] 3*Sec[(c + d*x)/2] " 2*(a + bxTan[c + d*x])~3)/(8*
dx(a*Cos[c + d*x] + b*Sin[c + d*x])~3) + (b~ 3*Cos[c + d*x]~3*(a + b*Tan[c +
d*x])~3)/(4*d*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2]) 2x(a*Cos[c + d*x] + Db*
Sin[c + d*x])~3) + (3*a*b~2*Cos[c + d*x]~3*Sin[(c + d*x)/2]*(a + b*Tan[c +
d*x])~3)/(d*x(Cos[(c + d*x)/2] - Sin[(c + d*x)/2])*(a*Cos[c + d*x] + b*Sin[c
+ d*x])"3) - (b"3*Cos[c + d*x]~3*(a + b*Tan[c + d*x])~3)/(4*d*(Cos[(c + d*
x)/2] + Sin[(c + dxx)/2]) 2*(axCos[c + d*x] + b*Sin[c + d*x])~3) - (3*a*b~2
xCos[c + d*x]~3*Sin[(c + dx*x)/2]*(a + b*Tan[c + d*x])~3)/(d*(Cos[(c + d*x)/
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2] + Sin[(c + d*x)/2])*(axCos[c + d*x] + b*Sin[c + d*x])~3) - (3*a~2*bx*Cos[
c + dxx] " 3*xTan[(c + d*x)/2]*(a + b*Tan[c + d*x])~3)/(2xd*x(a*Cos[c + d*x] +

b*Sin[c + d*x])~3)

Maple [A] time = 0.065, size = 170, normalized size = 1.2

b3 sec (dx + ¢) tan (dx + c) . b3 1n (sec (dx + c) + tan (dx + ¢)) ab? ab? In (csc (dx + ¢) — cot (dx +
2d 2d dcos(dx +¢) d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) " 3*x(at+b*tan(d*x+c))~3,x)

[Out] 1/2*b~3*sec(d*x+c)*tan(d*x+c)/d+1/2/d*b~3*1n(sec(d*x+c)+tan(d*x+c))+3/d*a*b
~2/cos(d*x+c)+3/d*axb~2*x1n(csc(d*x+c)—cot (d*x+c))-3/d*b*xa"2/sin(d*x+c)+3/dx*
bxa~2*1n(sec(d*x+c)+tan(d*xx+c))-1/2%a~3*xcot (d*x+c)*csc(d*x+c)/d+1/2/d*xa"3%1

n(csc(d*x+c)-cot (d*x+c))

Maxima [A] time = 1.15234, size = 231, normalized size = 1.64

a3(M —log (cos (dx + ¢) + 1) + log (cos (dx + ¢) — 1)) - b3(M —log (sin (dx + ¢) + 1) + log (sin (dx A

cos(dx+c)2—1 sin(dx+c)2—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) " 3*(atb*tan(d*x+c))”3,x, algorithm="maxima"

[Out] 1/4*(a~3*(2*cos(d*x + c)/(cos(d*x + ¢)”2 - 1) - log(cos(d*x + c) + 1) + log
(cos(d*x + ¢c) - 1)) - b7™3*%(2*sin(d*x + c)/(sin(d*x + ¢c)72 - 1) - log(sin(dx
x +c) + 1) + log(sin(d*x + c) - 1)) + 6%a*b”2*(2/cos(d*x + c) - log(cos(d*
x +c) + 1) + log(cos(d*x + c) - 1)) - 6%a”2xb*(2/sin(d*x + c) - log(sin(d*

x +c¢) + 1) + log(sin(d*x + c) - 1)))/d

Fricas [B] time = 2.73967, size = 720, normalized size = 5.11

12 ab? cos (dx +c) — 2 (a3 +6 abz) cos (dx +¢)® + ((a3 +6 abz) cos (dx +¢)* - (a3 +6 abz) cos (dx + c)z) log (% oS
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 3*(atb*tan(d*x+c))”3,x, algorithm="fricas")

[Out] -1/4x(12%axb~2xcos(d*x + c) - 2*(a”3 + 6*xaxb”2)*cos(d*x + c)~3 + ((a”3 + 6%
axb~2)*cos(d*x + c)”4 - (a”3 + 6*axb~2)*cos(d*x + c)~2)*log(1/2xcos(d*x + c
) + 1/2) - ((a73 + 6*a*b”2)*cos(d*x + c)”4 - (a”3 + 6*a*xb”2)*cos(d*x + c)72
)*log(-1/2*%cos(d*x + c) + 1/2) - ((6*%a”2*b + b~3)*cos(d*x + c)”4 - (6*%a~2*Db
+ b73)*cos(d*x + c)”2)*log(sin(d*x + c) + 1) + ((6%¥a"2xb + b~3)*cos(d*x +
c)”4 - (6xa”2*b + b~3)*cos(d*x + c)~2)*log(-sin(d*x + c) + 1) + 2x(b"3 - (6
*a”2%b + b~3)*cos(d*x + c)"2)*sin(d*x + c))/(d*xcos(d*x + c)~4 - dxcos(d*x +
c)"2)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**3%(a+bxtan(d*x+c))**3,x)

[Out] Timed out

Giac [B] time = 1.98513, size = 410, normalized size = 2.91

2
a’ tan (% dx + %c) —-12a’btan (% dx + % c) +4 (6 a’b + b3) log (|tan (% dx + %c) + 1|) -4 (6 a’b + b3) log (|tan (% d.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) "3*(atb*tan(d*x+c))~3,x, algorithm="giac")

[Out] 1/8*(a”3*tan(1/2xdxx + 1/2%c)”2 - 12*a”2*xbxtan(1/2xd*x + 1/2%c) + 4*x(6*xa”2x%
b + b~3)xlog(abs(tan(1/2*d*x + 1/2xc) + 1)) - 4x(6%a”2xb + b~3)*log(abs(tan
(1/2%d*x + 1/2%c) - 1)) + 4x(a”3 + 6*a*xb”2)*log(abs(tan(1/2xd*x + 1/2%c)))

- (2*a"3*tan(1/2*xd*x + 1/2xc)~6 + 12*a*xb”2*tan(1/2*xd*x + 1/2xc)"6 + 12*a~2%
bxtan(1/2*xd*xx + 1/2%c)”5 - 8*b~3*xtan(1/2xdxx + 1/2%c)”5 - 3*a”3*xtan(1/2*d*x
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+ 1/2%c)”4 + 24*xaxb~2*xtan(1/2*xd*x + 1/2%c)”4 - 24xa~2xbxtan(1/2xd*x + 1/2%
c)~3 - 8%b~3*tan(1/2*d*x + 1/2*%c)~3 - 36*a*xb~2*tan(1/2*d*x + 1/2*%c)”~2 + 12%
a”~2xbxtan(1/2*d*x + 1/2*%c) + a”~3)/(tan(1/2*xd*x + 1/2%c)”3 - tan(1/2*xd*x + 1
/2%c))"2)/d
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3.38 [ csct(c+dx)(a+ btan(c + dx))> dx

Optimal. Leaf size=113

a(a? +3b%) cot(c+dx) b(3a2+b?)log(tan(c +dx))  3a2hcot¥(c +dx) adcotd(c+dx) 3ab®tan(c+dx) |
) d i d ) 2d Y d i

[Out] -((ax(a™2 + 3*%b"2)*Cot[c + d*x])/d) - (3*xa~2xbxCotl[c + d*xx]~2)/(2xd) - (a~3
*xCot[c + d*x]~3)/(3%d) + (b*x(3*a"2 + b"2)*Logl[Tan[c + d*x]])/d + (3*axb~2*T
an[c + d*x])/d + (b~3*Tan[c + d*x]~2)/(2x*d)

Rubi [A] time = 0.0860254, antiderivative size = 113, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, fomer o e

0.095, Rules used = {3516, 894}

integrand size

a (ﬂz + 3172) cot(c + dx) N b (3112 + bz) log(tan(c +dx))  3a2bcot?(c + dx)  a®cot®(c + dx) N 3ab? tan(c + dx) . I
d d 2d 3d d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x] 4*x(a + b*xTan[c + d*x])~3,x]

[Out] -((a*x(a”2 + 3*b"2)*Cot[c + d*x])/d) - (3*a"2xbxCot[c + d*x]~2)/(2+¥d) - (a"3
xCot[c + d*x]~3)/(3xd) + (b*x(3*a”2 + b~2)*Log[Tan[c + d*x]])/d + (3*%axb~2*T
an[c + d*x])/d + (b~3*Tan[c + d*xx]~2)/(2x*d)

Rule 3516

Int[sinl(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 894

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*x(x_))"(n_)*((a_) + (c_.)*(x_)"
2)~(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
~2)7p, x], x] /; FreeQ[{a, c, d, e, £, g}, x] && NeQ[exf - d*xg, 0] && NeQ[c
xd"2 + a*e”2, 0] && IntegerQ[p] && ((EqQ[p, 1] && IntegersQ[m, n]) || (ILtQ
[m, 0] && ILtQ[n, 01))

Rubi steps
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(a+x)3(b2+x2)

b Subst (f — dx,x,btan(c + dx))

f csc(c + dx)(a + btan(c + dx))® dx =

d
a3h? 3a2p? a3+3ab? 3a2+b?
B b Subst (f (3a gttt —/— 7 x) dx, x,btan(c + dx))
B d
4 (112 + 3b2) cot(c+dx)  3a2bcot’(c +dx) a®cot>(c + dx) s b (3112 + b
T d - 2d - 3d

Mathematica [A] time = 2.20723, size = 212, normalized size = 1.88

sec?(c + dx)(a cot(c + dx) + b)® (—2 sin(c + dx) (6 (3a2b + b3) cos(2(c + dx)) — 3b (3a2 + bz) cos(4(c + dx))(log(cos(c -

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + dxx]~4*(a + b*Tan[c + d*x])~3,x]

[Out] ((b + axCot[c + dxx])~3*xSec[c + dxx]~2*(-16xa~3%Cos[c + d*x] - 2#Sin[c + d*
x]*(18*%a~2%b - 6*%b~3 + 6*(3*a”"2xb + b~3)*Cos[2*(c + d*x)] + 9*a~2*bxLog[Cos

[c + d*x]] + 3*b~3*%Log[Cos[c + d*x]] - 3*b*(3*a”2 + b~2)*Cos[4*(c + d*x)]*(
Log[Cos[c + d*x]] - Logl[Sin[c + dx*x]]) - 9*a”2xb*Log[Sin[c + d*x]] - 3*b~3x
Log[Sin[c + d*x]] + 2*a"3*Sin[4*(c + d*x)] + 18*axb~2*Sin[4x(c + d*x)]1)))/(

48%d*x (a*Cos[c + d*x] + b*Sin[c + d*x])~3)

Maple [A] time = 0.068, size = 141, normalized size = 1.3

& b3 In (tan (dx + ¢)) ab? ab? cot (dx + ¢) 3 ba? ba
2t : - - . 7 to—
2d (cos (dx + ¢)) d dsin (dx + c) cos (dx + ¢) d 2d (sin (dx + ¢))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) "4*(at+bxtan(d*x+c))”3,x)

[Out] 1/2/d%b~3/cos(d*x+c) " 2+1/d*b~3*1n(tan(d*x+c))+3/d*a*b~2/sin(d*x+c)/cos (d*x+
c)-6/d*xaxb”2*xcot (d*xx+c)-3/2/d*b*xa~2/sin(d*x+c) "2+3*a~2*b*1n(tan(d*x+c))/d-2
/3%a"3*cot (d*x+c)/d-1/3/d*a"3*cot (d*x+c) *csc(d*xx+c) "2
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Maxima [A] time = 1.0644, size = 132, normalized size = 1.17

9 a2b tan(dx+c)+2 a3 +6 (u3+3 abz) tan(dx+c)2

313 tan (dx + ¢)* + 18 ab? tan (dx + ¢) + 6 (3 a?b + b3) log (tan (dx + c)) —
6d

tan(dx+c)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) ~4x(atb*tan(d*x+c))”3,x, algorithm="maxima"

[Out] 1/6%(3*b~3*tan(d*x + c)~2 + 18*a*xb~2*tan(d*x + c) + 6%(3*a"2%b + b~3)*log(t
an(d*x + c)) - (9%a~2*bxtan(d*x + c) + 2*%a”~3 + 6%(a~3 + 3*xa*xb”~2)*tan(d*x +
c)"2)/tan(d*x + c)~3)/d

Fricas [B] time = 2.01836, size = 575, normalized size = 5.09

4 (a3 +9 abz) cos (dx + ¢)° + 18 ab? cos (dx + ¢) — 6 (a3 +9 abz) cos(dx +¢)° +3 ((3 a?b + b3) cos (dx + o)t - (3 a?b +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) ~4x(atb*tan(d*x+c))”3,x, algorithm="fricas")

[Out] -1/6%(4*(a~3 + 9*a*b~2)*cos(d*x + c)~5 + 18*a*xb"2*cos(d*x + c) - 6%(a"3 + 9
*axb"2)*xcos(d*x + ¢c)”3 + 3*x((3*a”2*b + b~3)*cos(d*x + c)"4 - (3*a~2*b + b~3
)*cos(d*x + c)~2)*log(cos(d*x + c)~2)*sin(d*x + c) - 3*((3*¥a"2xb + b~3)*cos

(d*x + c)74 - (3*xa”2*xb + b~3)*cos(d*x + c)~2)*log(-1/4*cos(d*x + c)”2 + 1/4
Yxsin(d*x + ¢) + 3*(b"3 - (3*a"2xb + b~ 3)*cos(d*x + c) " 2)*sin(d*x + ¢))/((d
*cos(d*x + c)”4 - d*xcos(d*x + c¢)"2)*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**4*(atb*tan(d*kx+c))**3,x)
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[Out] Timed out

Giac [A] time = 2.04811, size = 180, normalized size = 1.59

33a2b tan(dx+c)3+1l ] tan(dx+c)3+6 a3 tan(dx+c)2+

313 tan (dx + ¢)* + 18 ab? tan (dx + ¢) + 6 (3 a?b + b3) log ([tan (dx + c)|) — —
6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) “4*(atb*tan(d*x+c))~3,x, algorithm="giac")

[Out] 1/6*(3*b~3*tan(d*x + c)~2 + 18*a*b~2*tan(d*x + c) + 6%(3*a"2xb + b~3)*log(a
bs(tan(d*x + c))) - (33*%a~2xbxtan(d*x + c)~3 + 11%xb~3*xtan(d*x + c)~3 + 6%a”
3xtan(d*x + c)”2 + 18*axb"2*xtan(d*x + c)~2 + 9*%a~2xbxtan(d*x + c) + 2*xa”~3)/

tan(d*x + c)~3)/d
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3.39  [csc®(c+dx)(a+btan(c + dx))> dx

Optimal. Leaf size=229

a2bcsc3(c +dx)  3albesc(c+dx)  3a?btanh (sin(c +dx))  3a®tanh!(cos(c + dx)) a3 cot(c + dx) csc3(c +
d d d 8d 4d

[Out] (-3*a~3*%ArcTanh[Cos[c + d*x]])/(8*d) - (9*a*b~2xArcTanh[Cos[c + d*x]])/(2*d
) + (3*a~2*b*ArcTanh[Sin[c + d*x]])/d + (3*%b~3*ArcTanh[Sin[c + d*x]])/(2*d)

- (3*a"2xbxCsclc + d*x])/d - (3*b"3*Csc[c + d*x])/(2xd) - (3*a"3xCot[c + d
*x]*Csclc + d*x])/(8xd) - (a~2*b*Cscl[c + d*x]~3)/d - (a~3*Cot[c + d*x]*Csc[

c + d*x]73)/(4xd) + (9xaxb~2*Sec[c + d*x])/(2xd) - (3*axb~2*Cscl[c + d*xx] 2%

Secl[c + d*x])/(2xd) + (b~3*Csclc + d*x]*Secl[c + d*xx]~2)/(2*d)

Rubi [A] time = 0.208038, antiderivative size = 229, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 17, number of rules used = 9, integrand size = 21, T .

integrand size
0.429, Rules used = {3517, 3768, 3770, 2621, 302, 207, 2622, 288, 321}

a?besc3(c +dx)  3a®besc(c +dx)  3a?btanh T (sin(c + dx))  3a3 tanh T (cos(c + dx))  a®cot(c + dx) csc3(c + a
d d d 8d 44

Antiderivative was successfully verified.

[In] Int[Csclc + d*x] 5*%(a + b*xTan[c + d*x])~3,x]

[Out] (-3*a”~3*ArcTanh[Cos[c + d*x]])/(8*d) - (9*a*xb~2xArcTanh[Cos[c + d*x]])/(2xd
) + (3*a”2%b*ArcTanh[Sinl[c + d*x]])/d + (3*%b~3*ArcTanh[Sinl[c + dxx]])/(2x*d)

- (3*a"2*b*Csclc + d*x])/d - (3*b~3*Csclc + d*x])/(2*xd) - (3*a"3*Cot[c + d
*x]*Cscc + d*x])/(8*%d) - (a~2*xb*Csc[c + d*x]~3)/d - (a"3*Cot[c + d*x]*Csc[

c + d*x]73)/(4xd) + (9*axb”2*Sec[c + d*x])/(2xd) - (3*a*xb~2*Cscl[c + d*xx] 2%

Sec[c + d*x])/(2*d) + (b~3*Csc[c + d*x]*Sec[c + d*x]~2)/(2*d)

Rule 3517

Int[sin[(e_.) + (f_)*(x_)]1 " (m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])™n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 3768

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Ix(bxCsclc + d*x])"(n - 1))/(d*(n - 1)), x] + Dist[(b™2%(n - 2))/(n - 1), I
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nt[(b*Csc[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
IntegerQ[2x*n]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, xI]

Rule 2621

Int[(cscl(e_.) + (f_)*(x_)I*x(a_.)) " (m_ )*sec[(e_.) + (£_D)*x )] (n_.), x_S
ymbol] :> -Dist[(f*a™n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x1, x, axCscle + f*x]]1, x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n
+1)/2] && !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 302

Int[(x )" (m_)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide [x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, O] && IGtQ[n, 0] && Gt
Qm, 2%n - 1]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rule 2622

Intlcscl(e_.) + (£_)*x )] (m_.)*((a_.)xsecl(e_.) + (f_D)*(x)1)"(m), xS
ymbol] :> Dist[1/(f*a"n), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n + 1)/2
), x], x, axSecle + f*xx]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)
/2] && !(IntegerQ[(m + 1)/2] && LtQ[0, m, nl)

Rule 288

Int[((c_)*x D))" @m_D)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™
(n - D*(c*xx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (b*n*x(p + 1)), x] - Dist[(c~
nx(m - n + 1))/(b*nx(p + 1)), Int[(c*x)"(m - n)*(a + b*x™n) " (p + 1), x], xI]
/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] && LtQ[p, -1] && GtQ[m + 1, n] && 'I
LtQ[(m + nx(p + 1) + 1)/n, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 321
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Int [((c_.)*(x_)) " (m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - Dx(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Distl[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps

f csc®(c + dx)(a + btan(c + dx))> dx = f (u3 csc(c + dx) + 3a®b csct(c + dx) sec(c + dx) + 3ab? csc3(c + dx) sec?(c +

=q° fcscS(c +dx) dx + (Sazb) fcsc4(c + dx) sec(c + dx) dx + (Sabz) fcsc3(c

(311219) Subst ( f =

3 t, d 3 d 1
- DM DI D) , 2 (507) [ s -

4d
B 3a3 cot(c + dx) csc(c +dx)  a®cot(c + dx) csc®(c +dx)  3ab? csc?(c + dx)
B 8d 4d 2d
3a3 tanh ' (cos(c + dx))  3a2besc(c +dx)  3b3csc(c +dx)  3a3 cot(c + ¢
B 8d d 2d z
3a3 tanh_l(cos(c +dx))  9ab? tanh_l(cos(c + dx)) N 3a%b tanh_l(sin(c +¢
T 8d - 2d d

Mathematica [B] time = 6.20045, size = 1229, normalized size = 5.37

a3 cos®(c + dx)(a + btan(c + dx))? csct (%(c + dx)) 3 (a3 + 4b2a) cos®(c + dx)(a + btan(c + dx))3 csc? (%(c + dx))

64d(a cos(c + dx) + bsin(c + dx))3 32d(a cos(c + dx) + bsin(c + dx))3

Warning: Unable to verify antiderivative.

[In] Integrate[Cscl[c + d*x]~5*(a + b*Tan[c + d*x])~3,x]

[Out] (3*axb~2*Cos[c + d*x]~3*(a + b*Tan[c + d*x])~3)/(d*(a*Cos[c + d*x] + b*Sin[
c + d*x])7"3) + ((-7xa"2xb*xCos[(c + d*x)/2] - 2xb~3*Cos[(c + d*x)/2])*Cosl[c
+ d*x]"3*Csc[(c + dxx)/2]*(a + b*Tan[c + d*xx])~3)/(4*d*(a*xCos[c + d*x] + bx*
Sin[c + d*x])~3) - (3*(a”3 + 4*xa*b”2)*Cos[c + d*x] 3*Csc[(c + d*x)/2] " 2*(a
+ bxTan[c + d*x])~3)/(32+«d*(a*Cos[c + d*x] + b*Sin[c + d*x])~3) - (a~2%b*Co
s[c + dxx]~3%Cot[(c + d*x)/2]*Csc[(c + d*x)/2]"2%(a + b*Tan[c + d*x])~3)/(8
xd* (axCos[c + dxx] + b*Sin[c + d*x])~3) - (a"3*Cos[c + d*x]~3*Csc[(c + d*x)
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/2] 74x(a + bxTan[c + dx*x])~3)/(64*d*(axCos[c + dxx] + b*Sin[c + d*x])~3) -

(3%(a”3 + 12%a*b~2)*Cos[c + d*x]~3*Log[Cos[(c + dx*x)/2]]*(a + b*Tan[c + d*x
1)73)/(8*d*(axCos[c + d*x] + b*Sin[c + d*x])~3) - (3*x(2*a"2*b + b~3)*Coslc

+ d*x] "3*Log[Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]*(a + b*Tan[c + d*x])~3)/(
2xd*x (a*Cos[c + d*x] + b*Sin[c + d*x])~3) + (3*(a”3 + 12*a*xb~2)*Cos[c + d*x]
~3*Log[Sin[(c + d*x)/2]]1*(a + b*Tan[c + d*x])~3)/(8+d*(a*Cos[c + d*x] + bxS
infc + d*x])~3) + (3%(2%a~2*b + b~3)*Cos[c + d*x] 3*Log[Cos[(c + d*x)/2] +

Sin[(c + d*xx)/2]]1*(a + b*Tan[c + d*x])~3)/(2xd*x(axCos[c + d*x] + b*Sin[c +

d*x])~3) + (3*%(a”3 + 4*axb~2)*Cos[c + d*x]~"3*Sec[(c + d*x)/2] 2x(a + bxTan[
c + d*x])7"3)/(32*d*(axCos[c + d*x] + b*Sin[c + d*x])~3) + (a"3*Cos[c + dx*x]
~3xSec[(c + dxx)/2]"4x(a + b*Tan[c + d*x])~3)/(64*d*(a*Cos[c + d*x] + bx*Sin
[c + d*x])~3) + (b"3*Cos[c + d*x]~3*(a + b*Tan[c + d*x])~3)/(4*d*(Cos[(c +

d*x)/2] - Sinl[(c + dxx)/2]) 2*(a*Cos[c + d*x] + b*Sin[c + d*x])~3) + (3*ax*b
~2%Cos[c + d*x] " 3*Sin[(c + d*x)/2]*(a + b*Tanl[c + d*x])~3)/(d*(Cos[(c + dx*x
)/2] - Sin[(c + d*x)/2])*(a*xCos[c + d*x] + b*Sin[c + d*x])~3) - (b~3*Coslc

+ d*x]"3*(a + b*Tan[c + d*x])~3)/(4*d*x(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])
~2*x(axCos[c + d*x] + b*Sin[c + d*x])~3) - (3*a*xb”2xCos[c + d*x]~3*Sin[(c +

d*x)/2]*(a + b*Tan[c + d*x])~3)/(d*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])*(a
*Cos[c + d*x] + b*Sin[c + d*x])~3) + (Cosl[c + d*x] " 3*Sec[(c + d*x)/2]*(-T*a
~2xb*Sin[(c + d*x)/2] - 2*xb~3*Sin[(c + d*x)/2])*(a + b*Tan[c + d*x])~3)/(4x*
d*(axCos[c + d*x] + bxSin[c + d*x])"3) - (a"2*xb*Cos[c + d*x] "3*Sec[(c + d*x
)/2]72+Tan[(c + d*x)/2]*(a + b*Tan[c + d*x])~3)/(8*d*(a*Cos[c + d*x] + b*Si
nlc + d*xx])~3)

Maple [A] time = 0.068, size = 254, normalized size = 1.1

b _ 303 +_3b3ln(sec(dx-+-c)%—tan(dx-{-c)) 3 ab?
2dsin (dx + ¢) (cos (dx + ¢))*  2dsin (dx +c) 2d 2d (sin (dx + ¢))* cos (dx + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) b*(a+bxtan(d*x+c))~3,x)

[Out] 1/2/d*b~3/sin(d*x+c)/cos(d*x+c)~2-3/2/d*b"3/sin(d*x+c)+3/2/d*b " 3*x1n(sec(d*x
+c)+tan(d*x+c))-3/2/d*a*b~2/sin(d*x+c) "2/cos (d*x+c)+9/2/d*a*b~2/cos (d*x+c)+
9/2/d*a*xb”2*1n(csc(d*x+c)-cot (d*x+c))-1/d*b*a”2/sin(d*x+c) ~3-3/d*b*a~2/sin(
d*x+c)+3/d*xbxa~2x1n(sec (d*x+c)+tan(d*x+c))-1/4*a~3*cot (d*x+c) *csc(d*x+c) "3/
d-3/8*a"3*cot (d*x+c)*csc(d*x+c) /d+3/8/d*a"3*1n(csc(d*x+c)-cot (d*x+c))
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Maxima [A] time = 1.1056, size = 338, normalized size = 1.48

2 (3 cos(dx+c)2—2)

-3 log (cos

cos(dx+c)3—cos(dx+c)

3 2 (3 cos(dx+c)3—5 cos(dx+c))
cos(dx+c)4—2 cos(dx+c)2+1

-3 log (cos (dx + c) + 1) + 3 log (cos (dx + c) — 1)) +12 abz(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 5*x(atb*tan(d*x+c))”3,x, algorithm="maxima")

[Out] 1/16%(a”3*(2%x(3%cos(d*x + c)~3 - bxcos(d*x + c))/(cos(d*x + c)”4 - 2xcos(dx
X +¢c)”2 + 1) - 3xlog(cos(d*x + c) + 1) + 3xlog(cos(d*x + c) - 1)) + 12%axb

“2% (2% (3*%cos(d*x + ¢)”2 - 2)/(cos(d*x + ¢c)”3 - cos(d*x + c)) - 3*log(cos(dx*

x + ¢c) + 1) + 3*xlog(cos(d*x + c) - 1)) - 4xb73x(2*(3*sin(d*x + ¢)"2 - 2)/(s
in(d*x + ¢)73 - sin(d*x + c)) - 3*log(sin(d*x + c) + 1) + 3*xlog(sin(d*x + ¢

) — 1)) - 8%a”2*bx (2% (3*sin(d*x + c)72 + 1)/sin(d*x + c)~3 - 3*log(sin(d*x

+ ¢c) + 1) + 3xlog(sin(d*x + c) - 1)))/d

Fricas [B] time = 2.95534, size = 1060, normalized size = 4.63

6 (a3 +12 abz) cos (dx + ¢)° + 48 ab? cos (dx + ¢) - 10 (a3 +12 abz) cos(dx +¢)° -3 ((a3 +12 ubz) cos (dx +¢)° -2 (a3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 5% (atbxtan(d*x+c))”~3,x, algorithm="fricas")

[Out] 1/16*%(6x(a”~3 + 12xa*xb~2)*cos(d*x + c)~5 + 48*axb~2xcos(d*x + c) - 10x(a”3 +
12*a*xb~2)*cos(d*x + ¢)”3 - 3*((a”3 + 12*xa*xb"2)*cos(d*x + ¢c)”"6 - 2*x(a"3 + 1
2*%axb~2)*cos(d*x + c)”4 + (a”3 + 12*%axb~2)*cos(d*x + c)~2)*log(1l/2*cos(d*x
+ c) + 1/2) + 3x((a”3 + 12*axb”"2)*cos(d*x + c)76 - 2x(a”~3 + 12*axb”~2)*cos(d
*x + ¢c)74 + (a”3 + 12%a*xb”2)*cos(d*x + c)"2)*log(-1/2*cos(d*x + c) + 1/2) +
12%x ((2*xa~2*b + b~ 3)*cos(d*x + c)76 — 2x(2*xa"2xb + b~ 3)*cos(d*x + c)”4 + (2
*a”"2*%b + b~3)*cos(d*x + c)"2)*log(sin(d*x + c) + 1) - 12x((2*a"2*b + b~3)*c
os(d*x + c)76 - 2x(2*a"2*xb + b~3)*cos(d*x + c)"4 + (2*xa"2*xb + b~3)*cos(d*x
+ ¢)72)*log(-sin(d*x + c) + 1) + 8%(3x(2%a™2%b + b~3)*cos(d*x + c)"4 + b~3
- 4x(2*a"2%b + b"3)*cos(d*x + c) 2)*sin(d*x + c))/(d*cos(d*x + c)”6 - 2xd*c
os(d*x + c)”4 + dxcos(d*x + ¢)~2)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**5*(atb*tan(d*x+c))**3,x)

[Out] Timed out

Giac [A] time = 2.14968, size = 504, normalized size = 2.2

3 2

4 2
3 1 1) _gp2 1 1 3 1 1 2 1 1) _ 2 1
a tan(zdx+2c) 8a btan(zdx+2c) +8a tan(zdx+2c) +24ab tan(zdx+zc) 120a btan(zdx+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 5% (a+b*tan(d*x+c))~3,x, algorithm="giac")
g g g

[Out] 1/64*(a”3*xtan(1/2xd*x + 1/2%c)”4 - 8*a~2*xbxtan(1/2xd*x + 1/2%c)”3 + 8*a~3x*t
an(1/2*d*x + 1/2*%c)”2 + 24xa*xb~2+tan(1/2*xd*x + 1/2*%c)”"2 - 120*a"2*b*tan(1/2
xd*x + 1/2%c) - 32*%b~3xtan(1/2*xd*x + 1/2%c) + 96%(2xa~2*b + b~3)*log(abs(ta
n(1/2%d*x + 1/2%c) + 1)) - 96%(2*a”2*b + b~3)*log(abs(tan(1/2*d*x + 1/2%c)
- 1)) + 24x(a”3 + 12*xaxb~2)*log(abs(tan(1/2*d*x + 1/2xc))) + 64x(b~3*tan(1/
2%d*x + 1/2%c)”3 - 6*xaxb"2xtan(1/2*d*x + 1/2*c)”2 + b~ 3xtan(1/2*d*x + 1/2%*c
) + 6xaxb”2)/(tan(1/2*d*x + 1/2*c)”2 - 1)72 - (50*a”3*tan(1/2*xd*x + 1/2xc)”
4 + 600*axb~2xtan(1/2*d*x + 1/2*c)”4 + 120*a~2xbxtan(1/2*d*x + 1/2*c)”"3 + 3
2*%b”"3xtan(1/2*d*x + 1/2*%c)”3 + 8*a"3xtan(1/2xd*x + 1/2%c)”~2 + 24xa*xb”2xtan(
1/2%d*x + 1/2*%c)”2 + 8%a~2*xbxtan(1/2*d*x + 1/2*%c) + a~3)/tan(1/2*xd*x + 1/2x%
c)~4)/d
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3.40 [ csc®(c+dx)(a+ btan(c + dx))> dx

Optimal. Leaf size=167

a (2512 + 3172) cot’(c+dx) b (6a2 + bz) cot’(c+dx) a (az + 6b2) cot(c+dx) b (3a2 + 2b2) log(tan(c + dx)) 3
— —_ — + —_——
3d 2d d d

[Out] -((ax(a"2 + 6*xb~2)*Cot[c + d*x])/d) - (b*x(6*xa~2 + b~2)*Cot[c + d*xx]~2)/(2*d

) - (ax(2xa”2 + 3*b~2)*Cot[c + d*x]~3)/(3*d) - (3*a~2%bxCot[c + dxx]~4)/(4*

d) - (a”3*Cot[c + d*x]75)/(5%d) + (bx(3*a”2 + 2%b~2)*Logl[Tan[c + d*x]])/d +
(3*axb~2xTan[c + d*x])/d + (b~ 3*Tan[c + d*x]~2)/(2xd)

Rubi [A] time = 0.134132, antiderivative size = 167, normalized size of antiderivative

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, L

integrand size
0.095, Rules used = {3516, 948}

a (Zaz + 3b2) cot>(c+dx) b (6112 + bz) cot?’(c+dx) a (az + 6b2) cot(c+dx) b (3112 + 2b2) log(tan(c + dx)) 3
—_ — + R
3d 2d d d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]"6*(a + bx*Tan[c + dx*x])~3,x]

[Out] -((ax(a"2 + 6*xb~2)*Cot[c + d*x])/d) - (bx(6*xa~2 + b~2)*Cot[c + d*xx]~2)/(2*d

) - (ax(2*%a”2 + 3*b~2)*Cot[c + d*x]~3)/(3+%d) - (3*a~2*b*Cotl[c + d*xx]~4)/ (4%

d) - (a~3*Cot[c + d*x]~5)/(5%d) + (b*(3*a”2 + 2*b~2)*Log[Tan[c + d*x]])/d +
(3*axb~2*Tan[c + d*x])/d + (b~ 3*Tan[c + d*x]~2)/(2xd)

Rule 3516

Int[sin[(e_.) + (f£_)*(x_ )] "(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x)])"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 948

Int[((d_.) + (e_.)*(x_))"(m_)*x((f_.) + (g_.)*x(x_))"(n_)*((a_) + (c_.)*(x_)"
2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
“2)7p, x], x] /; FreeQl{a, c, d, e, £, gt, x] && NeQ[exf - dxg, 0] && NeQl[c
*d"2 + axe”2, 0] && IGtQ[p, 0] && (IGtQ[m, O] || (EqQ[m, -2] && EqQlp, 11 &
& EqQld, 01))
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Rubi steps

(u+x)3(b2+x2)2
bSubst| [ ———=dx, x,btan(c + dx)

x6

fcsc6(c +dx)(a + btan(c + dx))3dx =

d
Spt 2p4 35243404 20,2, ph 3+ 6al2 2,012
— X X X X x x
B d
a (“2 + 6b2) cot(c+dx) b (6a2 -+ bz) cot’(c+dx) a (Zaz + 3b2) cot3(c -
- d i 24 ) 3d

Mathematica [B] time = 1.75822, size = 515, normalized size = 3.08

csc®(c + dx) sec?(c + dx) (40a (5a% + 3b2) cos(c + dx) + 8 (a® + 15ab?) cos(3(c + dx)) + 360a2b sin(c + dx) + 270D

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + dxx]~6*(a + b*Tan[c + d*x])~3,x]

[Out] -(Csclc + d*x]~b*Sec[c + d*x] 2%(40*a*x(5*a”2 + 3*b~2)*Cos[c + d*x] + 8*(a”3
+ 1b*a*xb”~2)*Cos[3*(c + d*x)] - 24*a”~3*Cos[b*(c + d*x)] - 360*axb~2xCos [5*(
c + dxx)] + 8%a”3*Cos[7*(c + dxx)] + 120xa*xb~2xCos[7*(c + d*x)] + 360*a~2*b
xSin[c + dxx] - 240%b~3xSin[c + dxx] + 225*a”2xb*Log[Cos[c + d*x]]*Sin[c +
dxx] + 150%b~3*Log[Cos[c + d*x]]*Sin[c + dxx] - 225*a”2*bxLog[Sin[c + dx*x]]
*Sin[c + d*x] - 150%b~3*Log[Sin[c + d*x]]*Sin[c + d*x] + 270%a”2*b*Sin[3x*(c
+ d*x)] + 180%b~3*Sin[3*(c + d*x)] + 45%a”2xb*Log[Cos[c + d*x]]*Sin[3*(c +
d*x)] + 30%b~3xLog[Cos[c + d*x]]*Sin[3*(c + d*x)] - 45xa”2xbxLog[Sin[c + d
*xx]]1*Sin[3*(c + d*x)] - 30%b~3*Log[Sin[c + d*x]]*Sin[3*(c + d*x)] - 90*a~2x
bxSin[5*(c + d*x)] - 60xb~3*Sin[6x(c + d*x)] - 135%xa~2*b*Log[Cos[c + d*xx]]*
Sin[b*(c + d*x)] - 90%b~3*Log[Cos[c + d*x]]*Sin[b5*(c + d*x)] + 135%a~2*b*Lo
glSin[c + d*x]]1*Sin[6x(c + d*x)] + 90%b~3*Logl[Sin[c + d*x]]*Sin[5x(c + d*x)
] + 4b5*xa”2xb*xLog[Cos[c + d*x]]*Sin[7*(c + d*x)] + 30%b~3xLog[Cos[c + d*x]]*
Sin[7*(c + d*x)] - 45%a~2*bxLog[Sin[c + d*x]]*Sin[7*(c + d*x)] - 30*%b~3x*Log
[Sin[c + d*x]]1*Sin[7x(c + d*x)]1))/(960%d)

Maple [A] time = 0.069, size = 230, normalized size = 1.4

b3 b3 b3 1n (tan (dx + ¢)) ab?
- 5 5 = - 2-+2 - : 3 +4 —
2d (sin (dx + ¢))” (cos (dx + ¢))*  d(sin (dx + ¢)) d d (sin (dx + ¢))’ cos (dx +¢)  dsin(d
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 6% (a+bxtan(d*x+c))~3,x)

[Out] 1/2/d*b~3/sin(d*x+c)~2/cos(d*x+c) "2-1/d*b~3/sin(d*x+c) ~2+2/d*b"3*1n(tan(d*x
+c))-1/d*a*b~2/sin(d*x+c) ~3/cos (d*x+c)+4/d*a*xb”2/sin (d*x+c) /cos (d*xx+c)-8/d*
axb~2*cot (d*x+c)-3/4/d*b*xa”~2/sin(d*x+c) "4-3/2/d*b*a”2/sin (d*x+c) ~2+3*a~2xbx*
In(tan(d*x+c))/d-8/15*a~3*cot (d*x+c) /d-1/5/d*a"3*cot (d*x+c)*csc (d*x+c) "4-4/
15/d*a”~3*cot (d*x+c) *csc(d*x+c) "2

Maxima [A] time = 1.11848, size = 192, normalized size = 1.15

0 (a3+6 abz) tan(dx+c)4+45 a2b tan(dx+c)+30 (6 (

30 b3 tan (dx + c)* + 180 ab? tan (dx + ¢) + 60 (3 a’b + 2 b3) log (tan (dx + c)) — i

tan

60d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~6*(atb*tan(d*x+c))~3,x, algorithm="maxima")

[Out] 1/60*%(30*b~3*tan(d*x + c)~2 + 180*ax*b™2xtan(d*x + c) + 60*(3*a”2*b + 2*xb~3)
xlog(tan(d*x + c)) - (60%(a”3 + 6xa*xb~2)*tan(d*x + c)~4 + 45*xa~2*bxtan(d*x

+ ¢c) + 30*(6*xa"2xb + b~ 3)*tan(d*x + c)”3 + 12*a~3 + 20%(2*¥a”3 + 3*a*xb”2)*ta
n(d*x + c)~2)/tan(d*x + c)~5)/d

Fricas [B] time = 2.28379, size = 834, normalized size = 4.99

32 (a3 +15 abz) cos (dx +¢)’ - 80 (u3 +15 abz) cos (dx + ¢)° — 180 ab? cos (dx + ¢) + 60 (a3 +15 abz) cos (dx +¢)® +

e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6% (atb*tan(d*x+c))~3,x, algorithm="fricas")

[Out] -1/60%(32*(a~3 + 1b*a*b~2)*cos(d*x + c)~7 - 80%(a”3 + 15*xaxb”2)*cos(d*x + ¢
)75 - 180*axb~2*cos(d*x + c) + 60*x(a”3 + 15*a*xb”2)*cos(d*x + c)~3 + 30x((3*
a~2%b + 2*b"3)*cos(d*x + ¢)76 - 2%(3*a”2*b + 2*b"3)*cos(d*x + c)"4 + (3*%a”2
*b + 2%b~3)*cos(d*x + c)”2)*log(cos(d*x + c) 2)*sin(d*x + c) - 30%((3*a~2*b
+ 2*%b73)*cos(d*x + ¢)76 - 2%(3*a”2*b + 2*b~3)*cos(d*x + c)~4 + (3*a"2*b +

“
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2xb~3)*cos(d*x + c)~2)*log(-1/4*cos(d*x + c)72 + 1/4)*sin(d*x + c) - 15*(2x
(3*a"2xb + 2*b~3)*cos(d*x + c)”4 + 2*b~3 - 3*(3*a"2*b + 2*b~3)*cos(d*x + c)
“2)*sin(d*x + c¢))/((d*cos(d*x + c)”6 - 2*%d*cos(d*x + c)”4 + dxcos(d*x + c)~

2)*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**6*(a+b*tan(d*x+c))**3,x)

[Out] Timed out

Giac [A] time = 2.03189, size = 255, normalized size = 1.53

41142 tan(dx+c)5+274 » tan(dx+c)5+60 a3 ta

30 b° tan (dx + ¢)” + 180 ab® tan (dx + c) + 60 (3 a%b + 2b°) log ([tan (dx + c)]) -

60d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6*(atb*tan(d*x+c))~3,x, algorithm="giac")

[Out] 1/60*%(30*b~3*tan(d*x + c)~2 + 180*ax*b™2xtan(d*x + c) + 60*(3*a”2*b + 2*xb~3)
xlog(abs(tan(d*x + c))) - (411xa~2*bxtan(d*x + c)~5 + 274*b~3*tan(d*x + c)~

5 + 60*a”3*tan(d*x + c)~4 + 360*a*xb”2*tan(d*x + c)~4 + 180*a~2xb*tan(d*x +

c)"3 + 30*%b"3*tan(d*x + c)~3 + 40*a~3*tan(d*x + c)~2 + 60*axb”2*xtan(d*x + ¢

)72 + 45%a”2%b*tan(d*x + c) + 12*xa~3)/tan(d*x + ¢c)~5b)/d
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3.41 | sin®(c + dx)(a + btan(c + dx))* dx

Optimal. Leaf size=275

2022 cos®(c + dx)  12a2b% cos(c +dx)  6a*b?sec(c +dx)  4adbsin®(c+dx) 4adbsin(c +dx)  4a3b tanh_l(si
i} d d ¥ d } 3d i} d ¥ d

[Out] (4*a~3*bk*ArcTanh[Sin[c + d*x]])/d - (10*axb~3%ArcTanh[Sin[c + d*x]])/d - (a
~4xCos[c + d*x])/d + (12*xa~2*%b"2*Cos[c + d*x])/d - (3*b~4xCos[c + d*x])/d +
(a~4*Cos[c + d*x]~3)/(3xd) - (2*a~2%b~2xCos[c + d*x]~3)/d + (b~4xCos[c + d
*x]73)/(3*d) + (6*a~2xb~2xSec[c + d*x])/d - (3*b~4*xSec[c + d*x])/d + (b~4x*S
eclc + d*x]~3)/(3*d) - (4*xa"3*b*Sin[c + d*x])/d + (10*axb~3*Sinl[c + dx*x])/d
- (4*%a”3*b*Sin[c + d*x]~3)/(3*d) + (10*a*b”3*Sinl[c + d*x]~3)/(3*d) + (2*ax
b~3*Sin[c + d*x] " 3*Tan[c + d*xx]~2)/d

Rubi [A] time = 0.247616, antiderivative size = 275, normalized size of antiderivative =

1., number of steps used = 19, number of rules used = 8, integrand size = 21, number of rules _

0.381, Rules used = {3517, 2633, 2592, 302, 206, 2590, 270, 288}

integrand size

20212 cos3(c +dx)  12a%b2 cos(c +dx)  6a2bPsec(c +dx) 4adbsin®(c+dx) 4a3bsin(c +dx) 4a3btanh (si
d " d i d ) 3d ) d " d

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x] 3*(a + b*Tan[c + d*x])~4,x]

[Out] (4*a~3*bk*ArcTanh[Sin[c + d*x]])/d - (10*axb~3*ArcTanh[Sin[c + d*x]])/d - (a
~4xCos[c + d*x])/d + (12%¥a~2*b~2*Cos[c + d*x])/d - (3*b~4*Cos[c + d*x])/d +
(a~4xCos[c + d*x]~3)/(3*d) - (2*xa~2*b~2xCos[c + d*x]~3)/d + (b"4*Cos[c + d
*x]73)/(3*d) + (6*a”~2*xb"2xSec[c + d*x])/d - (3*b~4*Sec[c + d*x])/d + (b~4x*S
eclc + d*x]~3)/(3*d) - (4*a~3*b*Sin[c + d*x])/d + (10*a*xb~3*Sin[c + d*x])/d
- (4*a~3%b*Sin[c + d*x]~3)/(3*d) + (10*a*b~3*Sin[c + d*x]~3)/(3xd) + (2*ax
b~3*Sin[c + d*x] “3*Tan[c + d*x]~2)/d

Rule 3517

Int[sin[(e_.) + (f_)*(x_ )] " (m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 2633
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Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x72)"((n - 1)/2), x], x], x, Cosl[c + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 2592

Int[((a_.)*sin[(e_.) + (f_D)*(x)])"(m_.)*tan[(e_.) + (f_D*&)D]I"(n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
ffxx)"(m + n)/(@"2 - ff72xx"2)"((n + 1)/2), x], x, (axSin[e + fxx])/ff], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide [x
“m, a + b*x"n, xJ, x] /; FreeQ[{a, b}, x] && IGtQ[m, O] && IGtQ[n, 0] && Gt
Q[m, 2*n - 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 2590

Int[sin[(e_.) + (f_)*(x )] (m_.)*tan[(e_.) + (f_)*(x_ )] (n_.), x_Symbol]
:> -Dist[f~(-1), Subst[Int[(1 - x”2)"((m + n - 1)/2)/x"n, x], x, Cosle + fx*
x]1], x] /; FreeQ[{e, f}, x] &% IntegersQ[m, n, (m + n - 1)/2]

Rule 270

Int[((c_)*(x D))" (m_.)*x((a_) + (b_.)*(x )" (n_))"(p_.), x_Symbol] :> Int[Exp
andIntegrand[(c*x) "mx(a + b*x"n) p, x], x] /; FreeQ[{a, b, ¢, m, n}, x] &&
16tQ[p, 0]

Rule 288

Int[((c_.)*x(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))~(p_), x_Symbol] :> Simp[(c~
(n - D*(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (b*n*x(p + 1)), x] - Dist[(c”
nx(m - n + 1))/(b*nx(p + 1)), Int[(c*x)"(m - n)*(a + b*xx™n) " (p + 1), x], x]
/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] && LtQlp, -1] & GtQ[m + 1, n] && !I
LtQ[(m + n*x(p + 1) + 1)/n, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]J

Rubi steps
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fsin3(c +dx)(a + btan(c + dx))* dx = f(a4 sin®(c + dx) + 4a3bsin®(c + dx) tan(c + dx) + 6a2b? sin®(c + dx) tan?(c -

=gt f sin®(c + dx) dx + (411317) f sin®(c + dx) tan(c + dx) dx + (6112172) f sin®(c

X4 .
a* Subst (f (1 - xz) dx, x, cos(c + dx)) (4”317) Subst (f 3 4x, x,sin(c +
d * d
3 .
a*cos(c+dx) atcosP(c+dx)  2ab?sin’(c + dx) tan®(c + dx) (4a b) S
T4 T3 ¢ d "

atcos(c +dx) 12a?b?cos(c +dx) 3b*cos(c +dx) a*cosP(c+dx) 24
g " d ) d T

_ 4a°b tanh " (sin(c + dx))  a*cos(c + dx) N 12a%b% cos(c + dx)  3b* cos(c +
- d d d d

_ 4a’b tanh ™ (sin(c + dx))  10ab3 tanh ' (sin(c + dx))  a* cos(c + dx) s 1242
B d - d - d

Mathematica [B] time = 6.27546, size = 1017, normalized size = 3.7

(3a4 - 42h%a? + 11b4) (a+ btan(c + dx))* cos®(c +dx) ab (a2 — bz) sin(3(c + dx))(a + btan(c + dx))* cos*(c + dx)
4d(a cos(c + dx) + bsin(c + dx))* * 3d(a cos(c + dx) + bsin(c + dx))* _

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~3*(a + b*Tan[c + d*x])~4,x]

[Out] -(b"2x(-36*a"2 + 17*b"2)*Cos[c + d*x] "4*x(a + bxTan[c + d*x])"4)/(6*xd*(a*xCos
[c + d*x] + b*Sin[c + d*x])~4) - ((3*¥a”4 - 42*%a~2%b"2 + 11*b~4)*Cos[c + d*x
17°5*%(a + b*Tan[c + d*x])~4)/(4*d*(a*Cos[c + d*x] + bxSin[c + d*x])"4) + ((a
4 - 6*%a”2*%b"2 + b74)*Cos[c + d*x] 4*Cos[3*(c + d*x)]*(a + bxTan[c + d*x])~
4)/(12xd*(a*Cos[c + d*x] + b*Sin[c + d*x])~4) - (2%(2*xa~3*b - 5*axb~3)*Cos[
c + d*xx]“4*xLog[Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]1*(a + bxTan[c + d*x])~4)
/(dx(a*Cos[c + d*x] + b*Sin[c + d*x])~4) + (2%(2xa~3*b - 5*xaxb~3)*Cos[c + d
xx] “4*Log[Cos[(c + d*x)/2] + Sin[(c + d*x)/2]]*(a + b*Tan[c + d*xx])~4)/(d*(
axCos[c + d*x] + b*Sin[c + d*x])~4) + ((12*a*b”™3 + b~4)*Cos[c + d*x] " 4*x(a +
bxTan[c + d*x])~4)/(12*d*(Cos[(c + d*x)/2] - Sin[(c + dx*x)/2]) " 2*x(a*xCos[c
+ d*x] + b*Sin[c + d*x])"4) + (b"4*Cos[c + d*x] 4*Sin[(c + dx*x)/2]*(a + b*T
an[c + d*xx])~4)/(6*%d*x(Cos[(c + d*x)/2] - Sin[(c + dx*x)/2]) 3*(a*xCos[c + dx*x
] + bxSin[c + dxx])~4) - (b74*Cos[c + d*x]~4*Sin[(c + d*x)/2]*(a + b*Tan[c
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+ d*xx])~4)/(6xd*(Cos[(c + d*x)/2] + Sin[(c + dx*x)/2])73*(axCos[c + d*x] + b
*3in[c + d*x])"4) + ((-12*xaxb~3 + b~4)*Cos[c + d*x]~4*x(a + bxTan[c + d*x])~
4)/(12*d*(Cos[(c + d*x)/2] + Sin[(c + d*xx)/2]) " 2x(a*xCos[c + d*x] + b*Sinlc

+ d*x])"4) + (Cosl[c + d*x]~4*(36*a"2*b~2*Sin[(c + d*x)/2] - 17*b"4*Sin[(c +
d*x)/2])*(a + bxTan[c + d*x])~4)/(6*d*(Cos[(c + d*x)/2] - Sin[(c + dx*x)/2]
Y*¥(axCos[c + d*x] + b*Sinl[c + d*x])~4) + (Cos[c + d*xx] 4*(-36*a”2*xb~2*Sin[(
c + d*x)/2] + 17*b~4*xSin[(c + d*x)/2])*(a + b*Tan[c + d*x])~4)/(6xd*(Cos[(c
+ d*x)/2] + Sin[(c + d*x)/2])*(a*Cos[c + d*x] + b*Sinl[c + d*x])~4) - (a*bx*
(5%a”2 - 9%b~2)*Cos[c + d*x]~4*Sin[c + d*x]*(a + b*Tanl[c + d*x])~4)/(d*(axC
os[c + d*x] + b*Sin[c + d*x])"4) + (axb*x(a"2 - b"2)*Cos[c + d*x] ~4*Sin[3*(c
+ d*x)]*(a + b*Tan[c + d*x])~4)/(3*d*(a*xCos[c + d*x] + b*Sin[c + d*x])~4)

Maple [A] time = 0.059, size = 412, normalized size = 1.5

VA (sin (dx +¢))®  5b4(sin(dx +¢))® 16b*cos(dx+c) 5b%cos(dx + ¢) (sin (dx + ¢))° ) b cos (dx + ¢) (sin (

3d(cos(dx+c)  3dcos(dx+0) 3d 3d F

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) " 3*(at+bxtan(d*x+c))~4,x)

[Out] 1/3/d*b"4*sin(d*x+c)~8/cos(d*x+c) " 3-5/3/d*b"4*sin(d*x+c) ~8/cos(d*x+c)-16/3x*
b~4*cos (d*x+c)/d-5/3/d*b"4*cos (d*x+c) *sin(d*x+c) "6-2/d*b " 4*cos (d*x+c)*sin(d
*x+c) "4-8/3/d*b"4*xcos (d*xx+c)*sin(d*x+c) ~2+2/d*b~3*axsin (d*x+c) ~7/cos (d*x+c)
~2+2/d*b~3*axsin(d*x+c) “5+10/3*a*b~3*sin(d*x+c) ~3/d+10*a*b~3*sin(d*x+c)/d-1
0/d*b~3*a*1n(sec(d*x+c)+tan(d*x+c))+6/d*a”2xb"2xsin (d*x+c) ~6/cos (d*x+c) +16x*
a~2x¥b"2*cos (d*x+c) /d+6/d*a~2xb"2*cos (d*x+c) *sin(d*x+c) “4+8/d*a~2*¥b~2*cos (d*
x+c)*sin(d*x+c) "2-4/3*a"3*b*sin(d*x+c) ~3/d-4*a”3*b*sin(d*x+c) /d+4/d*xb*xa”3*1
n(sec(d*x+c)+tan(d*x+c))-1/3/d*cos (d*x+c)*sin(d*x+c) "2*xa~4-2/3%a"4*cos (d*x+

c)/d

Maxima [A] time = 1.14764, size = 294, normalized size = 1.07

(cos (dx + c)3 —3 cos (dx + c))a4 -2 (2 sin (dx + c)3 —3 log (sin (dx + ¢) + 1) + 3 log (sin (dx + ¢) — 1) + 6 sin (dx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) " 3*(atb*tan(d*x+c))”4,x, algorithm="maxima")
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[Out] 1/3%((cos(d*x + c)73 - 3*cos(d*x + c))*a"4 - 2*(2*sin(d*x + c)~3 - 3*log(si

n(d*x + c) + 1) + 3*xlog(sin(d*x + c) - 1) + 6*%sin(d*x + c))*a"3*b - 6*(cos(

d*x + ¢)”3 - 3/cos(d*x + c) - 6*cos(d*x + c))*a"2xb"2 + (4*sin(d*x + ¢c)~3 -
6xsin(d*x + c)/(sin(d*x + ¢c)72 - 1) - 15xlog(sin(d*x + c) + 1) + 15%xlog(si
n(d*x + ¢) - 1) + 24*sin(d*x + c))*a*b™3 + (cos(d*x + ¢c)”3 - (9*cos(d*x + ¢

)72 - 1)/cos(d*x + c)~3 - 9xcos(d*x + c))*b~4)/d

Fricas [A] time = 2.13296, size = 528, normalized size = 1.92

(a4 - 6a%b% + b4) cos (dx +¢)° -3 (a4 —124a%h% +3 b4) cos(dx+0)* +3 (2 a’b -5 ab3) cos (dx + ¢)® log (sin (dx + ¢) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 3% (atbxtan(d*x+c))~4,x, algorithm="fricas")

[Out] 1/3*((a"4 - 6*a”2*b"2 + b~4)*cos(d*x + c)”6 — 3*x(a"4 - 12*xa~2*%b”2 + 3*b~4)*
cos(d*x + c)74 + 3%(2*a”"3xb - b*axb~3)*cos(d*x + c) 3*xlog(sin(d*x + c) + 1)
- 3*(2*%a"3xb - b*axb~3)*cos(d*x + c) 3*log(-sin(d*x + c) + 1) + b™4 + 9x(2
*a"2%b"2 - b74)*cos(d*x + c)72 + 2%(2*%(a"3*b - a*b”3)*cos(dxx + c)~5 + 3kax
b~3*cos(d*x + c) - 2*%(4xa”3xb - 7xa*b~3)*cos(d*x + c)~3)*sin(d*x + c))/(dxc

os(d*x + c)~3)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**3*(a+b*tan(d*x+c))**4,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c) ~3*(atb*tan(d*x+c))”4,x, algorithm="giac")

[Out] Timed out
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3.42 | sin®(c + dx)(a + btan(c + dx))* dx

Optimal. Leaf size=139

b? (18512 - 5b2) tan(c + dx)  4ab (az -~ 2b2) log(cos(c +dx)) 1

4ab® tan®(c + dx)  sin(c +
Lo 10212 4 A 4 _
¥ 7 +2x(]8ub +a +5b)+

d

[Out] ((a™4 - 18xa™2xb~2 + 5xb~4)*x)/2 - (4*a*xb*(a”2 - 2xb~2)*Log[Cos[c + d*x]])/
d + (b72x(18*a~2 - 5%b~2)*Tan[c + d*x])/(2xd) + (4*a*xb~3*Tan[c + d*x]~2)/d

+ (5%b~4xTan[c + d*x]~3)/(6xd) - (Cos[c + d*x]*Sin[c + d*x]*(a + b*Tan[c +
d*x])~4)/(2xd)

Rubi [A] time = 0.174975, antiderivative size = 139, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 21, e .

integrand size
0.286, Rules used = {3516, 1645, 801, 635, 203, 260}

2 2 _ g2 2 _~y2 2 .
b (18a 5172‘3 tan(c + dx) B 4ab (a 2b )l:z)g(cos(c + dx)) .\ %x (—18u2b2 e 5b4) N 4ab® tan?(c + dx) ) sin(c +

d

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]"2x(a + bxTan[c + dx*x])"4,x]

[Out] ((a™4 - 18*%a"2xb~2 + 5xb~4)*x)/2 - (4*xaxbx(a”2 - 2*b~2)*Logl[Cos[c + d*x]])/
d + (b"2*(18*a"2 - 5*b~2)*Tan[c + d*x])/(2xd) + (4xaxb”3*Tan[c + d*x]~2)/d

+ (5%b~4x*xTan[c + d*x]~3)/(6%xd) - (Cos[c + d*x]*Sin[c + d*x]*(a + b*Tan[c +
d*x])~4)/(2xd)

Rule 3516

Int[sin[(e_.) + (f£_)*(x_ )] "(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x)])"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1645

Int[(Pg )*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol]

> With[{Q = PolynomialQuotient[Pq, a + c*x~2, x], f = Coeff[PolynomialRemai

nder[Pq, a + c*x”2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + c*x72,
x], x, 11}, Simp[((d + e*x)"m*(a + c*x"2) " (p + 1)*(axg - c*xf*x))/(2xaxc*(p
+ 1)), x] + Dist[1/(2xa*xc*x(p + 1)), Int[(d + exx)"(m - 1)*x(a + c*x"2)"(p +
1) *ExpandToSum [2*axc*(p + 1)*x(d + exx)*Q - axexgxm + cxd*fx(2xp + 3) + cx*e
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xfx(m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[c*d™2 + axe”2, 0] && LtQlp, -1] && GtQ[m, O] && !'(IGtQ[m, O] && Rati
onalQ[a, c, d, e] && (IntegerQ[p] || ILtQ[p + 1/2, 0]))

Rule 801

Int [(((d_.) + (e_)*(x_))"(m )*x((£_.) + (g_.)*(x_)))/((a)) + (c_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[m]

Rule 635

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(axc)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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x2 a+x 4
b Subst ( f (b2(+12;2 dx, x,btan(c + dx))

f sin?(c + dx)(a + b tan(c + dx))*dx = 5

(u+x)3(—ab2—5h2x)

3 _cos(c + dx) sin(c + dx)(a + btan(c + dx))* ~ Subst (f B2+x2
B 2d 2bd

Subst ( il (—18a2b2 + 5b* - 16a

dx, x, |

_cos(c + dx) sin(c + dx)(a + btan(c + dx))* _
2d

_ b?(184% - 5b) tan(c + dx) | dab tan’(c +dv) 5b tan’(c +dx) _ cos(c+
N 2d d 6d -

v (1802 - 5b2) tan(c +dx)  4ab®tan®(c +dx) 5b*tand(c +dx) cos(c+
= =+ + —
2d d 6d
4ab (a? — 2b%) log(cos(c + dx b? (1842 — 5b2) tar
(u4 —18a2b% + 5b4) X - ( ) 3 glcos( ) + ( 22

N =

Mathematica [A] time = 6.26561, size = 263, normalized size = 1.89

—6 2b2 4 b4 an—1 d _ 212, 4 4
, (_( it );;“ (™ +2b (302 - 17) tan(c + dx) + 1 (% 4 - 8ab2) log (\/—bz _btan(c + dx))

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~2*(a + b*Tan[c + d*x])~4,x]

[Out] (bx(-((a"4 - 6*%a"2xb"2 + b~4)*xArcTan[Tan[c + d*x]])/(2%b) + 2*xax(a - b)*(a
+ b)*Cos[c + d*x]72 + ((4*a”3 - 8*a*b™2 + (a”4 - 12*%a~2*b"2 + 3*b~4)/Sqrt[-
b~2])*Log[Sqrt [-b~2] - bxTan[c + d*x]])/2 + ((4%¥a”3 - 8*axb”2 - (a4 - 12xa
~2%b72 + 3%b~4)/Sqrt[-b~2])*Log[Sqrt[-b~2] + b*Tan[c + d*x]])/2 - ((a™4 - 6
*a"2%b"2 + b"4)*Cos[c + d*x]*Sin[c + d*x])/(2*b) + 2*b*x(3*a"2 - b~2)*Tanl[c

+ dxx] + 2%axb"2xTan[c + d*x]~2 + (b~3*Tan[c + d*x]~3)/3))/d

Maple [B] time = 0.057, size = 368, normalized size = 2.7

b (sin (dx + ¢))’ _ 4b* (sin (dx + o)) _ 4b* cos (dx + ¢ (sin (dx + ) ~ 5b* cos (dx + ¢) (sin (dx + )’ _ 5btsin(d
3d(cos(dx +c¢))°>  3dcos(dx+c) 3d 3d
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) " 2*(a+bxtan(d*x+c))~4,x)

[Out] 1/3/d*b~4*sin(d*x+c)~7/cos(d*x+c) " 3-4/3/d*b"4*xsin(d*x+c)~7/cos(d*x+c)-4/3/d
*b~4*cos (d*x+c) *sin(d*x+c) “5-5/3/d*b~4*cos (d*x+c) *sin(d*x+c) ~3-5/2/d*b~4*si
n(d*x+c)*cos (d*x+c)+5/2*b~4*x+5/2/d*b~4*c+2/d*b~3*a*sin(d*x+c) ~6/cos (d*x+c)
~2+2/d*b"3*a*sin(d*xx+c) “4+4/d*b"3*a*sin (d*x+c) "2+8/d*b"3*ax1ln(cos (d*x+c))+6
/d*a”2*%b"2*xsin(d*x+c) "5/cos (d*x+c)+6/d*a”2*xb~2*cos (d*x+c) *sin (d*x+c) ~3+9/d*
a~2%b"2*sin(d*x+c)*cos (d*xx+c)-9*a~2*¥b"2*x-9/d*a”2*b"2*xc-2/d*b*a~3*sin (d*x+c

) "2-4/d*b*a~3*1ln(cos(d*x+c))-1/2/d*xa"4*sin(d*x+c) *cos (d*x+c)+1/2*xa~4xx+1/2/
d*a”4x*c

Maxima [A] time = 1.70871, size = 208, normalized size = 1.5

2 b4 tan (dx + ¢)® + 12 ab® tan (dx + ¢)* + 3 (a4 -184a%* +5 b4)(dx +0)+12 (a3b -2 ab3) log (tan (dx + ¢)* + 1) +1
6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 2x(atb*tan(d*x+c))”4,x, algorithm="maxima")

[Out] 1/6*%(2*b~4*xtan(d*x + c)~3 + 12*a*b ™ 3*tan(d*x + c)~2 + 3*(a”™4 - 18*a™2*b"2 +
5xb~4)*(d*x + c) + 12*%(a”3*b - 2xaxb~3)*log(tan(d*x + c)~2 + 1) + 12%(3*a”

2%b”"2 - b74)xtan(d*x + c) + 3*(4*xa"3*b - 4*axb”3 - (a4 - 6%a"2*b"2 + b74)*
tan(d*x + c))/(tan(d*x + c)"2 + 1))/d

Fricas [A] time = 2.24796, size = 431, normalized size = 3.1

12 (a3b - ab3) cos (dx + ¢)° + 12 ab3 cos (dx + ¢) — 24 (a3b -2 ab3) cos (dx + ¢)° log (- cos (dx + ¢)) - 3 (2 a3b —2ab3-
6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 2x(atb*tan(d*x+c))”4,x, algorithm="fricas")

[Out] 1/6%(12%(a"3*%b - a*b~3)*cos(d*x + c)~5 + 12%a*xb~3*cos(d*x + c) - 24x(a”3+*Db
- 2xa*b”~3)*xcos(d*x + c)"3*log(-cos(d*x + c)) - 3*(2*a"3%b - 2*a*xb”3 - (a~4
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- 18%a”2*b"2 + 5*xb~4)*dx*xx)*cos(d*x + c)~3 - (3%(a"4 - 6*a”2*b"2 + b~4)*cos(
d*x + c)74 - 2%b74 - 2% (18*%a"2*b"2 - 7*b"4)*cos(d*x + c) " 2)*xsin(d*x + c))/(
d*cos(d*x + ¢)~3)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**2*(a+b*tan(d*x+c))**4,x)

[Out] Timed out

Giac [B] time = 7.19152, size = 56307, normalized size = 38.18

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 2x(atb*tan(d*x+c))”4,x, algorithm="giac")

[Out] 1/6%(3*a~4*xd*x*tan(d*x) " 5*tan(c)~5 - b4*a~2xb~2*xd*x*tan(d*x) “b*tan(c)”5 + 1
5xb~4*xd*x*tan (d*x) “bxtan(c) 5 - 12*%a~3*bxlog(4*(tan(c)”2 + 1)/(tan(d*x) ~4*t
an(c)”2 - 2*xtan(d*x) " 3*tan(c) + tan(d*x) " 2*tan(c)”2 + tan(d*x)~2 - 2xtan(d*
x)*tan(c) + 1))*tan(d*x) “5*xtan(c)”5 + 24xa*xb~3*log(4*(tan(c)~2 + 1)/(tan(d*
x) "4xtan(c) "2 - 2*tan(d*x) "3*tan(c) + tan(d*x) 2*tan(c) 2 + tan(d*x)~2 - 2%
tan(d*x)*tan(c) + 1))*tan(d*x) " 5*xtan(c)”5 + 3*a~4*d*x*tan(d*x) 5*tan(c)”3 -
54xa~2*xb~2*xd*x*tan (d*x) “5*tan(c) "3 + 15xb~4*xd*x*tan(d*x) “b*tan(c)”~3 - 9*a”
4xdxxxtan(d*x) “4*tan(c) "4 + 162*a~2xb~2xd*x*tan (d*x) ~4*tan(c) "4 - 45*xb~4xd*
x*tan(d*x) “4xtan(c) "4 + 3*a 4*xd*x*tan(d*x) “3*xtan(c)”5 - 5d*a~2xb~2xd*x*tan (
d*x) "3*tan(c) "5 + 15%b~4*d*x*tan(d*x) "3*tan(c)”5 + 6*a~3*b*tan(d*x) “5*tan(c
)75 + 6*%axb~3*tan(d*x) “5xtan(c) 5 - 12%a”3*b*log(4*(tan(c)”2 + 1)/(tan(d*x)
“4xtan(c) 2 - 2*xtan(d*x) “3xtan(c) + tan(d*x) " 2*tan(c)”2 + tan(d*x)~2 - 2%*ta
n(d*x)*tan(c) + 1))*tan(d*x) b*xtan(c)~3 + 24xa*b~3*log(4*(tan(c)”2 + 1)/(ta
n(d*x) “4xtan(c) "2 - 2*tan(d*x) "3*tan(c) + tan(d+*x) 2*tan(c) 2 + tan(d*x)~2
- 2xtan(d*x)*tan(c) + 1))*tan(d*x) 5*tan(c)~3 + 36%a~3xbxlog(4*(tan(c)~2 +
1)/ (tan(d#*x) "4*xtan(c) "2 - 2*xtan(d*x) 3*tan(c) + tan(d*x) 2*tan(c)”2 + tan(d
*xx) "2 - 2%tan(d*x)*tan(c) + 1))*tan(d*x) 4*tan(c)~4 - 72xa*b”3*log(4*(tan(c
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)72 + 1)/(tan(d*x) “4*tan(c) 2 - 2*tan(d*x) "3*tan(c) + tan(d*x) 2*tan(c)”~2 +
tan(d*x) "2 - 2xtan(d*x)*tan(c) + 1))*tan(d*x) “4xtan(c)~4 + 3*a~4*xtan(d*x)”
5%tan(c) "4 - 54*a”2xb~2xtan(d*x) “5*tan(c) 4 + 15*b~4*xtan(d*x) 5xtan(c)~4 -
12xa~3*bxlog(4*(tan(c) "2 + 1)/(tan(d*x) “4xtan(c)”2 - 2xtan(d*x) ~3*tan(c) +
tan(d*x) "2*xtan(c) "2 + tan(d*x) 2 - 2*tan(d*x)*tan(c) + 1))*tan(d*x) "3*tan(c
)75 + 24*axb~3xlog(4*(tan(c)”2 + 1)/(tan(d*x) 4*xtan(c)”2 - 2%tan(d*x) 3*tan
(c) + tan(dxx)~2*tan(c)”2 + tan(d*x)~2 - 2*tan(d*x)*tan(c) + 1))*tan(d*x)~3
*tan(c)”5 + 3*a~4*xtan(d*x) “4xtan(c)”5 - 54*a~2xb"2xtan(d*x) “4*tan(c)”5 + 15
*b~4*tan (d*x) “4*xtan(c) "5 - 9*a~4*d*x*tan(d*x) “4d*xtan(c) "2 + 162%a”2*b " 2*xd*x*
tan(d*x) “4xtan(c) "2 - 45*%b~4*xd*x*tan(d*x) “4*tan(c) 2 + 12*a”4*xd*x*tan(d*x)”
3*xtan(c) "3 - 216*a~2xb~2*d*x*tan(d*x) “3*tan(c) "3 + 60*b~4*d*x*tan(d*x) "3*ta
n(c)~3 - 6xa~3*b*tan(d*x) "5*tan(c) "3 + 30*axb~3*tan(d*x) “5*tan(c)”~3 - 9*a~4
*d*x*tan (d*x) "2*xtan(c) "4 + 162*a~2%b"2*d*x*tan(d*x) “2xtan(c) 4 - 45*%b~4*xd*x
*tan(d*x) "2*xtan(c) "4 - 42*a~3xbxtan(d*x) "4*xtan(c) "4 + 30*axb~3xtan(d*x) ~4*t
an(c)~4 - 6*a”3*b*tan(d*x) “3*tan(c)”5 + 30*a*b”3*tan(d*x) “3*xtan(c)”5 + 36*a
~3xb*xlog(4*(tan(c)~2 + 1)/(tan(d*x) 4*xtan(c)~2 - 2*tan(d+*x) “3*tan(c) + tan(
d*x) "2*xtan(c) "2 + tan(d*x)~2 - 2*tan(d*x)*tan(c) + 1))xtan(d+*x) 4*tan(c) 2
- T2*xaxb~3xlog(4*(tan(c)”2 + 1)/(tan(d*x) “4*xtan(c)”2 - 2xtan(d*x) ~3*tan(c)
+ tan(d*x) "2*tan(c) "2 + tan(d*x) "2 - 2*xtan(d*x)*tan(c) + 1))x*tan(d*x) 4*tan
()72 - 36*a”2*b"2*xtan(d*x) “5xtan(c)”2 + 10*b~4*xtan(d*x) 5*xtan(c)”2 - 48*a”
3xbxlog(4*(tan(c)~2 + 1)/(tan(d*x) “4*tan(c)”2 - 2xtan(d*x) 3*tan(c) + tan(d
*x) "2%tan(c) "2 + tan(d*x)~2 - 2%tan(d*x)*tan(c) + 1))*tan(d*x) 3*tan(c)”3 +
96*axb~3*xlog(4*x(tan(c)~2 + 1)/(tan(d*x) “4*xtan(c)”2 - 2*xtan(d*x) ~3*tan(c) +
tan(d*x) "2*xtan(c) "2 + tan(d*x) "2 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x) 3*tan(
c)~3 - 12*a"4xtan(d*x) “4*xtan(c) "3 + 108*a~2*b~2*tan(d*x) “4*tan(c) "3 - 30%b~
4xtan(d*x) “4*tan(c)”3 + 36%a~3xbxlog(4*(tan(c)”2 + 1)/(tan(d*x) 4*xtan(c)”2
- 2xtan(d*x) “3*tan(c) + tan(d*x) 2*tan(c)”2 + tan(d*x)~2 - 2*tan(d+*x)x*tan(c
) + 1))*tan(d*x) "2*tan(c)”4 - 72*axb~3xlog(4*(tan(c)”2 + 1)/(tan(d*x) 4*tan
()72 - 2«tan(d*x) "3*tan(c) + tan(d*x) 2*tan(c) 2 + tan(d*x)~2 - 2xtan(d+*x)
*tan(c) + 1))*tan(d*x) " 2*xtan(c)~4 - 12*a"4*xtan(d*x) "3*tan(c)~4 + 108*a~2*b~
2+xtan (d*x) "3*tan(c) "4 - 30*b~4xtan(d*x) "3*tan(c) "4 - 36*a~2xb~2*tan (d*x) "2
tan(c)”5 + 10*b~4*tan(d+*x) "2*xtan(c)~5 + 9*a~4*xd*x*tan(d*x) “3*tan(c) - 162*a
“2xb”"2*xd*x*tan(d*x) "3*tan(c) + 45%b~4xd*x*tan(d*x) “3*tan(c) + 12*a*b~3xtan(
d*x) "5*xtan(c) - 12xa~4*d*x*tan(d*x) "2*tan(c) ™2 + 216+*a~2%b~2*d*x*tan(d*xx) "2
*tan(c) "2 - 60*b~4xd*x*tan(d*x) "2*tan(c) 2 + 18*a”~3*bxtan(d*x) “4*tan(c) 2 -
42*%axb~3xtan(d*x) “4*tan(c) "2 + 9*ka~4d*xd*rx*tan(d*x)*tan(c)”3 - 162*a”2*xb~2x*d
*x*tan(d*x)*tan(c) "3 + 45%xb~4xd*x*tan(d*x)*tan(c) 3 + 96*a~3xbxtan (d*x) ~3*t
an(c)~3 - 48*a*b”~3*xtan(d*x) “3*tan(c)”3 + 18*a”3*bxtan(d*x) 2xtan(c)~4 - 42%
a*xb~3*tan(d*x) "2*tan(c) "4 + 12*a*xb~3*tan(d*x)*tan(c)”~5 - 2*b~4*tan(d*x)”5 -
36*a~3*b*xlog(4*x(tan(c) 2 + 1)/(tan(d*x) “4*tan(c)~2 - 2*tan(d*x) 3*tan(c) +
tan(d*x) "2*tan(c) "2 + tan(d*x) "2 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x) " 3*tan(
c) + 72xaxb~3xlog(4x(tan(c)”2 + 1)/(tan(d*x) 4xtan(c)~2 - 2*tan(d*x) ~3*tan(
c) + tan(d*x) " 2*tan(c)”2 + tan(d*x)~2 - 2%tan(d*x)*tan(c) + 1))x*tan(d*x) 3%
tan(c) + 72xa~2%b"2xtan(d*x) “4*xtan(c) - 30*b~4xtan(d*x) “4*tan(c) + 48*a”~3*b
xlog(4*(tan(c)”2 + 1)/(tan(d*x) "4*xtan(c)”2 - 2xtan(d*x) “3*tan(c) + tan(d*x)



238

“2xtan(c) 2 + tan(d*x)~2 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x) 2*tan(c)”2 - 96
*xa*xb~3xlog(4*(tan(c)™2 + 1)/(tan(d*x) "4*tan(c)”2 - 2+tan(d*x) "3*tan(c) + ta
n(d*x) "2xtan(c) "2 + tan(d*x)~2 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x) 2*xtan(c)”
2 + 18*a"4x*xtan(d*x) "3*tan(c)”2 - 108*a~2*b~2*xtan(d*x) "3*tan(c)”2 + 10*¥b~4x*t
an(d*x) “3*tan(c) "2 - 36*a”~3*bxlog(4*(tan(c)~2 + 1)/(tan(d*x) 4*tan(c)™2 - 2
*tan(d*x) "3*xtan(c) + tan(d+*x) " 2*tan(c)”2 + tan(d*x)~2 - 2xtan(d*x)*tan(c) +
1)) *tan(d*x)*tan(c) "3 + 72*xaxb~3*log(4x(tan(c)”2 + 1)/(tan(d*x) “4xtan(c) 2
- 2*¢tan(d*x) “3*tan(c) + tan(d*x) "2*tan(c)”2 + tan(d*x)~2 - 2%tan(d*x)*tan(
c) + 1))*tan(d*x)*tan(c)~3 + 18*a~4*tan(d*x) "2*tan(c)”~3 - 108*a~2*b~2*tan(d
*x) "2%tan(c) "3 + 10*b~4*xtan(d*x) "2*tan(c) 3 + 72*a”~2*xb~2xtan(d*x)*tan(c) "4
- 30*b~4*tan(d*x)*tan(c) 4 - 2*%b~4*tan(c) 5 - 3*a~4dxdxxxtan(d*x)~2 + 54*a~2
*b~2xd*x*tan (d*xx) "2 - 15xb~4*xd*x*tan(d*x) "2 - 12xa*xb”~3*tan(d*x) "4 + 9*a~4xd
*x*xtan(d*x) *tan(c) - 162*xa~2xb~2*d*x*tan(d*x)*tan(c) + 45*b~4xd*x*tan(d*x) *
tan(c) - 18*a~3*bxtan(d*x) "3*tan(c) + 42xaxb~3*tan(d*x) "3*tan(c) - 3*a~4xd*
x*tan(c) "2 + 54*a~2xb"2*d*x*tan(c) "2 - 15xb~4*d*x*tan(c) 2 - 96*a”3xbxtan(d
*x) "2%tan(c) "2 + 48*axb~3xtan(d*x) "2*tan(c) 2 - 18*a”~3*b*tan(d*x)*tan(c) 3
+ 42xa*xb”3xtan(d*x)*tan(c) "3 - 12%a*b~3*tan(c) 4 + 12xa”3*b*xlog(4*(tan(c)~2
+ 1)/ (tan(d*x) “4*xtan(c) "2 - 2xtan(d*x) "3*tan(c) + tan(d+*x) 2*tan(c)”2 + ta
n(d*x)~2 - 2xtan(d*x)*tan(c) + 1))*tan(d*x)~2 - 24*a*xb~3*log(4*(tan(c)~2 +
1)/ (tan(d*x) “4*tan(c) "2 - 2*tan(d*x) "3*tan(c) + tan(d*x) " 2*tan(c)”2 + tan(d
*x) 72 - 2*xtan(d*x)*tan(c) + 1))*tan(d*x)”2 - 36*xa~2*xb~2xtan(d*x)~3 + 10*b~4
*tan (d*x) "3 - 36*a”3*%bxlog(4*(tan(c)”2 + 1)/(tan(d*x) “4*tan(c)”2 - 2xtan(dx
x)"3*xtan(c) + tan(d*x) "2*tan(c)”2 + tan(d*x)~2 - 2%tan(d*x)*tan(c) + 1))xta
n(d*x)*tan(c) + 72xa*xb”~3xlog(4*(tan(c)”2 + 1)/(tan(d*x) 4xtan(c)”2 - 2xtan(
d*x) "3*tan(c) + tan(d*x) 2*tan(c) 2 + tan(d*x)~2 - 2*tan(d*x)*tan(c) + 1))*
tan(d*x)*tan(c) - 12*a"4*tan(d*x) " 2*tan(c) + 108*a~2*b~2*tan(d*x) "2*tan(c)
- 30%b~4*xtan(d*x) "2*tan(c) + 12*a”3*bxlog(4*(tan(c)~2 + 1)/(tan(d*x) 4*tan(
c)"2 - 2%tan(d*x) "3*tan(c) + tan(d*x) 2*tan(c)”2 + tan(d*x)~2 - 2xtan(d*x)*
tan(c) + 1))*tan(c)”2 - 24*axb~3*xlog(4*x(tan(c)~2 + 1)/(tan(d*x) “4*tan(c) "2
- 2«xtan(d*x) "3*tan(c) + tan(d+*x) 2*tan(c) 2 + tan(d*x)~2 - 2*tan(d+*x)*tan(c
) + 1))*tan(c) ™2 - 12*a"4*tan(d*x)*tan(c)”2 + 108*a”2*b~2*tan(d*x)*tan(c) "2
- 30*b~4x*xtan(d*x)*tan(c) "2 - 36*a”2*xb"2*tan(c)”3 + 10*b~4xtan(c)~3 - 3*a"4
*dxx + B54*a”2xb"2*xd*x - 15xb74*xd*x + 6%a”3*b*tan(dxx)”2 - 30*axb~3*tan(d*x)
2 + 42*a”3*bxtan(d*x)*tan(c) - 30*a*b~3*tan(d*x)*tan(c) + 6*a~3*b*xtan(c) 2
- 30*a*b~3xtan(c)”2 + 12*a~3*bxlog(4*(tan(c)”2 + 1)/(tan(d*x) 4xtan(c)”2 -
2*%tan(d*x) "3*tan(c) + tan(d*x) 2*tan(c) 2 + tan(d*x)~2 - 2%tan(d*x)*tan(c)
+ 1)) - 24xaxb”3*xlog(4*(tan(c)”2 + 1)/(tan(d*x) “4*tan(c) 2 - 2xtan(d*x) "3
tan(c) + tan(d+*x) 2*tan(c)”2 + tan(d*x)~2 - 2xtan(d*x)*tan(c) + 1)) + 3*xa~4
stan(d*x) - 54*a”~2xb"2xtan(d*x) + 15*%b~4*xtan(d*x) + 3*a~4xtan(c) - 54*a~2x*b
“2xtan(c) + 15*b~4*xtan(c) - 6*a~3*b - 6*a*b”3)/(d*tan(d*x) 5xtan(c)”5 + dx*t
an(d*x) "5*xtan(c) "3 - 3*d*tan(d*x) “4*tan(c) 4 + dxtan(d*x) “3xtan(c)”5 - 3*d*
tan(d*x) “4xtan(c) "2 + 4*d*tan(d*x) "3*tan(c)~3 - 3*d*tan(d*x) 2*tan(c)”4 + 3
*d*tan(d*x) "3*tan(c) - 4xdxtan(d+*x) 2*tan(c) 2 + 3*d*tan(d*x)*tan(c)~3 - d*
tan(d*x) "2 + 3*d*tan(d*x)*tan(c) - dxtan(c)”2 - d)
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3.43  [sin(c+dx)(a+ btan(c + dx))* dx

Optimal. Leaf size=180

6a°b? cos(c + dx) . 6a°b? sec(c +dx)  4a’bsin(c + dx) . 4a3btanh ' (sin(c + dx))  a% cos(c + dx) . 6ab> sin(c +

d d d d d

[Out] (4*a~3*b*ArcTanh[Sin[c + d*x]])/d - (6*%a*b”~3*ArcTanh[Sin[c + d*x]])/d - (a~

4*xCos[c + d*x])/d + (6*%a”2*xb"2*Cos[c + d*x])/d - (b"4*Cos[c + d*x])/d + (6%
a"2xb"2xSec[c + d*x])/d - (2*b~4xSec[c + d*x])/d + (b~4x*Sec[c + d*x]~3)/(3x
d) - (4*a”3*b*Sin[c + d*x])/d + (6*a*xb”3*Sin[c + d*x])/d + (2*a*b~3*Sin[c +
d*x]*Tan[c + d*xx]~2)/d

Rubi [A] time = 0.15661, antiderivative size = 180, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 16, number of rules used = 9, integrand size = 19, e

integrand size
0.474, Rules used = {3517, 2638, 2592, 321, 206, 2590, 14, 288, 270}

d

6a°b? cos(c + dx) s 6ab? sec(c +dx)  4a’bsin(c + dx) s 4a3b tanh " (sin(c + dx)) ~ a* cos(c + dx) s 6ab> sin(c +

d d d d d

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]*(a + bx*Tan[c + d*xx])~4,x]

[Out] (4*a~3*b*ArcTanh[Sin[c + d*x]])/d - (6*a*b”~3*ArcTanh[Sin[c + d*x]])/d - (a~

4xCos[c + d*x])/d + (6*xa~2xb~2+Cos[c + d*x])/d - (b"4*Cos[c + d*x])/d + (6%
a~2xb"2xSec[c + d*x])/d - (2*b~4x*Sec[c + d*x])/d + (b~4x*Sec[c + d*x]~3)/(3x
d) - (4*a”3*b*Sin[c + d*x])/d + (6*a*xb”™3*Sin[c + d*x])/d + (2*a*b~3*Sin[c +
d*x]*Tan[c + d*x]~2)/d

Rule 3517

Int[sinl[(e_.) + (f_)*(x_)]"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 2638
Int[sinl(c_.) + (d_.)*(x_)], x_Symbol]l :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, xI]

Rule 2592

d
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Int[((a_.)*sin[(e_.) + (f£_D)*(x_)1)"(m_.)*tanl(e_.) + (f_)*x(x_)]1"(n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
ff*x)"(m + n)/(@"2 - f£f72%x"2) " ((n + 1)/2), x], x, (a*xSin[e + fxx])/ff], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 321

Int[((c_.)*x(x_)) " (m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 2590

Int[sin[(e_.) + (f_)*(x_)] " (m_.)*tan[(e_.) + (f_.)*(x_)]"(n_.), x_Symbol]
:> -Dist[f~(-1), Subst[Int[(1l - x*2)"((m + n - 1)/2)/x"n, x], x, Cosl[e + fx
x]1, x] /; FreeQ[{e, f}, x] && IntegersQ[m, n, (m + n - 1)/2]

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 288

Int[((c_.)*x(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))~(p_), x_Symbol] :> Simp[(c~
(n - D*(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (b*n*x(p + 1)), x] - Dist[(c”
nx(m - n + 1))/(b*nx(p + 1)), Int[(c*x)"(m - n)*(a + bxx™n) " (p + 1), x], x]
/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] && LtQ[p, -1] && GtQ[m + 1, n] && !'I
LtQ[(m + n*(p + 1) + 1)/n, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 270

Int[((c_)*(x ))"(m_.)*x((a_) + (b_.)*(x_ )" (n_))"(p_.), x_Symbol] :> Int[Exp
andIntegrand[(c*x) “m*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, ¢, m, n}, x] &&
I1GtQ[p, 0]
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Rubi steps

f sin(c + dx)(a + btan(c + dx))*dx = f (a4 sin(c + dx) + 4a3b sin(c + dx) tan(c + dx) + 6a2b? sin(c + dx) tan®(c + ¢

=a* f sin(c + dx) dx + (4a3b) f sin(c + dx) tan(c + dx) dx + (6a2b2) f sin(c +

(4a3b) Subst ( ) % dx, x, sin(c + dx)) (6112192) Subst ( |

_a*cos(c +dx) s
- d d

3
_a*cos(c+dx)  4a’bsin(c + dx) N 2ab? sin(c + dx) tan®(c + dx) N (4’1 b) :

d d d

4a3btanh (sin(c + dx))  atcos(c+dx)  6a2b?cos(c +dx)  b*cos(c + da
= —_ + —
d d d d
_ 4a’h tanh ™ (sin(c + dx))  6ab3 tanh ' (sin(c + dx))  a% cos(c + dx) .\ 6a°b
B d - d - d

Mathematica [B] time = 5.45856, size = 383, normalized size = 2.13

2b2(36u2—11b2)sin(%(c+dx)) 2b2(11b2—36a2)sin(%(c+dx))

—48ab (a2 - bz) sin(c + dx) =12 (—6a2b2 +at+ b4) cos(c + dx) +

— 4

cos( % (c+dx))—sin( % (c+dx)) " sin(% (c+dx))+cos( % (c+dx))

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]*(a + b*Tan[c + d*x])~4,x]

[Out] (72*a"2%b"2 - 22%b~4 - 12*(a”4 - 6*a”2*%b"2 + b~4)*Cos[c + d*xx] - 24xaxb* (2%
a”2 - 3*b~2)*Log[Cos[(c + d*x)/2] - Sin[(c + dxx)/2]] + 24*axbx(2%¥a”2 - 3*b
~2)*Log[Cos[(c + d*x)/2] + Sin[(c + d*x)/2]] + (b~3x(12xa + b))/(Cos[(c + d
xx)/2] - Sin[(c + d*x)/2])72 + (2%b~4xSin[(c + d*x)/2])/(Cos[(c + d*x)/2] -
Sin[(c + d*x)/2])73 + (2%¥b"2*(36*a"2 - 11*b~2)*Sin[(c + d*x)/2])/(Cos[(c +
d*x)/2] - Sin[(c + d*x)/2]) - (2*b~4*xSin[(c + d*x)/2])/(Cos[(c + d*xx)/2] +
Sin[(c + d*x)/2])"3 + (b~3*(-12*a + b))/ (Cos[(c + d*x)/2] + Sin[(c + d*x)/
2]1)72 + (2%b72%(-36*a”"2 + 11*b~2)*Sin[(c + d*x)/2])/(Cos[(c + d*x)/2] + Sin

[(c + d*x)/2]) - 48*xaxbx(a”2 - b~2)*Sin[c + dx*x])/(12*xd)
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Maple [A] time = 0.049, size = 309, normalized size = 1.7

b4 (sin (dx + ¢))° _ b* (sin (dx + ¢))° 8 b* cos (dx + ¢) _ b cos (dx + ¢) (sin (dx + o)? 4 b* cos (dx + c) (sin (dx + ¢
3d(cos(dx +¢)°  dcos(dx+c) 3d d 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c)*(a+bxtan(d*x+c))"4,x)

[Out] 1/3/d*b~4*xsin(d*x+c)~6/cos(d*x+c) ~3-1/d*b"4*xsin(d*x+c) ~6/cos(d*x+c)-8/3*b~4
*cos (d*x+c) /d-1/d*b"4*cos (d*x+c) *sin(d*x+c) "4-4/3/d*b"4*cos (d*x+c) *sin (d*xx+
c)"2+2/d*b"3*a*sin(d*x+c) ~5/cos (d*x+c) "2+2*a*b " 3*sin(d*x+c) ~3/d+6*a*b~3*sin
(d*x+c)/d-6/d*b"3*a*x1ln(sec(d*x+c)+tan(d*x+c))+6/d*a"2*xb"2*xsin (d*x+c) ~4/cos(
d*x+c)+6/d*a”2*¥b"2*cos (d*x+c) *sin(d*x+c) “2+12*a"2%b~2*xcos (d*x+c) /d—4*a”3*b*
sin(d*x+c)/d+4/d*b*xa~3*1n(sec(d*x+c)+tan(d*x+c))-a~4*cos(d*x+c)/d

Maxima [A] time = 1.09334, size = 224, normalized size = 1.24

3 ab3(M + 3 log (sin (dx + ¢) + 1) = 3 log (sin (dx + ¢) = 1) — 4 sin (dx + c)) -18 azbz( + cos (dx + ¢)

sin(dx+c)?—1 cos(dx+c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(atbxtan(d*x+c))~4,x, algorithm="maxima")

[Out] -1/3%(3*a*b~3*(2*sin(d*x + c)/(sin(d*x + ¢c)~2 - 1) + 3*xlog(sin(d*x + c) + 1
) - 3*log(sin(d*x + c) - 1) - 4xsin(d*x + c)) - 18%a”2*b"2x(1/cos(d*x + c)

+ cos(d*x + c)) + b74x((6*cos(d*x + c)”2 - 1)/cos(d*x + c)~3 + 3*cos(d*x +

c)) - 6*%a”3*bx(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1) - 2*sin(d*x +

c)) + 3*a~4x*xcos(d*x + c))/d

Fricas [A] time = 2.06641, size = 414, normalized size = 2.3

3 (a4 - 6a%b + b4) cos(dx +c)* -3 (2 a3b -3 ab3) cos (dx + ¢)° log (sin (dx + ¢) +1) + 3 (2 a3b -3 ab3) cos (dx + ¢)°
3dcos

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c)*(atb*xtan(d*x+c))~4,x, algorithm="fricas")

[Out] -1/3*(3*(a"4 - 6*a~2*b"2 + b~ 4)*cos(d*x + c)”4 - 3*(2*xa~3*b - 3*a*b”3)*cos(
d*x + c)”"3xlog(sin(d*x + c) + 1) + 3*(2%a”3xb - 3*a*b~3)*cos(d*x + c) 3x*log
(-sin(d*x + c) + 1) - b™4 - 6*%(3*a”2*b"2 - b 4)*cos(d*x + c)~2 - 6*(a*xb”3*c
os(d*x + c) - 2%(a”3%b - a*b”3)*cos(d*x + c) 3)*sin(d*x + c))/(d*cos(d*x +

c)~3)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a +btan(c + alx))4 sin (¢ + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(atb*tan(d*x+c))**4,x)

[Out] Integral((a + bxtan(c + d*x))**4*sin(c + d*x), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c)*(at+tbxtan(d*x+c))~4,x, algorithm="giac")

[Out] Timed out
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344 [ csc(c+dx)(a+ btan(c + dx))* dx

Optimal. Leaf size=118

6a2b? sec(c + dx) . 4a3b tanh ™ (sin(c + dx)) _ a* tanh ™ (cos(c + dx)) _ 2ab3 tanh ™} (sin(c + dx)) .\ 2ab3 tan(c + dx)
d d d d d

[Out] -((a~4xArcTanh[Cos[c + d*x]])/d) + (4*a~3*bxArcTanh([Sin[c + d*x]])/d - (2*a
*b~3*%ArcTanh[Sin[c + d*x]])/d + (6%xa”2*xb"2xSec[c + d*x])/d - (b~4*Sec[c + d
xx])/d + (b~4xSec[c + d*x]~3)/(3*d) + (2*a*b~3*Sec[c + d*x]*Tan[c + d*x])/d

Rubi [A] time = 0.114219, antiderivative size = 118, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 5, integrand size = 19, number of rules _

integrand size
0.263, Rules used = {3517, 3770, 2606, 8, 2611}

6a2b? sec(c + dx) . 4a3b tanh ™ (sin(c + dx)) _ a* tanh ™ (cos(c + dx)) _ 2ab3 tanh ™ (sin(c + dx)) .\ 2ab? tan(c + dx)
d d d d d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]*(a + b*Tan[c + d*x])~4,x]

[Out] -((a~4*xArcTanh[Cos[c + d*x]])/d) + (4*a~3*bxArcTanh([Sin[c + d*x]])/d - (2*a
*b~3*%ArcTanh[Sin[c + d*x]])/d + (6%xa”2*xb"2xSec[c + d*x])/d - (b~ 4*Sec[c + d
*x])/d + (b~4xSec[c + d*x]~3)/(3%d) + (2*axb~3*Sec[c + d*x]*Tan[c + d*x])/d

Rule 3517

Int[sinl[(e_.) + (£_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])“n, x], x]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Rule 2606

Int[((a_.)*sec[(e_.) + (£_)*(x_)1)"(m_.)*x((b_.)*tan[(e_.) + (£f_.)*x(x_)]1)"(
n_.), x_Symbol] :> Dist([a/f, Subst[Int[(a*x)"(m - 1)*(-1 + x72)"((n - 1)/2)
, x], x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] &% IntegerQ[(n - 1)/2]
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&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2611

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1])"(m_.)*((b_.)*tanl[(e_.) + (£_.)*(x_)1)"(
n_), x_Symbol] :> Simp[(b*(a*Secl[e + f*x]) m*(b*Tanl[e + fxx])~(n - 1))/ (£*(
m+n-1)), x] - Dist[(b™2*x(n - 1))/(m + n - 1), Int[(a*Sec[e + f*x]) m*(b
xTan[e + f*x])"(n - 2), x], x] /; FreeQ[{a, b, e, f, m}, x] && GtQ[n, 1] &&
NeQ[m + n - 1, 0] &% IntegersQ[2*m, 2#n]

Rubi steps

fcsc(c +dx)(a + btan(c + dx))*dx = f (a4 csc(c + dx) + 4a’bsec(c + dx) + 6a%b? sec(c + dx) tan(c + dx) + 4ab> se

=gt f csc(c + dx) dx + (4a3b) f sec(c + dx) dx + (6a2b2) f sec(c + dx) tan(c -

_at tanh ™ (cos(c + dx)) s 4a3b tanh ™ (sin(c + dx)) . 2ab? sec(c + dx) tan(c

d d d
_at tanh ™ (cos(c + dx)) s 4a3b tanh (sin(c + dx))  2ab®tanh ™ (sin(c + d.
T d d - d

Mathematica [B] time = 5.1324, size = 352, normalized size = 2.98

202 sin® (%(c + dx)) sec3(c + dx) ((36a2 —~ 5b2) cos(2(c + dx)) + 36a% + 2b? cos(c + dx) — bz) + 72a%b? - 48a%b log (co:

Antiderivative was successfully verified.

[In] Integrate[Csclc + d*x]*(a + b*Tan[c + d*x])~4,x]

[Out] (72*%a"2%b”2 - 10*b~4 - 12*%a~4*Log[Cos[(c + dxx)/2]] - 48*a”~3x*b*Log[Cos[(c +
d*x)/2] - Sin[(c + d*x)/2]] + 24*xaxb~3*Log[Cos[(c + d*x)/2] - Sin[(c + d*x
)/2]] + 12*%a~4*Log[Sin[(c + dxx)/2]] + 48%a~3xb*Log[Cos[(c + dxx)/2] + Sin[
(c + d*x)/2]] - 24*a*xb~3xLogl[Cos[(c + d*x)/2] + Sin[(c + dx*x)/2]] + (12*axb
~3)/(Cos[(c + d*x)/2] - Sin[(c + d*x)/2])72 + b~4/(Cos[(c + d*x)/2] - Sin[(
c + d¥x)/2])72 + 2%b72%(36%a"2 - b72 + 2*%b72xCos[c + dxx] + (36%a”2 - 5*b72
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Y*xCos[2%(c + d*x)])*Sec[c + d*x]~3xSin[(c + d*x)/2]"2 - (12*xa*xb~3)/(Cos[(c
+ d*x)/2] + Sin[(c + d*x)/2])"2 + b™4/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])
~2)/(12x4d)

Maple [A] time = 0.069, size = 214, normalized size = 1.8

b (sin (dx + o))* _ b* (sin (dx + o))* _ b* cos (dx + ) (sin (dx + ¢))? 2 bcos(dx+c) _ ba(sin(dx +c))° i @
3d(cos(dx +¢))®> 3dcos(dx+c) 3d 3d d (cos (dx + ¢))*

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)*(a+tbxtan(d*x+c))~4,x)

[Out] 1/3/d*b"4*sin(d*x+c)~4/cos(d*x+c) " 3-1/3/d*b"4*xsin(d*x+c)~4/cos(d*x+c)-1/3/d
*b~4d*xcos (d*xx+c) *sin(d*x+c) "2-2/3%b"4*cos (d*x+c) /d+2/d*b~ 3*a*sin(d*x+c) ~3/co

s (d*x+c) "2+2*%axb~3*sin(d*x+c) /d-2/d*b"3*ax*x1n(sec (d*x+c)+tan(d*x+c))+6/d*a”2
*b~2/cos (d*x+c)+4/d*bxa~3*1n(sec(d*x+c)+tan(d*x+c) )+1/d*a~4*1n(csc(d*x+c)-c

ot (d*x+c))

Maxima [A] time = 1.10845, size = 188, normalized size = 1.59

3( 2 sin(dx+c)

sin(dx+c)2—1

+ log (sin (dx + ¢) + 1) — log (sin (dx + ¢) — 1)) — 6 a%b(log (sin (dx + ¢) + 1) — log (sin (dx + ¢) — 1))
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c)) 4,x, algorithm="maxima"

[Out] -1/3%(3*axb~3*(2*sin(d*x + c)/(sin(d*x + ¢)”2 - 1) + log(sin(d*x + c) + 1)
- log(sin(d*x + c) - 1)) - 6*a”"3*bx(log(sin(d*x + c) + 1) - log(sin(d*x + c

) - 1)) + 3xa~4xlog(cot(d*x + c) + csc(d*x + c)) - 18*a”2%b~2/cos(d*x + c)

+ (3%cos(d*x + ¢)72 - 1)*b"4/cos(d*x + ¢)~3)/d

Fricas [A] time = 2.56534, size = 444, normalized size = 3.76

3at cos (dx + ¢)’ log (% cos (dx +c) + %) —3atcos(dx +¢)’ log (—% cos (dx +c) + %) — 12 ab3 cos (dx + ¢) sin (dx +
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c))~4,x, algorithm="fricas")

[Out] -1/6%(3*a~4*cos(d*x + c)~3xlog(l/2xcos(d*x + c) + 1/2) - 3*a"4*cos(d*x + c)
“3%log(-1/2%cos(d*x + c) + 1/2) - 12xa*b”~3*cos(d*x + c)*sin(d*x + c) - 6%(2
*a”~3%b - axb”3)*cos(d*x + c) " 3xlog(sin(d*x + c) + 1) + 6%x(2%¥a”3*b - a*xb~3)*
cos(d*x + c)"3*log(-sin(d*x + c) + 1) - 2%b74 - 6%(6%a”2*%b"2 - b~4)*cos(d*x

+ ¢)~2)/(d*cos(d*x + c)~3)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atb*tan(d*x+c))**4,x)

[Out] Timed out

Giac [A] time = 2.70968, size = 261, normalized size = 2.21

3a*log (|tan (% dx + % c)|) +6 (2 a3b - ab3) log (|tan (% dx + % c) + 1|) -6 (2 a’b - ab3) log (|tan (% dx + %c) - 1|) -

3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c))~4,x, algorithm="giac")

[Out] 1/3%(3*a~4xlog(abs(tan(1l/2xd*x + 1/2%c))) + 6%(2*xa"3*%b - a*b~3)*log(abs(tan
(1/2*%d*x + 1/2%c) + 1)) - 6%(2%xa~3*b - axb~3)*log(abs(tan(1/2*d*x + 1/2%c)

- 1)) + 4*x(3*axb”3*xtan(1/2xd*x + 1/2%c)”5 - 9*a~2xb~2xtan(1/2xd*x + 1/2%c)”

4 + 18*a”2xb"2xtan(1/2*d*x + 1/2*%c)”2 - 3*b~4xtan(1/2*d*x + 1/2*%c)”~2 - 3*xax

b~ 3*tan(1/2xd*x + 1/2%c) - 9*a”"2*b"2 + b~4)/(tan(1/2*d*x + 1/2*c)”"2 - 1)73)

/d
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3.45  [cscX(c+dx)(a+ btan(c + dx))*dx

Optimal. Leaf size=83

6a2b? tan(c + dx)  4ablog(tan(c + dx)) a*cot(c +dx) 2ab®tan?(c +dx) b*tan®(c + dx)
d " d a7 d B

[Out] -((a~4*Cot[c + d*x])/d) + (4*a~3*bxLog[Tan[c + d*x]])/d + (6%a~2xb~2*Tan[c
+ d*x])/d + (2*%axb”~3*Tan[c + d*x]~2)/d + (b"4*Tan[c + d*x]~3)/(3*d)

Rubi [A] time = 0.0581838, antiderivative size = 83, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, e S

0.095, Rules used = {3516, 43}

integrand size

6a2b? tan(c + dx)  4a®blog(tan(c + dx)) a*cot(c +dx) 2ab®tan?(c+dx) b*tan(c + dx)
d d T a7 d T g

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~2*(a + bxTan[c + d*x])~4,x]

[Out] -((a~4*Cot[c + d*x])/d) + (4*xa~3*bxLogl[Tan[c + d*x]])/d + (6*a~2xb~2*Tan[c
+ d*x])/d + (2xaxb”3xTan[c + d*x]~2)/d + (b~ 4*Tan[c + d*x]~3)/(3*d)

Rule 3516

Int[sinl(e_.) + (£_)*(x_)]1 " (m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5*(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
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b Subst ( f (a+2)" dx,x,btan(c + dx))

2
f cs2(c + dx)(a + btan(c + dx))* dx = —
b Subst (f (6512 + ”—i + 4 + 4ax + xz) dx, x, btan(c + dx))
_ X X
B d
a*cot(c +dx)  4a’blog(tan(c +dx))  6a2b%tan(c +dx) 2ab®tan?(c -
ST d i d i d

Mathematica [A] time = 1.16045, size = 162, normalized size = 1.95
csc(c + dx) sec3(c + dx) (4 (3a4 + b4) cos(2(c + dx)) + (18112172 +3a% - b4) cos(4(c + dx)) + 3 (Sab sin(2(c + dx)) (—a:

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + dxx]"2*(a + b*Tan[c + d*x])~4,x]

[Out] -(Csclc + d*x]*Sec[c + d*x] 3*(4*(3*a"4 + b~4)*Cos[2*x(c + d*x)] + (3*a"4 +
18*a~2*b"2 - b~ 4)*Cos[4*(c + d*x)] + 3*(3*a”4 - 6*a"2+%b"2 - b™4 + 8*xaxbx(-b

~2 + a"2xLog[Cos[c + d*x]] - a"2*Log[Sin[c + d*x]])*Sin[2x(c + d*x)] + 4x*a”
3*bx (Log[Cos[c + d*x]] - LoglSin[c + d*x]])*Sin[4*(c + d*x)]1)))/(24%d)

Maple [A] time = 0.063, size = 90, normalized size = 1.1

b (sin (dx + ¢))° b3a a?b? tan (dx + ¢) 4 ba® In (tan (dx + ¢)) ~ a* cot (dx + ¢)
d d d

3d(cos(@dx+c)®  d(cos(dx+ )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) " 2*x(at+b*tan(d*x+c))~4,x)

[Out] 1/3/d*b~4x*xsin(d*x+c) ~3/cos(d*xx+c) " 3+2/d*b " 3*a/cos (d*x+c) "2+6*xa”2xb " 2xtan (d*
x+c) /d+4xa" 3xbx1n(tan(d*x+c))/d-a~4*xcot (d*x+c)/d

Maxima [A] time = 1.12037, size = 97, normalized size = 1.17

4
bt tan (dx + ©)° + 6ab® tan (dx + ¢)* + 12 a®blog (tan (dx + ¢)) + 18 a?b? tan (dx + ¢) — tani;x+c)
3d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2x(atb*tan(d*x+c))”4,x, algorithm="maxima"

[Out] 1/3*%(b~4*tan(d*x + c)~3 + 6*axb~3*tan(d*x + c)~2 + 12%a"3*b*xlog(tan(d*x + c
)) + 18*%a”2xb"2xtan(d*x + c) - 3%a"4/tan(d*x + c))/d

Fricas [A] time = 2.04927, size = 389, normalized size = 4.69

6.4 cos (dx + )’ log (cos (dx + %) sin (dx + ¢) — 6 a>b cos (dx +¢)° log (‘411 cos (dx + o) + i) sin (dx + ¢) — 6 ab

- 3dcos(dx + c)3 sin (dx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2x(a+b*tan(d*x+c)) 4,x, algorithm="fricas")

[Out] -1/3%(6*a”3*b*cos(d*x + c) 3*xlog(cos(d*x + c)"2)*sin(d*x + c) - 6%a~3*b*cos
(d*x + c)"3*log(-1/4*cos(d*x + ¢c)72 + 1/4)*sin(d*x + c) - 6*a*b”~3xcos(d*x +
c)xsin(d*x + c) + (3*%a”4 + 18%a”24%b”2 - b~4)*cos(d*x + c)™4 - b~4 - 2%(9*a
“2%b~2 - b~4)*cos(d*x + c)~2)/(d*cos(d*x + c) 3*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**2*(atb*tan(d*x+c))**4,x)

[Out] Timed out

Giac [A] time = 2.64793, size = 116, normalized size = 1.4

4 3 3 2 3 979 3 (4a%b tan(dx+c)+a?)
b*tan (dx + ¢)” + 6 ab’ tan (dx + ¢)” + 12 a°blog (|tan (dx + c)|) + 18 a“b* tan (dx + ¢) — p—E—

3d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2x(atb*tan(d*x+c))”4,x, algorithm="giac")

[Out] 1/3*%(b~4*tan(d*x + c)~3 + 6*axb~3*tan(d*x + c)~2 + 12xa~3*b*log(abs(tan(d*x
+ c))) + 18%a"2*b~2xtan(d*x + c) - 3*(4*xa”3xbxtan(d*x + c) + a~4)/tan(d*x
+ ¢))/d
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3.46 [ cscP(c+dx)(a+ btan(c + dx))tdx

Optimal. Leaf size=161

6a2b? sec(c +dx)  6a2b? tanh *(cos(c + dx))  4ab csc(c + dx) N 4a3btanh (sin(c + dx))  a% tanh*(cos(c + dx)
d d d d 2d

[Out] -(a"4*xArcTanh[Cos[c + d*x]])/(2*d) - (6*a”~2*xb~2*xArcTanh[Cos[c + d*x]])/d +
(4*a~3*b*xArcTanh[Sin[c + d*x]])/d + (2*a*b”3*ArcTanh[Sin[c + d*x]])/d - (4%
a~3*bxCsclc + d*x])/d - (a~4*Cot[c + d*x]*Csclc + d*xx])/(2%d) + (6*a”2%b~2x*
Sec[c + d*x])/d + (b”4x*Sec[c + d*x]~3)/(3*d) + (2*xaxb~3*Sec[c + d*x]*Tan[c

+ d*x])/d

Rubi [A] time = 0.157433, antiderivative size = 161, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 9, integrand size = 21, number of rules_

integrand size
0.429, Rules used = {3517, 3768, 3770, 2621, 321, 207, 2622, 2606, 30}

6a2b? sec(c +dx)  6a2b? tanh *(cos(c + dx))  4a3b csc(c + dx) N 4a3btanh (sin(c + dx))  a% tanh*(cos(c + dx)
d d d d 2d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x] 3*(a + bxTan[c + d*x])~4,x]

[Out] -(a~4*ArcTanh[Cos[c + d*x]])/(2xd) - (6*a”2xb~2xArcTanh[Cos[c + d*x]])/d +
(4*a~3*b*xArcTanh[Sin[c + d*x]])/d + (2*a*b~3*ArcTanh[Sin[c + d*x]])/d - (4%
a~3*b*Csclc + d*x])/d - (a~4xCot[c + d*x]*Csclc + d*xx])/(2*xd) + (6*a~2%b~2%
Secl[c + d*x])/d + (b~4xSeclc + d*x]~3)/(3*d) + (2*xaxb~3*Sec[c + d*x]*Tanl[c

+ dxx])/d

Rule 3517

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], x]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)I*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Ix(b*Csclc + d*x])"(n - 1))/(@*(n - 1)), x] + Dist[(b"2*(n - 2))/(n - 1), I
nt[(b*Cscl[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&



253

IntegerQ[2x*n]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 2621

Int[(cscl(e_.) + (f_)*(x_)]*(a_.)) " (m_)*sec[(e_.) + (£_D)*x)]1"(n_.), x_S
ymbol] :> -Dist[(f*a"n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x]1, x, a*Cscle + f*x]], x] /; FreeQ[{a, e, f, m}, x] &% IntegerQ[(n
+1)/2] & !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - Dx(cxx)"(m - n + 1)*(a + bxx™n) " (p + 1))/(b*(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 |l GtQ[b, 01)

Rule 2622

Intlcscl(e_.) + (£_)*x )] (m_.)*((a_.)xsecl(e_.) + (f_D)*x)1)"(m ), xS
ymbol] :> Dist[1/(f*a"n), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n + 1)/2
), x], x, axSec[e + fx*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)
/2] && '(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 2606

Int[((a_.)*sec[(e_.) + (f£_)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*xx)"(m - 1)*(-1 + x72)"((n - 1)/2)
, x], x, Secle + f*x]], x] /; FreeQ[{a, e, £, m}, x] && IntegerQ[(n - 1)/2]
&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])

Rule 30
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Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rubi steps

fcsc3(c +dx)(a + btan(c + dx))*dx = f (a4 csc3(c + dx) + 4a3b csc?(c + dx) sec(c + dx) + 6a%b? csc(c + dx) sec?(c +

- f esc3(c +dx) dx + (4a%h) f esc?(c + dx) sec(c + dx) dx + (6a20?) f ese(e

_a4 cot(c + dx) cse(c + dx) N 2ab? sec(c + dx) tan(c + dx) N 1514 fcsc(c + ds

2d d
a* tanh ™ (cos(c + dx)) N 2ab3 tanh ! (sin(c + dx))  4adbesc(c +dx)  atc
B 2d d d
a*tanh ™ (cos(c + dx))  6a2b? tanh ™ (cos(c + dx)) .\ 4a3b tanh ™ (sin(c +
T 2d - d d

Mathematica [B] time = 6.19325, size = 1128, normalized size = 7.01

1
2a3b cos*(c + dx) tan (E(C + dx)) (a+btan(c+dx)* 2 (36a2 + bz) cost(c + dx)(a + btan(c + dx))* @ cos*(c+

d(a cos(c + dx) + bsin(c + dx))* 6d(a cos(c + dx) + bsin(c + dx))* - 84

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~3*(a + b*Tan[c + d*x])~4,x]

[Out] (b~2%(36%a"2 + b~2)*Cos[c + d*x]~4*x(a + bxTan[c + d*x])~4)/(6*d*(axCos[c +
d*x] + b*Sin[c + d*x])~4) - (2*a"3*b*Cos[c + d*x] 4*Cot[(c + d*x)/2]*(a + b
xTan[c + dxx])~4)/(d*(a*Cos[c + d*x] + bxSin[c + d*x])~4) - (a"4*Cos[c + dx
x]"4*xCsc[(c + d*x)/2]"2*(a + b*Tan[c + dxx])~4)/(8*d*(a*Cosl[c + d*x] + b*Si
nlc + d*x])~4) + ((-a”4 - 12%xa"2*b~2)*Cos[c + d*x] “4*Log[Cos[(c + dxx)/2]]1x*
(a + bxTan[c + d*x])~4)/(2xd*x(a*xCos[c + d*x] + b*Sinl[c + d*x])~4) - (2%(2*a
“3xb + a*b~3)*Cos[c + d*x] 4*Logl[Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]*(a +
b*Tan[c + d*x])~4)/(d*(axCos[c + d*x] + b*Sin[c + d*x])~4) + ((a”4 + 12*a"2
xb~2)*Cos [c + d*x]"4*xLogl[Sin[(c + d*x)/2]]*(a + bxTan[c + dx*x])~4)/(2xd*(ax*
Cos[c + d*x] + b*Sin[c + d*x])~4) + (2%(2*a~3*b + a*b~3)*Cos[c + dxx] “4*Log
[Cos[(c + d*x)/2] + Sin[(c + d*x)/2]]1*(a + bxTan[c + d*xx])~4)/(d*(a*xCos[c +
d*x] + b*Sin[c + d*x])"4) + (a"4*Cos[c + d*x] 4xSec[(c + d*x)/2] " 2*(a + bx*
Tan[c + d*x])~4)/(8*d*(a*xCos[c + d*x] + b*Sin[c + d*x])~4) + ((12*xa*b”3 + b
“4)*Cos[c + d*x] 4*x(a + bxTan[c + d*x])~4)/(12xd*(Cos[(c + d*x)/2] - Sin[(c
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+ dxx)/2]) "2+ (axCos[c + d*x] + b*Sin[c + d*x])"4) + (b"4*Cos[c + d*xx] 4x*Si
n[(c + dxx)/2]*(a + b*Tan[c + d*x])~4)/(6xd*(Cos[(c + d*x)/2] - Sin[(c + d*
x)/2]) "3x(a*Cos[c + d*x] + b*Sinl[c + d*x])~4) - (b"4*Cos[c + d*x] 4x*Sin[(c
+ d*x)/2]*(a + bxTan[c + d*x])~4)/(6*d*(Cos[(c + d*x)/2] + Sin[(c + dx*x)/2]
)"3x(a*Cos[c + d*x] + b*Sinl[c + d*x])~4) + ((-12*a*b”3 + b"4)*Cos[c + d*x]~
4x(a + bxTan[c + d*x])~4)/(12%d*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]) 2*x(ax
Cos[c + d*xx] + bxSin[c + d*x])~4) + (Cosl[c + d*xx] 4x(-36*a"2*xb"2*Sin[(c + d
*x)/2] - b~4xSin[(c + d*xx)/2])*(a + b*Tan[c + d*x])~4)/(6xd*(Cos[(c + d*x)/
2] + Sin[(c + dx*x)/2])*(axCos[c + d*x] + b*Sin[c + d*x])~4) + (Cos[c + d*x]
4% (36*%a”2*%b"2xSin[(c + d*x)/2] + b~ 4*Sin[(c + d*x)/2])*(a + bxTan[c + d*x]
)~4)/(6*%d*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2])*(axCos[c + d*x] + b*Sin[c +

d*x])~4) - (2*xa~3%b*Cos[c + d*x] 4*xTan[(c + dxx)/2]*(a + b*Tan[c + d*x])~4
)/ (dx(axCos[c + d*x] + b*Sin[c + d*x])~4)

Maple [A] time = 0.075, size = 192, normalized size = 1.2

bt bRasec (dx + c) tan (dx + ¢) o b3aln (sec (dx + ¢) + tan (dx + c)) a?b? W a?b?
3d (cos (dx + ¢))° d d d cos (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) " 3*x(at+b*tan(d*x+c))~4,x)

[Out] 1/3/d*b~4/cos(d*x+c) ~3+2*a*xb " 3*sec(d*x+c)*tan(d*x+c)/d+2/d*b " 3*a*xln(sec(d*x
+c)+tan(d*x+c))+6/d*a~2*b~2/cos (d*x+c)+6/d*xa”2xb"2*1n(csc(d*x+c)-cot (d*x+c)
)-4/d*b*a~3/sin(d*x+c)+4/d*xb*a~3x1n(sec (d*x+c)+tan(d*x+c))-1/2*xa~4*cot (d*x+
c)*csc(d*x+c)/d+1/2/d*a"4*x1n(csc(d*x+c)-cot (d*x+c))

Maxima [A] time = 1.17389, size = 254, normalized size = 1.58

2 sin(dx+c)

3 a4( 2 cos(dx+c) >— —log (sin (dx + c) + 1) + log (sir
sin(dx+c)" -1

cos(dx+c)2—1

—log(cos(dx + c) + 1) + log (cos (dx + ¢) — 1)) -12 ab3(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 3x(atb*tan(d*x+c))”4,x, algorithm="maxima"

[Out] 1/12x(3%a~4*(2xcos(d*x + c)/(cos(d*x + c)”2 - 1) - log(cos(d*x + c) + 1) +
log(cos(d*x + c) - 1)) - 12xaxb”3*(2+sin(d*x + c)/(sin(d*x + ¢)”2 - 1) - lo
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g(sin(d*x + c) + 1) + log(sin(d*x + c) - 1)) + 36*%a”2*b"2*(2/cos(d*x + c) -
log(cos(d*x + c) + 1) + log(cos(d*x + c) - 1)) - 24xa~3*b*(2/sin(d*x + c)
- log(sin(d*x + c) + 1) + log(sin(d*x + c) - 1)) + 4xb~4/cos(d*x + ¢c)~3)/d

Fricas [B] time = 3.03541, size = 818, normalized size = 5.08

6 (a4 +12 azbz) cos(dx+c)t —4bt-4 (18 a?b? - b4) cos (dx +¢c)* -3 ((u4 +12 azbz) cos (dx + ¢)° - (a4 +12 azbz) oS

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) ~3*(atb*tan(d*x+c))”4,x, algorithm="fricas")

[Out] 1/12%(6%(a”4 + 12%a”2xb~2)*cos(d*x + c)”4 - 4*b~4 - 4%(18*a"2*b"2 - b~4)*co
s(d*x + ¢c)72 - 3x((a™4 + 12*%a"2*b"2)*cos(d*x + c)75 - (a™4 + 12*%a~2*b~2)*co

s(d*x + c)73)xlog(1/2*%cos(d*x + c) + 1/2) + 3*x((a”4 + 12xa"2*xb~2)*cos(d*x +

)75 - (a”4 + 12xa”2xb~2)*cos(d*x + c)~3)*log(-1/2*cos(d*x + c) + 1/2) + 1

2% ((2%xa~3%b + a*b~3)*cos(d*x + c)”5 - (2*a"3*b + a*b”~3)*cos(d*x + c)~3)*log
(sin(d*x + c) + 1) - 12%((2*a”3%b + a*b~3)*cos(d*x + c)”5 - (2*a"3*b + a*b”
3)*cos(d*x + c)”3)*xlog(-sin(d*x + c) + 1) - 24*x(a*xb~3*cos(d*x + c) - (2xa”3

*b + axb”3)*cos(d*x + c)”3)*sin(d*x + c))/(d*cos(d*x + c)”5 - d*xcos(d*x + ¢

)7"3)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**3*(atb*tan(d*x+c))**4,x)

[Out] Timed out
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Giac [A] time = 2.76962, size = 405, normalized size = 2.52

2
3a*tan (% dx + % c) - 48a%bhtan (% dx + % c) +48 (2 a’h + ab3) log (|tan (% dx + % c) + 1|) - 48 (2 a’b + ab3) log (|1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) ~3*(atb*tan(d*x+c))”4,x, algorithm="giac")

[Out] 1/24*x(3*a~4xtan(1/2xd*x + 1/2%c)”2 - 48*a”3*xbxtan(1/2*d*x + 1/2%c) + 48*%(2x*
a~3xb + axb”3)*log(abs(tan(1/2xd*x + 1/2%c) + 1)) - 48%(2*a"3*b + a*b~3)*lo
g(abs(tan(1/2*d*x + 1/2%c) - 1)) + 12x(a”4 + 12%a"2xb"2)*log(abs(tan(1/2*d*

X + 1/2%c))) - 3*(6%a~4xtan(1/2*d*x + 1/2%c)”2 + 72%a"2xb " 2xtan(1/2*d*x + 1
/2*%c) "2 + 16xa”3*xbxtan(1/2*d*x + 1/2*%c) + a~4)/tan(1/2*d*x + 1/2*c)~2 + 16%
(6xa*xb~3*tan(1/2*d*x + 1/2*c)”~5 - 18*a~2%b~2*tan(1/2*xd*x + 1/2xc)~4 - 3%b~4
*tan(1/2*%d*x + 1/2*%c)”~4 + 36*xa~2%b"2xtan(1/2*d*x + 1/2*c)”2 - 6xaxb~3*tan(1l
/2%d*xx + 1/2%c) — 18*%a”2xb"2 - b~4)/(tan(1/2xd*x + 1/2*c)"2 - 1)73)/d
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347 [ csct(c+dx)(a+ btan(c + dx))* dx

Optimal. Leaf size=137

b? (6512 + bz) tan(c + dx) a? (a2 + 6b2) cot(c +dx) 4ab (a2 + bz) log(tan(c + dx)) 243 COtz(C +dx) at cot3(c .

F q " d i 34

[Out] -((a"2%(a"2 + 6*xb~2)*Cot[c + d*x])/d) - (2*a~3*b*Cot[c + d*x]~2)/d - (a~4xC
otlc + d*x]73)/(3xd) + (4xaxb*(a”2 + b~2)*Logl[Tanl[c + d*x]1)/d + (b~ 2*(6%a"

2 + b"2)*Tan[c + d*x])/d + (2*a*b~3*Tan[c + d*x]~2)/d + (b~4xTan[c + d*x]~3

)/ (3*d)

Rubi [A] time = 0.104227, antiderivative size = 137, normalized size of antiderivative
1., number of steps used = 3, number of rules used = 2, integrand size = 21, number of rules_

integrand size
0.095, Rules used = {3516, 894}

b? (6a2 + bz) tan(c + dx) a? (a2 + 6b2) cot(c +dx) 4ab (a2 + bz) log(tan(c +dx))  2a3bcot?(c +dx) a*cot3(c-
—_ + —_ —_

d d d d 3d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]"4x(a + bxTan[c + dx*x])"4,x]

[Out] -((a"2*(a"2 + 6xb~2)*Cot[c + d*x])/d) - (2*xa~3*bxCot[c + d*x]"2)/d - (a~4x*C
otlc + d*x]73)/(3xd) + (4xaxb*(a”2 + b~2)*Log[Tanl[c + d*x]1)/d + (b~ 2*(6%a"

2 + b"2)*Tan[c + d*x])/d + (2*a*b~3*Tan[c + d*x]~2)/d + (b~ 4xTan[c + d*x]~3

)/ (3%d)

Rule 3516

Int[sin[(e_.) + (f£_)*(x_ )] "(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x)])"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 894

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*x(x_)) " (m_)*x((a_) + (c_.)*(x_)"
2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
“2)7p, x], x] /; FreeQl{a, c, d, e, £, gt, x] && NeQ[exf - dxg, 0] && NeQl[c
xd~2 + a*e”2, 0] && IntegerQ[p] && ((EqQ[p, 1] && IntegersQ[m, n]) || (ILtQ
[m, 0] && ILtQ[n, 0]))
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Rubi steps

(a+x)4(b2+x2)

b Subst (f — dx, x,btan(c + dx))
fcsc4(c +dx)(a + btan(c + dx))*dx = y

2 4;2 312 4,212 Ag(a?+b2
b Subst (f(6a2 (1 + b—z) T A s () +4ax+x2) dx
6a X X X X
B d
B a? (112 + 61?2) cot(c+dx)  2a3bcot?(c +dx) a*cot(c + dx) . 4ab (112 +
T d - d - 3d

Mathematica [A] time = 3.67706, size = 188, normalized size = 1.37

sin(c + dx) tan®(c + dx)(a cot(c + dx) + b)* (—2b2 (9a2 + bz) sin(c + dx) cos?(c + dx) + cos(c + dx) (6a3b cot?(c + dx

3d(
Antiderivative was successfully verified.
[In] Integrate[Cscl[c + dxx]~4*(a + b*Tan[c + d*x])~4,x]
[Out] -((b + axCot[c + d*x])~4*Sin[c + d*x]*(Cos[c + d*x]*(-6%a*xb~3 + 6xa~3xbxCot
[c + d*x]"2 + a"4*xCot[c + d*x]~3) + 2*xa*Cos[c + d*x]~3*(ax(a”2 + 9xb~2)*Cot
[c + d*x] + 6%b*x(a”2 + b"2)*(Log[Cos[c + d*x]] - Log[Sin[c + d*x]])) - b~4x
Sin[c + d*x] - 2*xb"2*(9*a"2 + b~2)*Cos[c + d*x] 2*Sin[c + d*x])*Tan[c + d*x
173)/(3*d*(a*Cos[c + d*x] + b*Sin[c + d*x])~4)
Maple [A] time = 0.077, size = 184, normalized size = 1.3
2b* tan (dx +¢) . b4 tan (dx + c) (sec (dx + ¢))? o b3a 4 b3aln (tan (dx + c)) a?b?
3d 3d d (cos (dx + ¢))? d d sin (dx + ¢) cos (

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) ~4*(at+b*tan(d*x+c))~4,x)

[Out] 2/3/d*b~4xtan(d*x+c)+1/3/d*b"4*tan(d*x+c)*sec(d*x+c) "2+2/d*b~3*a/cos (d*x+c)
“2+4/d*b"3*ax1ln(tan(d*x+c))+6/d*a"2xb~2/sin (d*x+c) /cos (d*xx+c)-12/d*a"2*xb " 2%
cot (d*x+c)-2/d*xb*a~3/sin(d*x+c) "2+4*xa~3*b*1n(tan(d*x+c))/d-2/3*a"4*cot (d*x+
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c)/d-1/3/d*a"4*cot (d*¥x+c)*csc(d*xx+c) "2

Maxima [A] time = 1.07015, size = 162, normalized size = 1.18

6 a3b tan(dx+c)+a*-

b4 tan (dx + ¢)® + 6.ab3 tan (dx + ¢)* + 12 (a3b + ab3) log (tan (dx + c)) + 3 (6 a?b? + b4) tan (dx + ¢) —
3d

tal

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) ~4x(atb*tan(d*x+c))”4,x, algorithm="maxima"

[Out] 1/3*%(b~4*tan(d*x + c)~3 + 6*xaxb~3*tan(d*x + c)~2 + 12x(a”3%b + a*b~3)*log(t
an(d*x + c)) + 3*x(6*a”2*xb"2 + b"4)*tan(d*x + c) - (6*xa”3*bxtan(d*x + c) + a
“4 + 3x(a”4 + 6*%a"2xb"2)*xtan(d*x + c)~2)/tan(d*x + ¢c)~3)/d

Fricas [A] time = 2.19935, size = 633, normalized size = 4.62

2 (a4 +18a%b? + b4) cos (dx + c)6 +18 a®b? cos (dx + c)2 -3 (a4 +18a%b? + b4) cos (dx + c)4 +bt+6 ((a3b + ab3) CO:

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) ~4x(atb*tan(d*x+c))”4,x, algorithm="fricas")

[Out] -1/3*%(2%(a"4 + 18*a"2*b”"2 + b~ 4)*cos(d*x + c)~6 + 18*a"2xb"2*cos(d*x + c)~2
- 3x(a™4 + 18%a"2*b”2 + b74)*cos(d*x + c)74 + b4 + 6%x((a”3%b + a*xb”3)*cos

(d*x + c)7B5 - (a”3%b + a*b~3)*cos(d*x + c)~3)*log(cos(d*x + c)~2)*sin(d*x +

c) - 6%((a"3*b + a*b”3)*cos(d*x + ¢c)”5 - (a"3*b + a*b~3)*cos(d*x + c)~3)*1
og(-1/4*xcos(d*x + ¢c)72 + 1/4)*sin(d*x + c) + 6x(axb”3*cos(d*x + c) - (a~3*b

+ a*b”3)*cos(d*x + ¢)~3)*sin(d*x + c))/((d*xcos(d*x + ¢c)~5 - d*xcos(d*x + c)
~3)*sin(d*x + c¢))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**4*(atb*tan(d*x+c))**4,x)

[Out] Timed out

Giac [A] time = 2.64509, size = 217, normalized size = 1.58

b4 tan (dx + ¢)® + 6.ab3 tan (dx + ¢)* + 18 a2b? tan (dx + ¢) + 3b* tan (dx + ¢) + 12 (a3b + ab3) log (|tan (dx + c)) — 2
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) “4*(a+b*tan(d*x+c))"4,x, algorithm="giac")
g g g

[Out] 1/3*(b”4*tan(d*x + c)~3 + 6*a*b”3*tan(d*x + c)”~2 + 18*a~2*%b " 2*tan(d*x + c)
+ 3*%b”4xtan(d*x + c) + 12*%(a”3*b + a*xb”3)*log(abs(tan(d*x + c))) - (22*%a~3x
b*tan(d*x + c)~3 + 22*a*b~3*tan(d*x + c)~3 + 3*a"4xtan(d*x + c)~2 + 18*a”2%

b 2xtan(d*x + c)~2 + 6*a”3*b*tan(d*x + c) + a~4)/tan(d*x + c)~3)/d
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348 [ csc®(c+dx)(a+ btan(c + dx))* dx

Optimal. Leaf size=274

9a2b? sec(c +dx)  9a2b? tanh '(cos(c + dx))  3a2b? csc2(c + dx) sec(c + dx)  4adbesc3(c +dx)  4aBbesc(c + dx)
d d d 3d d

[Out] (-3*a~4*xArcTanh[Cos[c + d*x]])/(8*d) - (9*a~2*xb~2xArcTanh[Cos[c + d*x]])/d
- (b"4*ArcTanh[Cos[c + d*x]])/d + (4*a~3*b*ArcTanh[Sin[c + d*x]])/d + (6*ax
b~3*ArcTanh[Sinl[c + d*x]])/d - (4*a”~3*b*Csc[c + d*x])/d - (6xa*xb~3*Csc[c +
d*x])/d - (3*a~4xCot[c + d*x]*Cscl[c + d*x])/(8+d) - (4*a~3*b*Csc[c + d*x]~3

)/ (3*d) - (a~4*Cot[c + d*x]*Csclc + d*x]~3)/(4*d) + (9*a~2%b~2xSec[c + d*x]

)/d + (b™4%Sec[c + d*x])/d - (3*a~2xb~2*Cscl[c + d*x] 2*Secl[c + d*x])/d + (2
*axb~3*Csc[c + d*x]*Sec[c + d*x]~2)/d + (b"4x*Secl[c + d*xx]~3)/(3*d)

Rubi [A] time = 0.240883, antiderivative size = 274, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 21, number of rules used = 9, integrand size = 21, e

0.429, Rules used = {3517, 3768, 3770, 2621, 302, 207, 2622, 288, 321}

integrand size

9a%b? sec(c + dx)  9a*b? tanh_l(cos(c +dx)) 3a?b? csc?(c + dx)sec(c +dx)  4aPbesc3(c +dx)  4a’besc(c + dx)
d d d 3d d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~5*x(a + bxTan[c + dx*x])"4,x]

[Out] (-3*a~4*xArcTanh[Cos[c + d*x]])/(8*d) - (9*a~2*xb~2xArcTanh[Cos[c + d*x]])/d
- (b"4*ArcTanh[Cos[c + d*x]])/d + (4*a"3*b*ArcTanh[Sin[c + d*x]])/d + (6*ax
b~3*ArcTanh[Sin[c + d*x]])/d - (4*a~3*b*Csc[c + d*x])/d - (6xa*xb~3*Csc[c +
d*x])/d - (3*a~4xCot[c + d*x]*Csclc + d*x])/(8+d) - (4*a~3*bxCscl[c + d*x]~3

)/ (3*%d) - (a"4*Cotl[c + d*x]*Cscl[c + d*x]~3)/(4*d) + (9*a~2*xb"2xSec[c + d*x]

)/d + (b~ 4*Sec[c + d*x])/d - (3*a~2xb~2*Csc[c + d*x] 2*Secl[c + d*x])/d + (2
*axb~3*Csc[c + d*x]*Sec[c + d*x]~2)/d + (b"4*Sec[c + d*xx]~3)/(3*d)

Rule 3517

Int[sinl[(e_.) + (f_)*(x_)]"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, O]

Rule 3768
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Int[(cscl(c_.) + (A_.)*(x_)1*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
1x(b*Csclc + d*x])"(n - 1))/(d*x(n - 1)), x] + Dist[(b"2*(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
IntegerQ[2+*n]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + dx*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 2621

Int[(cscl(e_.) + (f_)*(x_)]x(a_.)) " (m_)*secl(e_.) + (£_.)*(x_)1"(n_.), x_S
ymbol] :> -Dist[(f*a"n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x1, x, axCscle + f*x]]1, x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n
+ 1)/2] && !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide [x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Qlm, 2%n - 1]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 2622

Intlecscl(e_.) + (£_.)x(x_ )1 (n_.)*((a_.)*sec[(e_.) + (f_.)*(x_)1)"(m_), x_S
ymbol] :> Dist[1/(f*a"n), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2) " ((n + 1)/2
), x], x, axSec[e + fxx]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)
/2] && !(IntegerQ[(m + 1)/2] && LtQ[O, m, nl)

Rule 288

Int[((c_)*(x_)) " (m_.)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~
(n - Dx(cxx)"(m - n + 1)*x(a + bxx™n) " (p + 1))/ (b*nx(p + 1)), x] - Dist[(c”
nx(m - n + 1))/ (bxnx(p + 1)), Int[(c*x)"(m - n)*(a + b*xx™n)"(p + 1), x], x]
/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] && LtQ[p, -1] && GtQ[m + 1, n] && !'I
LtQ[(m + nx(p + 1) + 1)/n, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]
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Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps

f csc®(c + dx)(a + btan(c + dx))* dx = f (a4 csc?(c + dx) + 4a3b csct(c + dx) sec(c + dx) + 6a%b? csc3(c + dx) sec?(c -

_ f esc(c +dx) dx + (4a%h) f escH(c + dx) sec(c + dx) dx + (6a20?) f esc3(

_a4 cot(c + dx) csc3(c + dx)

(411317) Subst ( il =

1
- 4 3
= 1 +Z(3a)fcsc (c+dx)dx -

3a* cot(c + dx) csc(c + dx)  a* cot(c + dx) esc3(c +dx)  3a®b? csc?(c + dx;

8d 4d

d

3a% tanh ™ (cos(c + dx))  4adbesc(c +dx)  6ab®csc(c +dx)  3a*cot(c +

8d d d

_3a4 tanh ™ (cos(c + dx)) ~ 92212 tanh ™ (cos(c + dx)) ~ b* tanh ™ (cos(c + da

8d d

Mathematica [B] time = 6.2872, size = 1491, normalized size = 5.44

result too large to display

Warning: Unable to verify antiderivative.

[In] Integrate[Cscl[c + d*x]~b*(a + b*Tan[c + d*x])~4,x]

[Out] (b"2%(36*%a"2 + 7*b~2)*Cos[c + d*xx] "4*x(a + bxTan[c + dx*xx])~4)/(6*d*(axCos[c

+ d*x] + b*Sin[c + d*x])~4) + ((-7*a"3*b*Cos[(c + d*x)/2] - 6*a*b”3*Cos[(c

+ d*xx)/2])*Cos[c + d*x]~4*Csc[(c + d*x)/2]*(a + bxTan[c + d*x])~4)/(3*xdx*(ax
Cos[c + d*x] + bxSin[c + d*x])"4) - (3x(a"4 + 8*a~2xb~2)*Cos[c + d*x] 4x*Csc
[(c + d*x)/2]72*(a + bxTan[c + d*x])~4)/(32xd*x(a*xCos[c + d*x] + b*Sin[c + d
*x])7"4) - (a~3*b*Cos[c + d*x] 4*xCot[(c + dxx)/2]*Csc[(c + d*x)/2]"2%(a + Db*
Tan[c + d*x])~4)/(6xdx(a*Cos[c + d*x] + b*Sin[c + d*x])~4) - (a"4xCos[c + d
*x] "4xCsc[(c + d*x) /2] 4x(a + b*xTan[c + d*xx])~4)/(64*xd*(a*xCos[c + d*x] + bx*

d
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Sin[c + d*x])~4) + ((-3%a"4 - 72*a"2%b”2 - 8*b~4)*Cos[c + d*x] 4*xLog[Cos[(c
+ dxx)/2]]*(a + bxTan[c + dxx])~4)/(8+dx(a*Cos[c + d*x] + b*Sin[c + d*x])~
4) - (2%(2%a”3%b + 3*axb~3)*Cos[c + d*x] “4*Log[Cos[(c + dx*x)/2] - Sin[(c +
d*x)/2]]1*(a + bxTan[c + d*x])~4)/(d*(a*xCos[c + d*x] + b*Sin[c + d*x])"4) +
((3%a"4 + 72xa~2%b~2 + 8xb~4)*Cos[c + d*x] 4xLog[Sin[(c + d*x)/2]]1*(a + bxT
an[c + d*x])~4)/(8*d*(a*xCos[c + d*x] + b*Sin[c + d*x])"4) + (2*x(2*a"3*b + 3
*xa*xb~3)*Cos [c + d*x] 4*Log[Cos[(c + d*x)/2] + Sin[(c + d*x)/2]]*(a + b*Tan[
c + dxx])"4)/(d*(axCos[c + d*x] + b*Sin[c + d*x])"4) + (3*x(a”4 + 8xa~2*b~2)
*Cos[c + d*xx] "4*Sec[(c + d*x)/2]"2*(a + bx*Tan[c + d*x])~4)/(32xd*(a*xCos[c +
d*x] + b*Sin[c + d*x])~4) + (a~4*Cos[c + d*x] 4x*Sec[(c + d*x)/2] 4*x(a + b*
Tan[c + d*x])~4)/(64*xd*(a*Cos[c + d*x] + bxSin[c + d*x])~4) + ((12*xa*xb”3 +
b~4)*Cos[c + d*x] 4*x(a + b*Tan[c + d*x])~4)/(12*d*x(Cos[(c + d*x)/2] - Sin[(
c + dxx)/2])"2x(axCos[c + d*x] + b*Sinl[c + d*x])~4) + (b"4*Cos[c + d*x] 4xS
in[(c + d*x)/2]1*(a + b*Tan[c + d*xx])~4)/(6*%d*x(Cos[(c + d*x)/2] - Sin[(c + 4
*x)/2]) "3x(axCos[c + d*xx] + bx*Sin[c + d*x])~4) - (b~ 4x*Cos[c + d*xx]~4*xSin[(c
+ d*x)/2]*(a + bxTan[c + d*x])~4)/(6*xd*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2
1)7"3*%(axCos[c + d*x] + b*Sin[c + d*x])~4) + ((-12*a*b~3 + b~4)*Cos[c + d*x]
“4x(a + b*Tan[c + d*x])~4)/(12*d*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]) " 2x(a
*Cos[c + d*xx] + b*Sin[c + d*x])~4) + (Cosl[c + d*x] 4xSec[(c + dxx)/2]*(-T*a
~3xb*Sin[(c + d*x)/2] - 6*xa*xb”3*Sin[(c + d*x)/2])*(a + b*Tan[c + d*x])~4)/(
3*d* (a*xCos[c + d*x] + b*Sin[c + d*x])~4) + (Cosl[c + d*x] 4*(-36*a~2*xb~2*Sin
[(c + d*x)/2] - 7*b~4xSin[(c + d*x)/2])*(a + b*Tan[c + d*x])~4)/(6*d*(Cos[(
c + d*x)/2] + Sin[(c + d*x)/2])*(axCos[c + d*x] + b*Sin[c + d*x])~4) + (Cos
[c + d*x] 4% (36%xa~2*b~2+Sin[(c + d*x)/2] + 7*b~4x*Sin[(c + d*x)/2])*(a + b*T
anl[c + d*x])~4)/(6xd*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2])*(a*xCos[c + d*x]
+ b*Sinf[c + d*x])~4) - (a~3*b*Cos[c + d*x] 4*Sec[(c + d*x)/2] " 2*Tan[(c + dx*
x)/2]*(a + bxTan[c + d*x])~4)/(6*xd*(a*xCos[c + d*x] + b*Sin[c + d*x])~4)

Maple [A] time = 0.082, size = 317, normalized size = 1.2

b* s bt b41n(csc(dx-+c)—-cot(dx-+c))+_2 b3a 6 b3a
3d(cos (dx +c))® dcos(dx+c) d dsin (dx + c) (cos (dx + ¢))*>  dsin (dx -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)  5*x(a+b*tan(d*x+c))~4,x)

[Out] 1/3/d*b"4/cos(d*x+c)~3+1/d*b"4/cos(d*x+c)+1/d*b~4*1n(csc(d*x+c)-cot (d*x+c))
+2/d*b~3*a/sin(d*x+c)/cos (d*x+c) "2-6/d*b"3*a/sin(d*x+c)+6/d*b " 3*a*ln(sec(d*
x+c)+tan(d*x+c))-3/d*a”"2*b"2/sin(d*x+c) ~2/cos (d*x+c)+9/d*a"2*b~2/cos (d*x+c)
+9/d*a”2*b~2*x1n(csc(d*x+c)-cot (d*x+c))-4/3/d*b*xa~3/sin(d*x+c) "3-4/d*b*a~3/s
in(d*x+c)+4/d*b*a”3*1n(sec(d*x+c)+tan(d*x+c))-1/4*a"4*xcot (d*xx+c) *csc (d*x+c)
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~3/d-3/8*%a"4*cot (d*x+c) *csc(d*x+c)/d+3/8/d*xa"4*1n(csc(d*x+c)-cot (d*x+c))

Maxima [A] time = 1.17311, size = 410, normalized size = 1.5

2 (3 cos(dx+c)2—2)

-3 log(c

cos(dx+c)3—cos(dx+c)

3 4 2 (3 cos(dx+c)3—5 cos(dx+c))
a
Cos(dx+c)4—2 cos(dx+c)2+1

— 3 log (cos (dx + c) +1) + 3 log (cos (dx + c) — 1)) +72 azbz(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 5x(atb*tan(d*x+c))”4,x, algorithm="maxima"

[Out] 1/48%(3*a”4x(2*(3*cos(d*x + c)~3 - b*cos(d*x + c))/(cos(d*x + c)74 - 2xcos(
d¥x + c¢)72 + 1) - 3xlog(cos(d*x + c) + 1) + 3xlog(cos(d*x + c) - 1)) + 72%a
~2%b7 2% (2% (3*cos(d*x + ¢)72 - 2)/(cos(d*x + ¢c)73 - cos(d*x + c)) - 3xlog(co
s(d*x + c) + 1) + 3xlog(cos(d*x + c) - 1)) - 48*axb”3*(2x(3xsin(d*x + c)~2

- 2)/(sin(d*x + ¢)~3 - sin(d*x + c)) - 3*log(sin(d*x + c) + 1) + 3xlog(sin(

dkx + c) - 1)) + 8%b74*(2x(3*cos(d*x + c)”2 + 1)/cos(d*x + c)~3 - 3*log(cos

(d*x + c) + 1) + 3*log(cos(d*x + c) - 1)) - 32xa”3*b*(2*(3*sin(d*x + c)~2 +

1)/sin(d*x + ¢c)73 - 3xlog(sin(d*x + c) + 1) + 3x*log(sin(d*x + c) - 1)))/d

Fricas [B] time = 3.98277, size = 1289, normalized size = 4.7

6 (3 a* +72a%0% + 8 b4) cos (dx +¢)° - 10 (3 a*+72a%0% + 8 b4) cos (dx +¢)* +16b* + 16 (18 a?b? + b4) cos (dx + ¢)? -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(dxx+c) 5*(atb*tan(d*x+c)) 4,x, algorithm="fricas")

[Out] 1/48*%(6%(3*a”~4 + 72*a~2%b"2 + 8*b~4)*cos(d*x + c)~6 - 10%(3*a"4 + 72*a”2*b~
2 + 8*%b"4)*cos(d*x + c)~4 + 16%b~4 + 16*%(18*a"2*b"2 + b~4)*cos(d*x + ¢c)"2 -
3x((3*a"4 + 72*xa”~2*xb"2 + 8%b~4)*cos(d*x + c)77 - 2x(3*xa”4 + 72%a"2%b"2 + 8
xb~4)*cos(d*x + c)75 + (3*%a”4 + 72*%a"2%b”"2 + 8*b~4)*cos(d*x + c)~3)*log(1/2
xcos(d*x + c) + 1/2) + 3x((3*a"4 + 72*xa"2*b"2 + 8*xb~4)*cos(d*x + c)”7 — 2x%(
3*a”"4 + 72*xa"2*xb"2 + 8*b~4)*cos(d*x + c)75 + (3*a”4 + 72*¥a"2%b"2 + 8*b"4)x*c
os(d*x + c)~3)*log(-1/2*cos(d*x + c) + 1/2) + 48%((2*a"3xb + 3*a*xb~3)*cos(d
xx + ¢)77 - 2*%(2*xa”3%b + 3*a*b~3)*cos(d*x + c)75 + (2*a~3*b + 3*axb”~3)*cos(
dxx + c)73)*xlog(sin(d*x + c) + 1) - 48%((2*a”3%b + 3*a*xb~3)*cos(d*x + c)77
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- 2x(2%a”3*%b + 3xa*b~3)*cos(d*x + c)75 + (2%xa”3%b + 3*%axb”3)*cos(d*x + c)”3
)*¥log(-sin(d*x + c) + 1) + 32%x(3%(2*a”3*b + 3*a*b~3)*cos(d*x + c)~5 + 3*axb
“3*cos(d*x + c) - 4x(2*xa~3xb + 3*a*b~3)*cos(d*x + c)~3)*sin(d*x + c¢))/(d*co
s(d*x + ¢)77 - 2*xd*cos(d*x + c¢)~5 + d*cos(d*x + c)~3)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**5*(atb*tan(d*x+c))**4,x)

[Out] Timed out

Giac [A] time = 2.68359, size = 647, normalized size = 2.36

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 5% (a+b*tan(d*x+c)) 4,x, algorithm="giac")
g g g

[Out] 1/192*(3*a”4xtan(1/2*d*x + 1/2%c)”4 - 32*a”3*xbxtan(1/2*d*xx + 1/2%c)”3 + 24x%
a~4xtan(1/2*xd*x + 1/2*%c)”"2 + 144*a~2+%b"2*xtan(1/2*xd*x + 1/2%c)”2 - 480*a”3x*b
*tan(1/2*%d*x + 1/2*%c) - 384xaxb~3*tan(1/2*d*x + 1/2*%c) + 384*(2*xa~3*b + 3*a
*b~3)*xlog(abs(tan(1/2*d*x + 1/2%c) + 1)) - 384*(2xa"3*b + 3*axb~3)*log(abs(
tan(1/2*d*xx + 1/2%c) - 1)) + 24x(3%a”4 + 72*a"2%b"2 + 8*b~4)*log(abs(tan(1/
2%d*x + 1/2%c))) + 256*%(3*xaxb~3*tan(1/2*d*x + 1/2*%c)”5 — 9*a~2xb~2xtan(1/2*
d*x + 1/2*%c)”4 - 3xb~4xtan(1/2*d*x + 1/2*%c)”~4 + 18*a~2%b " 2*tan(1/2*xd*x + 1/
2%c) "2 + 3*b 4xtan(1/2xd*x + 1/2%c)”2 - 3*a*xb”3*tan(1/2xd*x + 1/2%c) - 9*a”
2%b"2 - 2*%b"4)/(tan(1/2*d*x + 1/2%c)”2 - 1)73 - (150*a"4*tan(1/2*d*x + 1/2%
c)"4 + 3600*a~2+%b"2xtan(1/2*d*x + 1/2*%c)~4 + 400%b~4*xtan(1/2*d*x + 1/2*c)”"4
+ 480*a”3*bxtan(1/2xdxx + 1/2%c)~3 + 384*a*xb~3*xtan(1/2xd*x + 1/2%c)”3 + 24
*a~4xtan(1/2*xd*x + 1/2*%c)"2 + 144*a~2*%b"2*xtan(1/2*d*x + 1/2%c)”2 + 32*a”3x*b
*tan(1/2*%d*x + 1/2*%c) + 3*a~4)/tan(1/2+d*x + 1/2%c)"4)/d
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349 [ csc®(c+dx)(a+ btan(c + dx))* dx

Optimal. Leaf size=194

202 (3a2 + b2) tan(c +dx) 2a? (az + 3b2) cot®(c +dx) 2ab (2112 + bz) cot?(c + dx) (12112192 +at+ b4) cot(c + dx)
d - 3d - d - d

[Out] -(((a~4 + 12*%a~2%b"2 + b~4)*Cot[c + d*x])/d) - (2*a*xbx(2*xa”2 + b~2)*Cot[c +
d*x]72)/d - (2*¥a~2x(a"2 + 3*b"2)*Cot[c + d*x]~3)/(3*d) - (a~3*bxCot[c + d*

x]174)/d - (a4*Cot[c + d*x]~5)/(5xd) + (4*axbx(a”2 + 2%b~2)*Logl[Tan[c + d*x

11)/d + (2%b~2%(3*a"2 + b~2)*Tan[c + d*x])/d + (2%axb~3*Tan[c + d*x]"2)/d +
(b~4xTan[c + d*x]~3)/(3%*d)

Rubi [A] time = 0.157077, antiderivative size = 194, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 2, integrand size = 21, number of rules_

integrand size
0.095, Rules used = {3516, 948}

2b? (3a2 + bz) tan(c + dx)  24? (az + 3b2) cot>(c +dx) 2ab (2a2 + bz) cot?(c + dx) (12a2b2 +a*+ b4) cot(c + dx)
d - 3d - d - d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x] 6*x(a + bxTan[c + d*x])~4,x]

[Out] -(((a™4 + 12%a”2%b"2 + b~4)*Cot[c + d*x])/d) - (2xa*xbx(2*¥a~2 + b~2)*Cot[c +
d*x]"2)/d - (2*¥a"2x(a”2 + 3*b”2)*Cot[c + d*x]~3)/(3*d) - (a~3*b*xCot[c + d*

x]174)/d - (a”4*Cot[c + d*x]~5)/(5xd) + (4*axbx(a”2 + 2%b~2)*Log[Tan[c + d*x

11)/d + (2%b~2%(3*a"2 + b~2)*Tan[c + d*x])/d + (2%axb~3*Tan[c + d*x]"2)/d +
(b~4x*Tan[c + d*x]~3)/(3%d)

Rule 3516

Int[sinl(e_.) + (f_)*x(x_)1"(m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*x(x_)1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 948

Int[((d_.) + (e_.)*(x_))"(m )*((f_.) + (g_.)*(x_))"(n_)*((a_) + (c_.)*(x_)"
2)~(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
~2)7p, x], x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[exf - d*xg, 0] && NeQl[c
xd~2 + a*xe”2, 0] && IGtQ[p, 0] && (IGtQ[m, O] || (EqQ[m, -2] && EqQ[p, 1] &
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& EqQld, 01))

Rubi steps

bz+xz)2

(a+x)4(
b Subst f — % dx, x,btan(c + dx)

d
atbt Bt 20202 (a?+30? P2(2a2+02) 4412220
bSubst(f(2(3a2+b2)+—§+45b 42 (”4+ )+4” (20%+ )+ +122%b
X X X
) d
(a* +120%02 + b*) cot(c + dx)  2ab (2a? +b?) cot®(c + dx) 242 (a? + 3
d B d -

fcsc6(c +dx)(a + btan(c + dx))*dx =

x3 x2

Mathematica [A] time = 3.91889, size = 233, normalized size = 1.2

(a + btan(c + dx))* (—5b2 (1842 + 5b%) sin(c + dx) cos®(c + dx) + 2a cos?(c + dx) (15b (a? + b?) cot?(c + dx) + a (24

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~6*(a + b*Tan[c + d*x])~4,x]

[Out] -((15*%a~3*b*Cot[c + d*x]~4 + 3*xa~4*Cot[c + d*x]~5 + 2*axCos[c + d*x] 2*x(-15
*b~3 + 16xb*(a”"2 + b"2)*Cot[c + d*x]"2 + a*x(2*a”™2 + 15xb~2)*Cot[c + d*x]~3)

+ Cosl[c + d*x]~4x((8*a~4 + 150*a”2*b”"2 + 15*xb~4)*Cot[c + d*x] + 60*axb*x(a”

2 + 2xb"2)*(Log[Cos[c + d*x]] - Logl[Sin[c + d*x]])) - 5*b72x(18*a”2 + 5xb~2
)*Cos[c + d*x]~3*Sin[c + d*x] - (5%b~4*Sin[2*(c + d*x)])/2)*(a + b*Tan[c +
d*x])~4)/(15*d*(axCos[c + d*x] + b*Sin[c + d*xx])~4)

Maple [A] time = 0.082, size = 301, normalized size = 1.6

b* 4b* 8 b* cot (dx + ¢) b3a
- 3+ _ - +2— 3 7 — 4
3dsin (dx + ¢) (cos (dx +¢))°  3dsin(dx + ¢) cos (dx + ¢) 3d d (sin (dx + c))“ (cos (dx + ¢))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 6 (a+b*tan(d*x+c))~4,x)
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[Out] 1/3/d*b~4/sin(d*x+c)/cos(d*x+c)~3+4/3/d*b"4/sin(d*x+c)/cos(d*x+c)-8/3/d*b"4
*xcot (d*x+c)+2/d*xb~3*a/sin(d*x+c) ~2/cos (d*x+c) "2-4/d*b~3*a/sin(d*x+c) ~2+8/dx*

b~ 3*ax1n(tan(d*x+c))-2/d*a"2*b~2/sin(d*x+c) ~3/cos (d*x+c)+8/d*a”~2*xb~2/sin (d*
x+c)/cos(dxx+c)-16/d*a"2*b" 2*xcot (d*x+c)-1/d*b*a~3/sin(d*x+c) "4-2/d*b*xa~3/si
n(d*x+c) "2+4*a~3*b*1ln(tan(d*x+c))/d-8/15*xa~4*cot (d*x+c) /d-1/5/d*a"4d*cot (d*x
+c)*csc(d*x+c) "4-4/15/d*a"4*cot (d*x+c) *csc(d*x+c) "2

Maxima [A] time = 1.06929, size = 231, normalized size = 1.19

15 a3b tan(d:
5b% tan (dx + ¢)® + 30 ab® tan (dx + ¢)* + 60 (a3b +2 ab3) log (tan (dx + c)) + 30 (3 a?b? + b4) tan (dx + c) — o tan

15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6% (atb*tan(d*x+c))”4,x, algorithm="maxima"

[Out] 1/15%(5*b~4*tan(d*x + c)~3 + 30*a*b~3*xtan(d*x + c)~2 + 60*(a”"3*b + 2*a*xb~3)
xlog(tan(d*x + c)) + 30%(3*a"2*b"2 + b~4)*tan(d*x + c) - (15*a”3*bxtan(d*x

+ ¢c) + 15%(a”4 + 12*xa"2%b"2 + b~ 4)*tan(d*x + c)~4 + 3*a~4 + 30*%(2*a"3*b + a
*b"3)*xtan(d*x + c)~3 + 10x(a"4 + 3*a"2xb"2)*tan(d*x + c)~2)/tan(d*x + c)~5)

/d

Fricas [B] time = 2.63441, size = 922, normalized size = 4.75

8 (a4 +30a%% +5 b4) cos (dx + ¢)® = 20 (a4 +30a%% +5 b4) cos (dx +¢)® +15 (a4 +30a%% +5 b4) cos(dx +c)* -5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~6*(atb*tan(d*x+c)) 4,x, algorithm="fricas")

[Out] -1/15%(8*%(a~4 + 30*a"2*b"2 + 5*b~4)*cos(d*x + c)”8 - 20*(a~4 + 30%a"2*b~2 +
5%b"4)*cos(d*x + ¢)76 + 15%(a”4 + 30*a"2*b”2 + 5*xb~4)*cos(d*x + c)”4 - 5*b
4 - 10*%(9%a"2*b”2 + b~ 4)*cos(d*x + c)”2 + 30%((a"3*b + 2%axb”~3)*cos(dxx +
c)”7 - 2%(a"3*b + 2%axb~3)*cos(d*x + c)”5 + (a"3*b + 2%axb~3)*cos(d*x + c)~
3)*log(cos(d*x + c)~2)*sin(d*x + c) - 30%x((a"3%b + 2%axb~3)*cos(d*x + c)77
- 2x(a"3*b + 2*a*b~3)*cos(dx*x + c)”5 + (a”"3*b + 2*axb~3)*cos(d*x + c)~3)*lo
g(-1/4*cos(d*x + c)72 + 1/4)*sin(d*x + c) - 15*%(2*%(a"3*b + 2xa*b~3)*cos(d*x
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+ ¢)75 + 2%xaxb”3xcos(d*x + c) - 3*(a”"3*b + 2*axb~3)*cos(d*x + c) 3)*sin(dx*
x + c))/((d*cos(d*x + c)~7 - 2*d*cos(d*x + c)~5 + d*cos(d*x + c)~3)*sin(d*x

+c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**6* (atb*tan(d*x+c))**4,x)

[Out] Timed out

Giac [A] time = 2.65297, size = 317, normalized size = 1.63

5b% tan (dx + ¢)° + 30 ab® tan (dx + ¢)* + 90 2262 tan (dx + ¢) + 30 b tan (dx + ¢) + 60 (a3b +2 ab3) log (Jtan (dx + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6% (atb*tan(d*x+c))”4,x, algorithm="giac")

[Out] 1/15%(5*b~4*xtan(d*x + c)~3 + 30*a*b”~3*xtan(d*x + c¢)~2 + 90*a~2*b~2*tan(d*x +
c) + 30%b~4*xtan(d*x + c) + 60*(a”3*%b + 2*xaxb~3)*log(abs(tan(d*x + c))) - (
137*a"3*b*xtan(d*x + c)~5 + 274*axb~3*tan(d*x + c)~5 + 15%xa"4xtan(d*x + c)~4

+ 180*a"2xb"2xtan(d*x + c)~4 + 156xb"4*xtan(d*x + c)~4 + 60*a”3*b*tan(d*x +

c)"3 + 30*axb”3*tan(d*x + c)~3 + 10*a~4*tan(d*x + c)”2 + 30*a~2xb~2xtan(d*x

+ ¢c)72 + 15*%a”3*bxtan(d*x + c) + 3*a”4)/tan(d*x + c)~5)/d
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3.50 [ csc/(c+dx)(a+btan(c + dx))*dx

Optimal. Leaf size=402

450202 sec(c + dx) 4522k tanh ™ (cos(c + dx))  3a2b? csct(c + dx) sec(c + dx)  15a2b2 csc2(c + dx) sec(c + dx) -
4d 4d 2d 4d

[Out] (-5*a”4*ArcTanh[Cos[c + d*x]])/(16*d) - (45*a”~2*xb~2xArcTanh[Cos[c + d*x]])/
(4%d) - (5*%b~4*ArcTanh[Cos[c + d*x]])/(2%*d) + (4*a~3*bxArcTanh[Sin[c + d*x]
1)/d + (10*a*b~3*%ArcTanh[Sin[c + d*x]])/d - (4*a”3*bxCsclc + d*x])/d - (10%
axb~3*Csc[c + d*x])/d - (5*xa~4*Cot[c + d*x]*Csc[c + d*x])/(16*xd) - (4*a”~3x*b
*Csclc + d*x]~3)/(3*d) - (10*xa*b~3*Csclc + d*x]~3)/(3*d) - (5xa~4*Cot[c + d
*x]*Csclc + d*x]~3)/(24*d) - (4*a~3*b*Cscl[c + d*x]~5)/(5*d) - (a~4*Cot[c +
d*x]*Cscl[c + d*x]~5)/(6%d) + (45*%a”2*xb"2*Sec[c + d*x])/(4*d) + (5xb~4x*Seclc
+ d*x])/(2xd) - (15%a”2%b"2*Cscl[c + d*x] 2*Sec[c + d*x])/(4*d) - (3*a~2*b~
2%Csc[c + d*x] 4x*xSecl[c + dxx])/(2*d) + (2*a*b”3*Csclc + d*x] “3*Sec[c + d*x]
~2)/d + (bxb~4x*xSecl[c + d*x]~3)/(6%d) - (b"4*Csclc + d*x] 2xSec[c + d*x]"3)/
(2%d)

Rubi [A] time = 0.305542, antiderivative size = 402, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 25, number of rules used = 9, integrand size = 21, e .

0.429, Rules used = {3517, 3768, 3770, 2621, 302, 207, 2622, 288, 321}

integrand size

450212 sec(c + dx)  45a%b? tanh ™ (cos(c + dx))  3a2b? csct(c + dx) sec(c + dx) 1542k csc?(c + dx) sec(c + dx) -
4d 4d 2d 44

Antiderivative was successfully verified.

[In] Int[Csclc + d*x] 7*x(a + bxTan[c + d*x])~4,x]

[Out] (-5*a”4*ArcTanh[Cos[c + d*x]])/(16*d) - (45%a~2*xb~2*ArcTanh[Cos[c + d*x]])/
(4%d) - (5*b~4*ArcTanh[Cos[c + d*x]])/(2%d) + (4*a”3*bxArcTanh[Sin[c + d*x]
1)/d + (10*a*xb~3*ArcTanh[Sin[c + d*x]])/d - (4*a~3xb*Csclc + d*x])/d - (10x%
axb~3*Csclc + d*x])/d - (5*%a~4*Cot[c + d*x]*Csclc + d*x])/(16*d) - (4*a”3x*b
*Csc[c + d*x]~3)/(3*d) - (10*a*xb~3*Csc[c + d*x]~3)/(3*d) - (5*xa~4x*Cot[c + d
*x]*Csc[c + d*x]~3)/(24*d) - (4*a~3*b*Csc[c + d*x]~5)/(5%d) - (a"4*Cot[c +
d*x]*Cscl[c + d*x]~5)/(6*xd) + (45*a~2%b~2xSec[c + d*x])/(4*d) + (5xb~4x*Sec[c
+ d*xx])/(2xd) - (15*a”2%b"2+Csclc + d*xx] 2*Sec[c + d*x])/(4*d) - (3*a~2xb~
2+%Csc[c + d*x] " 4*Sec[c + d*x])/(2*d) + (2*a*b”3*Csclc + d*x] ~3*Sec[c + d*x]
~2)/d + (5xb~4xSec[c + d*x]~3)/(6*d) - (b~4*Cscl[c + d*x]~2*Sec[c + d*x]~3)/
(2xd)
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Rule 3517

Int[sinl[(e_.) + (f_)*(x_)]"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])"(n
_.), x_Symbol] :> Int[Expand[Sin[e + f*x] mx(a + b*Tan[e + f*x])"n, x], xI]
/; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && IGtQ[n, 0]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)]*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Ix(bxCsclc + d*x])"(n - 1))/(d*(n - 1)), x] + Dist[(b7™2%(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &%
IntegerQ[2x*n]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)]1, x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 2621

Int[(cscl(e_.) + (£_.)*(x_)1*(a_.)) " (m_)xsecl(e_.) + (£_)*x)]1"(n_.), x_8
ymbol] :> -Dist[(f*a"n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x]1, x, a*Cscle + f*x]], x] /; FreeQ[{a, e, f, m}, x] &% IntegerQ[(n
+ 1)/2] & !'(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Qlm, 2%n - 1]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 |l GgtQ[b, 01)

Rule 2622

Intlcscl(e_.) + (f_)*x(x )1 (n_.)*((a_.)*secl(e_.) + (£_)*(x)1)"(m_), x_S
ymbol] :> Dist[1/(f*a"n), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n + 1)/2
), x], x, axSecle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)
/2] && !(IntegerQ[(m + 1)/2] && LtQ[O, m, nl)

Rule 288
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Int[((c_.)*(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~
(n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (b*n*x(p + 1)), x] - Dist[(c”
nx(m - n + 1))/(b*nx(p + 1)), Int[(c*x)"(m - n)*(a + bxx™n) " (p + 1), x], x]
/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] && LtQlp, -1] & GtQ[m + 1, n] && !I
LtQ[(m + n*x(p + 1) + 1)/n, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]J

Rule 321

Int [((c_.)*(x_)) " (m_)x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[(c™(
n - D*(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps

f csc’(c + dx)(a + btan(c + dx))* dx = f (a4 csc’ (¢ + dx) + 4a3b cscb(c + dx) sec(c + dx) + 6a%b? csc®(c + dx) sec?(c -

=g* f csc’(c + dx) dx + (4a3b) f cscl(c + dx) sec(c + dx) dx + (6a2b2) f ese2(

a* cot(c + dx) csc®(c + dx)

(4a3b) Subst ( il =

1
= x t2 (5a4) fcsc5(c +dx)dx -

5a* cot(c + dx) csc®(c + dx)  a* cot(c + dx) csc®(c + dx)  3a?b? csct(c + d:

24d 6d

2d

_ 4a’besc(c +dx)  5a*cot(c +dx) csc(c +dx)  4a’besci(c+dx)  5at cotl

d 16d 3d

_5a4 tanh ™ (cos(c + dx)) s 4a3b tanh ™~ (sin(c + dx)) ~ 4a3b csc(c + dx) 10

16d d

3 5a* tanh_l(cos(c +dx))  45a°b? tanh_l(cos(c +dx)) 5b* tanh_l(cos(c +

16d 4d

Mathematica [A] time = 6.25887, size = 660, normalized size = 1.64

2d

5 (36a2b2 +at+ 8b4) cos*(c + dx) log (cos (%(c + dx))) (a+btan(c + dx))* 2 (2a3b + 5ab3) cos*(c + dx)(a + b tan(

16d(a cos(c + dx) + bsin(c + dx))*

Antiderivative was successfully verified.

d(acos(c +
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[In] Integrate[Csclc + d*x]~7*(a + b*Tan[c + d*x])~4,x]

[Out] (-5%(a”4 + 36*a"2%b~2 + 8*b~4)*Cos[c + d*x] “4*Log[Cos[(c + dx*x)/2]]x(a + bx*
Tanl[c + d*x])~4)/(16*d*(a*Cos[c + d*x] + b*Sin[c + d*x])"4) - (2x(2*a"3*b +
5xaxb~3)*Cos[c + d*xx] 4*xLog[Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]*(a + bxTa
nlc + d*x])~4)/(d*(a*Cos[c + d*x] + b*Sin[c + d*x])"4) + (5x(a”4 + 36%a”2%Db
~2 + 8%b74)*Cos[c + d*x] 4xLogl[Sin[(c + d*x)/2]]*(a + b*Tan[c + d*x])~4)/(1
6*xd*x(a*xCos[c + d*xx] + b*Sin[c + d*x])~4) + (2x(2*a”~3xb + b*xaxb~3)*Cos[c + d
xx] “4*Log[Cos[(c + d*x)/2] + Sin[(c + dx*x)/2]]1x(a + b*Tan[c + d*x])~4)/(d*(
a*Cos[c + d*x] + bxSin[c + d*x])~4) + (Cotl[c + d*x]*Cscl[c + dxx] 5*(-2545%a
4 + 540*a"2*b”2 + 5240*b~4 - 2760*a"4*Cos[2*(c + d*x)] - 7200%a~2*b~2*Cos [
2%(c + d*x)] - 6720%b"4*Cos[2*(c + d*x)] + 60*a"4*Cos[4*(c + dxx)] + 2160*a
“2xb"2*Cos [4*%(c + d*x)] + 480*b~4xCos[4*(c + d*x)] + 200*a~4*Cos[6*(c + d*x
)] + 7200%a"2%b"2*Cos[6*(c + d*x)] + 1600%¥b~4*Cos[6*(c + d*x)] - 75*a~4*Cos
[8%(c + d*x)] - 2700*a~2*%b~2*Cos[8*(c + d*x)] - 600*b~4*Cos[8*(c + d*x)] -
15744*a~3%b*Sin[2*%(c + d*x)] - 8640*a*b”~3*Sin[2*(c + d*x)] - 1152*a~3*b*Sin
[4%(c + d*x)] - 2880*axb~3*Sin[4*(c + d*x)] + 3200*a~3xb*Sin[6*(c + d*x)] +
8000*ax*b~3*Sin[6*(c + d*x)] - 960*a”3*b*Sin[8*(c + d*x)] - 2400*a*b~3*Sin[
8%(c + d*x)])*(a + bxTan[c + d*x])~4)/(30720*d* (a*xCos[c + d*x] + b*Sin[c +
dxx])~4)

Maple [A] time = 0.127, size = 442, normalized size = 1.1

b* ~ 5b* s 5 +5wm@%Mx+d—wHM+
3d (sin (dx + ¢))* (cos (dx + ¢))®  6d (sin (dx + ¢))* cos (dx +¢)  2d cos(dx +c) 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 7*x(a+b*tan(d*x+c))~4,x)

[Out] 1/3/d*b"4/sin(d*x+c)~2/cos(d*x+c) "3-5/6/d*b"4/sin(d*x+c) ~2/cos(d*x+c)+5/2/d
*b~4/cos (d*x+c)+5/2/d*b~4*1n(csc(d*x+c)-cot (d*x+c))-4/3/d*b~3*a/sin(d*x+c)”
3/cos(d*x+c) ~2+10/3/d*b"3*a/sin(d*x+c)/cos(d*x+c) ~2-10/d*b~3*a/sin(d*x+c)+1
0/d*b~3*a*1n(sec(d*x+c)+tan(d*x+c))-3/2/d*a"2*xb"2/sin(d*x+c) ~4/cos(d*x+c) -1
5/4/d*a”2*b"2/sin(d*x+c) "2/cos (d*x+c)+45/4/d*a"2*b~2/cos (d*x+c)+45/4/d*a”2*

b~ 2*1n(csc(d*x+c)-cot (d*x+c))-4/5/d*xbxa~3/sin(d*x+c) "5-4/3/d*b*a”~3/sin (d*x+
c)~3-4/d*b*a"3/sin(d*x+c)+4/d*b*a~3*1n(sec(d*x+c)+tan(d*x+c))-1/6*a"4*cot (d
*x+c)*csc(d*xx+c) ~5/d-5/24*a"4*xcot (d*x+c) *csc(d*x+c) ~3/d-5/16*a"4*cot (d*x+c)
xcsc(dxx+c)/d+5/16/d*a"4*1n(csc(d*x+c)-cot (d*x+c))
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Maxima [A] time = 1.15415, size = 522, normalized size = 1.3

2 (15 cos(dx+c)4—

cos(dx+c)5—

5 4 2 (15 cos(dx+c)5—40 cos(dx+c)3+33 cos(dx+c))
cos(dx+c)6—3 cos(dx+c)4+3 cos(dx+c)2—1

—15 log (cos (dx + ¢) + 1) + 15 log (cos (dx + ¢) — 1)) +40 b4(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 7*x(atb*tan(d*x+c))”4,x, algorithm="maxima")

[Out] 1/480%(5*a~4*(2x(15*cos(d*x + c)”5 - 40*cos(d*x + c)~3 + 33*cos(d*x + c))/(
cos(d*x + c)76 - 3*cos(d*x + c)74 + 3*cos(d*x + c)”2 - 1) - 15xlog(cos(d*x
+ ¢c) + 1) + 1b6*log(cos(d*x + c) - 1)) + 40xb~4*(2x(15*%cos(d*x + c)~4 - 10%*c
os(d*x + ¢)72 - 2)/(cos(d*x + c)75 - cos(d*x + ¢)73) - 15*log(cos(d*x + c)
+ 1) + 1b6*log(cos(d*x + c) - 1)) + 180*%a”2*b"2*(2*(16xcos(d*x + c)~4 - 25*c
os(d*x + ¢)”2 + 8)/(cos(d*x + c)75 - 2*cos(d*x + c)~3 + cos(d*x + c)) - 1b5x
log(cos(d*x + c) + 1) + 16xlog(cos(d*x + c) - 1)) - 160*a*xb~3*(2*(15*sin(dx*
X + ¢)”4 - 10*sin(d*x + ¢)”2 - 2)/(sin(d*x + ¢)75 - sin(d*x + c)~3) - 15x%lo
g(sin(d*x + c) + 1) + 16%log(sin(d*x + c) - 1)) - 64*a”3*bx(2x(15*sin(d*x +
c)”4 + B*sin(d*x + c)”2 + 3)/sin(d*x + c)”5 - 1b*log(sin(d*x + c) + 1) + 1
5xlog(sin(d*x + ¢) - 1)))/d

Fricas [A] time = 4.56755, size = 1661, normalized size = 4.13

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 7*x(atb*tan(d*x+c))”4,x, algorithm="fricas")

[Out] 1/480*%(150*(a~4 + 36*a~2%b~2 + 8*b~4)*cos(d*x + ¢)~8 - 400%(a"4 + 36*a”2*b~
2 + 8*%b"4)*cos(d*x + ¢)76 + 330%(a”4 + 36*a”2*b”2 + 8*b"4)*cos(d*x + c)"4 -
160%b"4 — 480*(6%a”2*b~2 + b~4)*cos(d*x + c)”2 — 75%((a~4 + 36%a"2*xb"2 + 8
*b~4)*cos(d*x + ¢c)”9 - 3x(a”4 + 36*a”2*%b"2 + 8*b"4)*cos(d*x + ¢c)77 + 3*x(a"4
+ 36*a”2*b"2 + 8*b"4)*cos(d*x + ¢c)”5 - (a”4 + 36%a"2*%b"2 + 8%b~4)*cos(d*x
+ ¢c)73)*log(1/2xcos(d*x + c) + 1/2) + 75%x((a”4 + 36*a”2*%b"2 + 8%b~4)*cos(d*
X + ¢c)79 - 3x(a”4 + 36*%a"2*%b”2 + 8*b"4)*cos(d*x + c)77 + 3*(a"4 + 36*a"2xb”
2 + 8*%b"4)*cos(d*x + c)75 - (a”4 + 36*%a”2*b"2 + 8xb~4)*cos(d*x + c)~3)*Llog(
-1/2%cos(d*x + c) + 1/2) + 480%((2*a~3*b + b*axb~3)*cos(d*x + ¢c)~9 - 3*(2*a
~3%b + b*axb”"3)*cos(d*x + ¢)77 + 3*%(2*a"3*b + S*axb"3)*cos(d*x + c)”5 - (2%
a”3%b + b*axb~3)*cos(d*x + c)”3)*log(sin(d*x + c) + 1) - 480*((2*a~3*b + bx
a*b~3)*cos(d*x + c)”9 - 3%(2*a~3%b + B*ax*b”3)*cos(d*x + ¢)77 + 3*%(2*a”3*b +
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Bxaxb~3)*cos(d*x + c)75 - (2*%a”3%b + b*axb~3)*cos(d*x + c)~3)*log(-sin(d*x
+ c) + 1) + 64x(15%(2*a~3*b + bS*axb~3)*cos(d*x + c)77 - 35*%(2*a~3%b + S*ax
b~3)*cos(d*x + c)~5 - 16*a*b”3*cos(d*x + c) + 23*%(2*a”3*b + 5*axb~3)*cos(d*
X + ¢)"3)*sin(d*x + c¢))/(d*cos(d*x + ¢)~9 - 3*d*cos(d*x + c)~7 + 3*xdxcos(d*
X + ¢)75 - dxcos(d*x + ¢)73)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**7*(atb*tan(d*x+c))**4,x)

[Out] Timed out

Giac [A] time = 2.80009, size = 873, normalized size = 2.17

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 7*(atb*tan(d*x+c)) 4,x, algorithm="giac")

[Out] 1/1920*%(5*a~4xtan(1/2*d*x + 1/2%c)”6 - 48*a”3*bxtan(1/2*d*x + 1/2*c)”5 + 45
*a~4*tan(1/2*xd*x + 1/2*%c)~4 + 180*a~2*b"2*tan(1/2*d*x + 1/2*c)~4 - 560*a”3*
bxtan(1/2*xd*x + 1/2%c)”3 - 320*a*xb~3*tan(1/2*d*x + 1/2%c)”3 + 225*xa”~4*tan(1
/2*%d*xx + 1/2%c)”2 + 2880*a~2*b"2xtan(1/2*d*x + 1/2*%c)”2 + 240%b~4xtan(1/2*d
*x + 1/2%c)”2 - 5280*a”~3xbxtan(1/2*d*x + 1/2*%c) - 8640*a*xb~3xtan(1/2*d*x +
1/2%c) + 3840%(2*a~3*b + b5*xaxb~3)*log(abs(tan(1/2*xd*xx + 1/2%c) + 1)) - 3840
*x(2%xa"3*%b + 5xaxb~3)*log(abs(tan(1/2xd*x + 1/2xc) - 1)) + 600%(a”4 + 36*a~2
*b~2 + 8*%b~4)*log(abs(tan(1/2*d*x + 1/2xc))) + 1280*(6xa*xb~3*xtan(1/2*d*x +
1/2%c)”5 - 18*a~2*%b " 2xtan(1/2*d*x + 1/2*c)~4 - 9xb~4xtan(1/2*xd*x + 1/2%c)"4
+ 36xa”2*xb"2%xtan(1/2*d*x + 1/2*%c)”2 + 12*%b~4xtan(1/2*d*x + 1/2%c)”2 - 6xax
b~ 3*tan(1/2xd*x + 1/2%c) - 18*%a”2*b”"2 - 7*b~4)/(tan(1/2*d*x + 1/2*c)”"2 - 1)
~3 - (1470*a"4*xtan(1/2*d*x + 1/2%c)”6 + 52920*a”2*b~2xtan(1/2*xd*x + 1/2%c)”
6 + 11760*b"4*xtan(1/2*d*x + 1/2%c)”6 + 5280*a”3*b*tan(1/2*xd*x + 1/2%c)”5 +
8640*a*b”3xtan(1/2*d*x + 1/2*%c)”5 + 225%a”4xtan(1/2*d*x + 1/2*c)~4 + 2880%*a
~2xb”"2*xtan (1/2*d*x + 1/2%c) 4 + 240%b~4*xtan(1/2*d*x + 1/2%c)~4 + 560%a~3*xbx*
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tan(1/2*xd*x + 1/2%c)”3 + 320*a*xb”~3*tan(1/2*d*x + 1/2%c)~3 + 45xa~4xtan(1/2%
d*x + 1/2%c)”2 + 180*%a”2*%b"2xtan(1/2*d*x + 1/2%c) 2 + 48*a~3*bxtan(1/2*d*x
+ 1/2%c) + b*a~4)/tan(1/2xd*xx + 1/2%c)”6)/d
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351 f sin® (c+dx)

a+b tan(c+dx)

Optimal. Leaf size=274

a?bsin’(c +dx)  bsin’(c +dx) a*bsin(c+dx) acos’(c + dx) . 2acos(c +dx)  ab®cos3(c + dx) . a3b? cos(
34 (az + bz)z 5d (az + bz) d (az + b2)3 5d (az + bz) 3d (az + bz) 3d (az + bz)z d (az +

[Out] (a~5*bxArcTanh[(b*Cos[c + d*x] - a*Sin[c + d*x])/Sqrt[a”2 + b~2]])/((a"2 +

b~2)~(7/2)*d) + (a~3*b"2*Cos[c + d*x])/((a"2 + b~2)73*d) + (a*b"2*Cos[c + d

*x])/((a"2 + b"2)72%d) - (a*Cos[c + d*x])/((a”2 + b~2)*d) - (axb~2xCos[c +

d*x]~3)/(3*(a"2 + b~2)72+d) + (2*axCosl[c + d*x]~3)/(3*%(a"2 + b"2)*d) - (axC

os[c + d*x]75)/(5x(a"2 + b~2)*d) + (a~4*b*Sin[c + d*x])/((a”2 + b~2)"3xd) +
(a~2*%bxSin[c + d*x]~3)/(3*%(a"2 + b"2)"2xd) + (b*Sin[c + d*x]~5)/(5%x(a~2 +

b~2)*d)

Rubi [A] time = 0.353902, antiderivative size = 274, normalized size of antiderivative =
1., number of steps used = 13, number of rules used = 9, integrand size = 21, number of rules _

integrand size
0.429, Rules used = {3518, 3109, 2564, 30, 2633, 3099, 3074, 206, 2638}

a2bsin®(c + dx) . bsin’(c + dx) .\ a*bsin(c + dx) a cos®(c + dx) . 2a cos®(c + dx) _ ab? cos3(c + dx)  a3b? cos(
3d (az n bz)z 5d (u2 + bz) d (a2 " b2)3 5d (u2 + bz) 3d (a2 + bz) 3d (a2 " bz)z d (a2 "

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]~5/(a + bxTan[c + d*x]),x]

[Out] (a~5*bxArcTanh[(b*Cos[c + d*x] - a*Sin[c + d*x])/Sqrt[a”2 + b~2]]1)/((a"2 +

b~2)7(7/2)*d) + (a~3*b~2*Cos[c + d*x])/((a"2 + b~2)"3xd) + (a*b~2*Cos[c + d
*x])/((a"2 + b"2)72%d) - (a*Cos[c + d*x])/((a"2 + b~2)*d) - (axb~2xCos[c +

d*x]~3)/(3*(a"2 + b~2)72%d) + (2*a*xCosl[c + d*x]~3)/(3*%(a"2 + b"2)*d) - (axC

oslc + d*x]75)/(5x(a"2 + b~2)*d) + (a"4*b*Sinl[c + d*x])/((a”2 + b~2)"3*d) +
(a~2*bxSin[c + d*x]~3)/(3*%(a"2 + b"2)"2xd) + (b*Sin[c + d*x]~5)/(5%x(a~2 +

b~2) *d)

Rule 3518

Int[sinl(e_.) + (£_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n
_.), x_Symbol] :> Int[(Sin[e + f*x] m*x(axCos[e + f*x] + b*Sin[e + f*x])"n)/
Cos[e + f*x]°n, x] /; FreeQ[{a, b, e, £}, x] && IntegerQ[(m - 1)/2] && ILtQ
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[n, 0] && ((LtQ[m, 5] && GtQ[n, -41) || (EqQ[m, 5] && EqQ[n, -11))

Rule 3109

Int[(cos[(c_.) + (d_)*(x )] (m_.)*sin[(c_.) + (d_.)*(x )] (n_.))/(cos[(c_.
) + (d_)*x(x_)Ix(a_.) + (b_)*sin[(c_.) + (d_.)*(x_)]1), x_Symbol] :> Dist[b
/(@”2 + b72), Int[Coslc + d*x] m*Sin[c + d*x] " (n - 1), x], x] + (Distl[a/(a~
2 + b"2), Int[Cos[c + d*x] (m - 1)*Sin[c + d*x]"n, x], x] - Dist[(axb)/(a"2
+ b~2), Int[(Coslc + d*x] " (m - 1)*Sin[c + d*x]~"(n - 1))/(a*Cos[c + d*x] +
b*Sin[c + d*x]), x], x]) /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0] &&
IGtQ[m, 0] && IGtQ[n, O]

Rule 2564

Int[cos[(e_.) + (f£_D)*x )] (m_.)*((a_.)*sinl[(e_.) + (£_D)*x)D1)"(m_.), x_
Symbol] :> Dist[1/(axf), Subst[Int[x"m*(1 - x72/a"2) " ((n - 1)/2), x], x, a*
Sinfe + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] && !(In
tegerQ[(m - 1)/2] && LtQ[O, m, n])

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d”(-1), Subst[Int[Expa
nd[(1 - x*2)"((n - 1)/2), %], x], x, Coslc + d*x]], x] /; FreeQl{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 3099

Int[sin[(c_.) + (d_)*(x )] (m )/(cos[(c_.) + (d_D)*(x )]*x(a_.) + (b_.)*sin
[(c_.) + (d_.)*(x_)]), x_Symbol] :> -Simp[(a*Sin[c + d*x] (m - 1))/(d*(a"2
+ b"™2)%(m - 1)), x] + (Dist[a"2/(a"2 + b"2), Int[Sin[c + d*x] " (m - 2)/(axCo
slc + d*x] + b*Sinl[c + d*x]), x], x] + Dist[b/(a"2 + b"2), Int[Sin[c + d*x]
“(m - 1), x], x]1) /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0] && GtQ[m,
1]

Rule 3074

Int[(cos[(c_.) + (d_.)*x(x_)]*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x
_Symbol] :> -Dist[d~(-1), Subst[Int[1/(a"2 + b"2 - x72), x], x, b*Cos[c + d
*x] - a*Sin[c + d*x]], x] /; FreeQl[{a, b, ¢, d}, x] && NeQ[a"2 + b~2, 0]
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Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 2638
Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, xI]

Rubi steps

f sin5(c + dx) gy = f cos(c + dx) sin5(c + dx)
a + btan(c + dx) *=Ja cos(c + dx) + bsin(c + dx)

in(c+dx
_a f sin’(c +dx)dx b f cos(c + dx) sin(c + dx) dx (ab) f aCOS(Cidx)(J;ih)l(c )
B a2 + b2 - a2 + b? - a2 + b?
sin®(c+dx
_ a2b sin3(c + dX) B ((l3b) f acos(c+dx)(+:)—€slir)1(c+dx) dx _ (abz) f Sin3(c + dx) dx _ a Subst (f (1
3(a2+12) d (a2 +02)° (a2 +02)°

acos(c+dx) 2acos?(c+dx) acos’(c+ dx) .\ a*bsin(c + dx) s a2bsin®(c + dx) . b
(az + bz) d 3 (a2 + bz) d 5 (az + bz) d (a2 " b2)3 d 3 (a2 n bz)z d !

_ a’b? cos(c + dx) . ab?cos(c +dx) acos(c+dx) ab®cos(c+dx) 2acosd(c+dx)

(2 +12) (a2 +12) d C(@+®)d 3 (@2+12fa  3(@+¥)d

5pt h—l b cos(c+dx)—a sin(c+dx)
| aotan N s a’b? cos(c + dx) .\ ab? cos(c +dx) acos(c+dx) al
B 3 2 -
(@+62)"d (@+t2)d  (2+w)d (@+02)d

Mathematica [A] time = 3.12434, size = 289, normalized size = 1.05

Va2 + b2 (1202263 sin(c + dx) - 50a2b% sin(3(c + dx)) + 6a2b> sin(5(c + dx)) — 6a°b? cos(5(c + dx)) — 30a (—4a2b? + 5,

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~5/(a + b*Tan[c + d*x]),x]
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[Out] (-480*a~b*bxArcTanh[(-b + a*Tan[(c + d*x)/2])/Sqrt[a”2 + b~2]] + Sqrt[a”2 +
b~2] *(-30*a*(5%a~4 - 4*a”2*b"2 - b~4)*Cos[c + d*x] + B*xax(5xa~4 + 6xa~2xb~

2 + b~4)*Cos[3*(c + d*x)] - 3*a~5xCos[b*(c + d*x)] - 6*a”~3*b"2*Cos[5*(c + d

*x)] - 3*axb”4*Cos[5*(c + d*x)] + 330*a"4*b*Sinl[c + d*x] + 120*a~2*b~3*Sin[

¢ + d*x] + 30%b"5*Sinf[c + d*x] - 35%a~4*b*Sin[3*(c + d*x)] - 50*a~2*%b~3*Sin

[Bx(c + d*x)] - 15%b~5*Sin[3*(c + d*x)] + 3*a~4*xb*Sin[5x(c + d*x)] + 6%a~2x*
b~3*Sin[5*(c + d*x)] + 3*b~5*Sin[5x(c + d*x)]))/(240%(a"2 + b~2)~(7/2)*d)

Maple [A] time = 0.079, size = 361, normalized size = 1.3

1., ! - (—a4b (tan (1/2dx + ¢/2))” — a®b? (tan (1/2dx + ¢/2))° + (

I (0t +20202 + b4) (2 + 12) (1 + (tan (1/2dx + ¢/2))?)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 5/ (at+b*tan(d*x+c)),x)

[Out] 1/d*x(-2/(a"4+2*a~2xb"2+b"4)/(a"2+b"2) *(-a"~4d*xbxtan (1/2*d*x+1/2%c) "9-a"3*b~ 2%
tan(1/2*xd*x+1/2%c) "8+ (-16/3*a"4*b-4/3*a"2*xb"3) *tan (1/2*d*x+1/2*c) "7+ (-6*a"3
*b~2-2%a*b”4) *tan (1/2xd*x+1/2%c) "6+ (-178/15*%a"4*xb-136/15*%a~2xb~3-16/5%b~5) *

tan (1/2xd*x+1/2%c) “5+(16/3*a"5+2/3*axb~4) xtan (1/2*d*x+1/2*c) "4+ (-16/3*a"~4*b
-4/3%a”2%b"3) *tan (1/2*xd*x+1/2*c) ~3+(-2*a"3*b~2+8/3*a"5-2/3*a*xb~4) *tan(1/2*d
*x+1/2%c) "2-a"4*xb*tan(1/2*xd*x+1/2*c)+8/15%a"5-3/5*a"3*xb"2-2/15*a*xb~4) / (1+ta
n(1/2*d*x+1/2*c) "2) "5-64*a"5xb/ (32*xa"~6+96*a~4*b~2+96*a~2*xb~4+32*%b~6) / (a~2+b
~2)~(1/2) *arctanh (1/2* (2*axtan (1/2*d*x+1/2%c)-2*xb) /(a"2+b"2) ~(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)”~5/(atb*tan(d*x+c)),x, algorithm="maxima")

[Out] Exception raised: ValueError




283

Fricas [A] time = 2.3272, size = 840, normalized size = 3.07

2 ab cos(dx+c) sin(dx+c)+(a?—b? cos(dx+c)2—2 12022 Va2 +b2(b cos(dx+c)—a sin(dx+c))
15 Va2 + b2a%b log

2ab cos(dx-+c) sin(dx+0)+(a2-b2) cos(dx-+c)* +b2

)—6(a7+3u5b2+3a3b4+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dxx+c)”5/(at+bxtan(d*x+c)),x, algorithm="fricas")

[Out] 1/30%(15*sqrt(a™2 + b~2)*a~b*xbxlog((2*a*b*cos(d*x + c)*sin(d*x + c) + (a~2
- b"2)*cos(d*x + ¢c)72 - 2*¥a"2 - b"2 - 2xsqrt(a”2 + b~2)*(b*cos(d*x + c) - a
*sin(d*x + c)))/(2*xa*xbxcos(d*x + c)*sin(d*x + c) + (2”2 - b~2)*cos(d*x + c)

"2 + b72)) - 6%x(a”7 + 3*a”5*b"2 + 3*a"3*b"4 + ax*b~6)*cos(d*x + c)75 + 10%(2
*a~7 + B5*a”"5*b”"2 + 4*a~3*b"4 + a*b”6)*cos(d*x + c)”3 - 30%x(a”7 + a~5*¥b"2)*c
os(d*x + c) + 2x(23*a"6%b + 34*a~4%b~3 + 14*a"2%b"5 + 3*b~7 + 3*(a”6%b + 3%
a~4*xb~3 + 3*%a"2*b”5 + b~ 7)*cos(d*x + c)"4 - (11%a"6*xb + 28*a~4*xb~3 + 23*a”2
*b~5 + 6*b~7)*cos(d*x + c)"2)*sin(d*x + c))/((a”8 + 4*a”6%b~2 + 6*a”4*xb~4 +
4xa"2%b"6 + b~8)*d)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**5/(atb*tan(d*x+c)),x)

[Out] Timed out

Giac [A] time = 1.34169, size = 626, normalized size = 2.28

|2u tam(1 dx+% c)—z b-2 Va2+b2|

2

15a°blog 1, 1 1, 18 1,1\ ., 1, 1Y 5
b atan( £ det L )-2 b+2 Va2 402 2(154*v tan 3 dx+§ c) +154%% tan 3 dx+§ c) +80a%btan 3 dx+§ c) +20 4253 tan 5 dx+§ c) +904%b
2 2

(a6+3 a*h?+3 a2b4+b6) Va2+p?

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c)~5/(atb*tan(d*x+c)),x, algorithm="giac")

[Out] 1/15%(15%a~5*bxlog(abs(2*a*tan(1/2xd*x + 1/2xc) - 2xb - 2xsqrt(a™2 + b~2))/
abs(2*a*tan(1/2*d*x + 1/2%c) - 2%b + 2*sqrt(a”2 + b72)))/((a"6 + 3*a~4*b~2
+ 3%a”2%b”4 + b76)*sqrt(a”2 + b72)) + 2x(15*%a"4xbxtan(l/2xd*x + 1/2%c)”9 +
15%a~3*xb"2xtan (1/2*d*x + 1/2*%c)”8 + 80*a~4xbxtan(1/2*d*x + 1/2*%c)”7 + 20%*a”
2%b~3*tan(1/2*xd*x + 1/2*c)~7 + 90*a~3*b~2*xtan(1/2xd*x + 1/2%c)~6 + 30*a*b™4
*tan(1/2*d*x + 1/2*c)”6 + 178*a~4*b*tan(1/2*d*x + 1/2*c)”5 + 136%a~2*%b~3*ta
n(1/2xd*xx + 1/2%c)”5 + 48*b~5*xtan(1/2*d*x + 1/2%c)”5 - 80*a 5*xtan(1/2*d*x +
1/2*c)~4 - 10*a*b~4*tan(1/2*xd*x + 1/2*c)”~4 + 80%a~4xbxtan(1l/2*xd*x + 1/2*c)
3 + 20*%a"2*b”3*tan(1/2xdxx + 1/2%c)”3 - 40*a”5*xtan(1/2xdxx + 1/2%c)”2 + 30
*a"3xb " 2*xtan(1/2*xd*xx + 1/2%c)”2 + 10*axb~4xtan(1/2*xd*x + 1/2%c)”2 + 15%xa~4*
bxtan(1/2*xd*xx + 1/2%c) - 8*a”5 + 9*a~3*b"2 + 2xa*xb~4)/((a"6 + 3*a"4*xb"2 + 3
*a"2%b"4 + b76)*(tan(1/2xd*x + 1/2%c)"2 + 1)75))/d
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3.59 f sin4(c+dx)

a+b tan(c+dx)

Optimal. Leaf size=158

cos*(c + dx)(a tan(c + dx) + b) ~ cos®(c + dx) (a (5a2 + bz) tan(c + dx) +4b (202 + bz)) N a*blog(a cos(c + dx) + b
4d (a2 + 1?) 8d (2 + 12) d (@ + 1)

[Out] (ax(3*a”4 - 6*a"2%b”2 - b™4)*x)/(8x(a”2 + b~2)"3) + (a"4*b*xLogla*xCos[c + dx
x] + bxSin[c + d*x]])/((a"2 + b"2)"3*d) + (Cos[c + d*x] 4*x(b + a*xTan[c + d*
x]))/(4x(a"2 + b~2)*d) - (Cosl[c + d*x] " 2x(4*b*x(2*¥a"2 + b~2) + a*x(5*xa"2 + b~
2)xTan[c + d*x]))/(8*%(a”2 + b~2)72xd)

Rubi [A] time = 0.338949, antiderivative size = 158, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 21, e =

0.286, Rules used = {3516, 1647, 801, 635, 203, 260}

integrand size

cos*(c + dx)(atan(c +dx) +b) cos?(c + dx) (ﬂ (5112 + bz) tan(c + dx) + 4b (2112 + bz)) N a*blog(a cos(c + dx) + b
4d (a2 + 12) 8d (a2 + 12)’ d (@ +b2)

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]~4/(a + bxTan[c + dx*x]),x]

[Out] (ax(3*%a™4 - 6*%a~2*%b”2 - b™4)*x)/(8x(a"2 + b~2)73) + (a"4*bxLogl[a*Cos[c + dx
x] + b*Sin[c + d*x]])/((a"2 + b"2)"3*d) + (Cos[c + d*x] 4*x(b + a*xTan[c + d*
x]1))/(4x(a”2 + b"2)*d) - (Cosl[c + d*x]~2*x(4xb*x(2xa”2 + b~2) + ax(5*a”2 + b~
2)*Tan[c + d*x]))/(8x(a"2 + b~2)72xd)

Rule 3516

Int[sin[(e_.) + (f_)*x )] " (m )*((a_) + (b_.)*tanl[(e_.) + (f_)*(x)1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1647

Int[(Pq )*((d_) + (e_.)*x(x_))"(m_.)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol]
> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x72, x], f = Coeff[Pol
ynomialRemainder[(d + e*x) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial



286

Remainder [(d + e*xx) " m*Pq, a + c*x~2, x], x, 11}, Simp[((axg - cxfxx)*(a + ¢
*x72)"(p + 1))/ (2xa*xcx(p + 1)), x] + Dist[1/(2%a*cx(p + 1)), Int[(d + e*x)~
m*(a + c*xx”2)"(p + 1)*ExpandToSum[(2*axc*(p + 1)*Q)/(d + exx)™m + (cxf*(2*p
+3))/(d + exx)"m, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[cxd™2 + axe”2, 0] && LtQ[p, -1] && ILtQ[m, O]

Rule 801

Int [(((d_.) + (e_)*(x_))"m )*x((£f_.) + (g_)*x_)))/((a)) + (c_)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) " mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d™2 + a*e™2, 0] && IntegerQ[m]

Rule 635

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x2), x], x] /; FreeQ[{a, c, d, e
}, x] & 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol]l :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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4
b Subst (f x—3 dx,x,btan(c + dx))
(u+x)(b2+x2)
d
ﬁ 3abtx 1232
Subst| [(ZE 22" 4y v btan(c + dx)
_ cos*(c +dx)(b + atan(c + dx)) (a+2)(b2+22)

4(a? +12)d

_ cos*(c +dx)(b + atan(c + dx)) _

4bd

cos?(c + dx) (4b (Zaz + bz) +a (5a2 + bz) tan(c + dx))
+

4(a? +12)d

cos*(c + dx)(b + a tan(c + dx))

8 (2 +17) d

2 2 2 2 2
cos?(c + dx) (4b (2 + b?) + a (5a% + b?) tan(c + dx)) N

4(a2+b2)d

8(w2+12) d

_ a*blog(a + btan(c + dx)) . cos}(c + dx)(b + atan(c + dx))  cos*(c + dx) (4b (Zﬂ2 + bz) -

(@+12) d

4(u2+b2)d 8(a2+

_ a*blog(a + btan(c + dx)) s cos*(c + dx)(b + atan(c + dx)) _ cos?(c + dx) (4b (2012 + bz) -

Mathematica [A]

(@ +2) d

4(a2 +12)d 8 (a2 +

a(3a* - 62202 - b*) x N a*blog(cos(c + dx)) . a*blog(a + btan(c + dx)) N cost(c + dx)(b

8 (2 +12)

(@ +12) d

(@+12) d 4 (a?

time = 2.59212, size = 249, normalized size = 1.58

a (6a%b% + 5a*b + b°) sin(2(c + dx)) — 4b? (a* + b? 2 cos*(c + dx) + 8b? (3ab? + 2a* + b*) cos?(c + dx) + 2ab (6ab?
(

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~4/(a + b*Tan[c + dx*x]),x]

[Out] -(2*xa*bx(5%xa”4 + 6%xa”2%b”"2 + b~ 4)*ArcTan[Tan[c + d*x]] + 8*%b~2%(2%a”4 + 3*a
“2%xb"2 + b~4)*Cos[c + d*xx]"2 - 4%b"2%(a"2 + b~2) " 2%Cos[c + d*xx]~4 + 8*xa~4x(
(b”2 + a*Sqrt[-b~2])*Log[Sqrt[-b~2] - b*Tan[c + d*x]] - 2*b"2%Log[a + b*Tan
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[c + d*x]] + (b72 - axSqrt[-b~2])*Log[Sqrt[-b~2] + b*Tan[c + d*x]]) - 4*axb
*(a”2 + b"2)"2xCos[c + dxx]~3*Sin[c + d*x] + a*x(bxa"4xb + 6*xa”2*b”"3 + b~5H)*
Sin[2*x(c + d*x)])/(16%bx(a"2 + b~2) " 3%d)

Maple [B] time = 0.068, size = 565, normalized size = 3.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 4/ (a+b*tan(d*x+c)),x)

[Out] -5/8/d/(a"2+b"2) "3/ (1+tan(d*x+c) ~2) "2*xtan(d*x+c) ~3*a~5-3/4/d/(a"2+b"2)"3/(1
+tan (d*xx+c) ~2) "2xtan (d*x+c) "3*a”~3*b"2-1/8/d/(a"2+b"2) "3/ (1+tan(d*x+c) ~2) "2x*
tan(d*x+c) "3*a*b~4-1/d/(a"2+b"2) "3/ (1+tan(d*x+c) ~2) "2*tan (d*x+c) ~2*a"~4*xb-3/
2/d/(a"2+b"2) "3/ (1+tan(d*x+c) ~2) "2*tan(d*x+c) "2*a”~2*xb~3-1/2/d/(a"2+b"2) ~3/(
1+tan(d*x+c) ~2) “2*tan (d*x+c) “2%¥b~5-3/8/d/(a"2+b~2) "3/ (1+tan(d*x+c) ~2) "2*tan
(d*x+c)*a~5-1/4/d/(a"2+b~2) "3/ (1+tan(d*x+c) ~2) "2*xtan (d*x+c) *a~3*xb~2+1/8/4d/(
a~2+b"2) "3/ (1+tan(d*x+c) ~2) "2*tan (d*x+c) *a*xb~4-3/4/d/ (a~2+b"2) "3/ (1+tan(d*x
+c)”"2) "2%xa~4xb-1/d/(a"2+b"2) "3/ (1+tan(d*x+c) ~2) "2xa~2xb~3-1/4/d/(a"2+b"2) "3
/ (1+tan(d*x+c) ~2) "2xb~5-1/2/d/(a”2+b~2) "3*1n(1+tan(d*x+c) “2)*a~4%b+3/8/d/(a
~“2+b~2) "3*arctan(tan(d*x+c))*a~5-3/4/d/(a"2+b~2) “3*arctan (tan(d*x+c))*a~3*b
~2-1/8/d/(a"2+b~2) "3*arctan(tan(d*x+c)) *a*b”4+1/d*b/ (a"2+b~2) “3*a~4*1n (a+b*
tan(d*x+c))

Maxima [A] time = 1.65528, size = 378, normalized size = 2.39

8a4b log(b tan(dx-+c)+a) 44% log(tan(dx+c)2+1) (3 a°-6 u3b2—ub4)(dx+c) (5 a3+ub2) tan(dx+c)3+6 a2b+2 b3 +4 (2 a2b+b3) tan(dx+c)2+(3 aB—ab?
—_ + —
ab+3 a4b2+3 a2b4+b6 ab+3 a4b2+3 a2b*+b6 ab+3 a4b2+3 a2b4+b6 (u4+2 a2h2+b4) tan(dy+c)* +ad+2 a2b2 1442 (u4+2 u2b2+b4) tan(

8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~4/(atb*tan(d*x+c)),x, algorithm="maxima")

[Out] 1/8*(8*a~4xb*xlog(b*tan(d*x + c) + a)/(a”"6 + 3*%a~4*b”"2 + 3*a"2*b~4 + b~6) -
4xa”4xbxlog(tan(d*x + ¢c)72 + 1)/(a”6 + 3*a"4xb~2 + 3*a”2+%b"4 + b~6) + (3*a”
5 - 6*%a”3*%b"2 - a*b"4)*x(d*x + c)/(a"6 + 3*a"4*b”"2 + 3*a"2*b"4 + b~6) - ((5x
a~3 + a*b”2)*tan(d*x + c)~3 + 6%a"2%b + 2*b”3 + 4*x(2*xa"2xb + b~ 3)*tan(d*x +
c)”2 + (3*a"3 - a*b”2)*tan(d*x + c))/((a"™4 + 2*a”2*b”"2 + b~4)xtan(d*x + c)
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~4 + a”4 + 2%a”2%b”2 + b™4 + 2x(a”4 + 2%a”2%xb"2 + b~ 4)*xtan(d*x + c)~2))/d

Fricas [A] time = 2.28896, size = 481, normalized size = 3.04

4a*blog (2 ab cos (dx + c) sin (dx + c) + (a2 - bz) cos (dx +¢)* + bz) +2 (a4b +2a%b® + b5) cos (dx +o)* + (3 a° -6
8 (a6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~4/(atb*tan(d*x+c)),x, algorithm="fricas")

[Out] 1/8%(4*a~4*bxlog(2xa*b*xcos(d*x + c)*sin(d*x + c) + (2”2 - b™2)*cos(d*x + c)
"2 + b72) + 2+%(a"4xb + 2*xa"2*b"3 + b"5)*cos(d¥x + c)74 + (3*%¥a”5 - 6*a~3*b"2

- a*b”4)*d*xx - 4*x(2*xa~4xb + 3*a"2%b"3 + b75)*cos(d*x + c)”2 + (2x(a”5 + 2%
a"3*xb~2 + axb”4)*cos(dxx + c)”3 - (5xa~5 + 6*xa”3*b"2 + axb~4)*cos(d*x + c))
*sin(d*x + ¢))/((a"6 + 3*a~4*b"2 + 3*a"2*b"4 + b~6)*d)

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: AttributeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**4/(atb*tan(d*x+c)),x)

[Out] Exception raised: AttributeError

Giac [B] time = 1.19573, size = 451, normalized size = 2.85

2
8a4b? log(|btan(dx+c)+a) 4 a*h log(tan(dx+c) +1) (3 -6 ﬂsbz—ﬂb4)(dx+c) 6a%b tan(dx+c)4—5 a° tan(dx+c)3—6 a3b? tan(dx+c)3—ab4 tan(dx+
abb+3 a*b3+3 a2b>+b7 ab+3 a*h2+3 a2b*+1° a8+3 a*h2+3 a2b*+10

8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~4/(atbxtan(d*x+c)),x, algorithm="giac")



290

[Out] 1/8%(8*a~4xb~2xlog(abs(bxtan(d*x + c) + a))/(a"6*xb + 3*a"4*b~3 + 3*a~2*b"5
+ b77) - 4xa”4xbxlog(tan(d*x + c)72 + 1)/(a”6 + 3*a”4*b"2 + 3*a~"2*%b"4 + b76

) + (3%a”5 - 6*a”3*b”2 - a*b”4)*x(d*x + c)/(a”6 + 3*a"4*b”2 + 3*a"2*xb"4 + b~

6) + (6*a”4xbxtan(d*x + c)~4 - bxa"bxtan(d*x + c)”3 - 6*a~3*%b " 2xtan(d*x + ¢

)73 - a*b"4xtan(d*x + c)”3 + 4*xa~4dxbxtan(d*x + c)”2 - 12*a”"2*b"3*xtan(dxx +

c)"2 - 4xb~5*xtan(d*x + c)”~2 - 3*a~5*tan(d*x + c) - 2*xa~3*b"2xtan(d*x + c) +
a*b~4xtan(d*x + c) - 8*%a"2xb"3 - 2+«b~5)/((a"6 + 3*¥a"4*b”2 + 3*¥a"2*xb”"4 + b~
6)*(tan(d*x + c)”2 + 1)72))/d
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353 f sin3(c+dx)

a+b tan(c+dx)

Optimal. Leaf size=168

a3b tanh_l ( b cos(c+dx)—a sin(c+dx)

bsin®(c +dx) a?bsin(c+dx) acosd(c+dx) acos(c+dx) ab?cos(c+ dx) NEw;
2 2 7 2 . 2) 22 z 572
3d (a2 + 1?) 4 (@ + 1?) 3d(a2+12)  d(a®+1?) 4 (2 + 1) 4 (2 + 1)

[Out] (a~3*bxArcTanh[(b*Cos[c + d*x] - a*Sin[c + d*x])/Sqrt[a”2 + b~2]])/((a~2 +
b~2)~(5/2)*d) + (axb~2*xCos[c + d*x])/((a"2 + b~2)72xd) - (a*Cos[c + dx*x])/(

(a2 + b™2)*d) + (axCosl[c + d*x]~3)/(3*%(a"2 + b™2)*d) + (a"2*xbxSin[c + d*x]

)/ ((@”2 + b72)72*%d) + (b*Sin[c + d*x]~3)/(3*(a"2 + b~2)*d)

Rubi [A] time = 0.22299, antiderivative size = 168, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 9, integrand size = 21, e .

0.429, Rules used = {3518, 3109, 2564, 30, 2633, 3099, 3074, 206, 2638}

integrand size

a3 bt anh—l ( b cos(c+dx)—a sin(c+dx)

bsin®(c+dx) a2bsin(c+dx) acosd(c+dx) acos(c+dx) ab?cos(c+ dx) V212
3d (a2 + b?) d (@ + bz)z 3d(a2+12)  d(@2+b?) g4 (a2 + bz)2 4 (a2 + 17 o2

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]~3/(a + b*Tan[c + d*x]),x]

[Out] (a"3#*b*ArcTanh[(b*Cos[c + d*x] - axSin[c + d*x])/Sqrt[a”2 + b72]]1)/((a"2 +
b"2)"(5/2)*d) + (a*b~2*Cos[c + d*x])/((a"2 + b~2)"2+%d) - (a*Cosl[c + d*xx])/(

(2”2 + b72)*d) + (axCos[c + d*x]~3)/(3*(a"2 + b"2)*d) + (a~2*bxSin[c + dxx]
)/((a”2 + b~2)72%d) + (b*Sin[c + d*x]~3)/(3*(a”2 + b~2)*d)

Rule 3518

Int[sinl[(e_.) + (£_)*(x_)]1"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n
_.), x_Symbol] :> Int[(Sin[e + f*x] m*(a*Cos[e + f*x] + b*Sin[e + f*x])"n)/
Cosl[e + f*x]°n, x] /; FreeQ[{a, b, e, £}, x] && IntegerQ[(m - 1)/2] && ILtQ
[n, 0] && ((LtQ[m, 5] && GtQ[n, -4]1) || (EqQ[m, 5] && EqQ[n, -1]))

Rule 3109

Int[(cos[(c_.) + (d_.)*(x_)] " (m_.)*sin[(c_.) + (d_.)*(x_)]"(n_.))/(cos[(c_.
) + (d_D*(x_)]*x(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[b
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/(a2 + b"2), Int[Cos[c + d*x] m*Sin[c + d*x] " (n - 1), x], x] + (Dist[a/(a"
2 + b™2), Int[Cos[c + d*x]~(m - 1)*Sin[c + d*x]~n, x], x] - Dist[(a*b)/(a"2
+ b72), Int[(Cos[c + d*x] " (m - 1)*Sin[c + d*x]"(n - 1))/(axCos[c + dx*xx] +
b*Sinf[c + d*x]), x], x]) /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0] &%
IGtQ[m, 0] && IGtQ[n, O]

Rule 2564

Int[cos[(e_.) + (£_)*(x )] (m_.)*((a_.)*sinl(e_.) + (£_D)*x)DD)"(m_.), x_
Symbol] :> Dist[1/(axf), Subst[Int[x"m*(1 - x72/a"2) " ((n - 1)/2), x], x, ax*
Sinl[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] && !'(In
tegerQ[(m - 1)/2] && LtQ[0, m, n])

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x”2)°((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, d}, x]
& IGtQ[(n - 1)/2, 0]

Rule 3099

Int[sin[(c_.) + (d_)*(x )] (m )/(cos[(c_.) + (d_D)*(x )]*x(a_.) + (b_.)*sin
[(c_.) + (d_.)*(x_)]1), x_Symbol] :> -Simp[(a*Sin[c + d*x]"(m - 1))/(d*x(a"2
+ b"2)*%(m - 1)), x] + (Dist[a"2/(a"2 + b"2), Int[Sin[c + d*x] " (m - 2)/(axCo
slc + d*x] + b*Sin[c + d*x]), x], x] + Dist[b/(a"2 + b~2), Int[Sin[c + dx*x]
“(m - 1), x], x1) /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0] && GtQ[m,
1]

Rule 3074

Int[(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*sinl[(c_.) + (d_.)*(x_)1)"(-1), x
_Symbol] :> -Dist[d~(-1), Subst[Int[1/(a"2 + b~2 - x72), x], x, b*Cos[c + d
*x] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] |l LtQ[b, 0])
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Rule 2638
Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, xI]

Rubi steps

f sin3(c + dx) gy = f cos(c + dx) sin3(c + dx)
a + btan(c + dx) *= a cos(c + dx) + bsin(c + dx)

sin®(c+dx)

_ afsin3(c + dx) dx bfcos(c + dx) sin®(c + dx) dx (ﬂb)f 7 cos(crdx) b sin(erdn)
B a2 + b2 " a2 + b? - a2 + b?
1
3 a?bsin(c + dx) _ (a3b) f 2 cos(ctdx)+b sin(c+dx) dx ~ (abz) fsin(c + dx) dx a Subst (f (1 -
(@+12)d (@ + 1)’ (a2 + 1) (a
_ab*cos(c+dx) acos(c+dx) acos’(c+dx) a’bsin(c+dx) b sin®(c + d) (a3b}
(a2 + bz)z i (2+12)d  3(a2+12)d (a2 + b2)2 i 3(a2+p?)d
1 ( beos(c+dx)—asin(c+dx)
_ @ tanh™ ( = c+\/:;2% == ) . ab? cos(c + dx) _acos(c +dx) acos3(c + dx) s a?b
(a2 + b2)5/2 d (a2 + bz)2 i (2+p2)d  3(a2+12)d (a

Mathematica [A] time = 1.37492, size = 139, normalized size = 0.83

Va2 + 52 ((3ab? - 9a%) cos(c + dx) + a (a2 + b?) cos(3(c + dx)) — 2bsin(c + dx) ((a + b?) cos(2(c + dx)) - 7a? - b?))

124 (a2 + 12)

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~3/(a + b*Tan[c + dx*x]),x]

[Out] (-24*a”3*b*ArcTanh[(-b + a*Tan[(c + d*x)/2])/Sqrt[a”2 + b~2]] + Sqrtl[a”2 +
b~2]*((-9*%a~3 + 3*xaxb~2)*Cos[c + d*x] + ax(a”2 + b~2)*Cos[3*(c + d*x)] - 2%
bx(=7*a"2 - b~2 + (a”2 + b"2)*Cos[2*(c + d*x)])*Sin[c + d*x]))/(12*x(a"2 + b
~2)7(5/2)*d)
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Maple [A] time = 0.065, size = 205, normalized size = 1.2

—ba? (tan (12 dx + ¢/2))° — ab? (tan (1/2dx + ¢/2))* + (—10/3 ba? — 4/3 b3) (tan (1/2dx + ¢/2))> + 2 a3 (tan (1/2 da
(a* + 2282 + b%) (1 + (tam (112 + 2))2)

1
d
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 3/ (at+b*tan(d*x+c)),x)

[Out] 1/d*x(-2/(a"4+2*a~2*%b~2+b"4) *(-b*a~2*xtan(1/2*d*x+1/2*c) ~5-a*b~2*xtan(1/2*d*x+
1/2%c) "4+ (-10/3%b*a”2-4/3*b"3) *tan (1/2*xd*x+1/2*c) ~"3+2*xa~3*tan (1/2*d*x+1/2*c

) "2-b*a"2%tan (1/2*d*x+1/2*c)+2/3*xa~3-1/3*a*xb~2) / (1+tan(1/2*xd*x+1/2*c) ~2) ~3-
16xb*a~3/(8*a"~4+16*a"~2*¥b"2+8*b"4) /(a~2+b"2) " (1/2) *arctanh (1/2* (2*axtan(1/2*
dxx+1/2xc)-2*b)/(a"2+b"2)~(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~3/(atb*tan(d*x+c)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 2.27774, size = 597, normalized size = 3.55

2 (a5 + 2% + ab4) cos (d

3 \/ma% log ( 2 ab cos(dx+c) sin(dx+c)+(u2—b2) cos(dx+c)2—2 a2—b2-2 Va2 +2(b cos(dx+c)—asin(dx+c)) +

2 ab cos(dx+c) sin(dx+c)+(u2—b2) cos(dx+c)2+b2

6 (a6 +3a%b? + 3a%b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dxx+c) 3/ (at+bxtan(d*x+c)),x, algorithm="fricas")

[Out] 1/6%(3*sqrt(a”2 + b~2)*a~3*b*xlog((2*a*bxcos(d*x + c)*sin(d*x + c) + (a2 -
b~2)*cos(d*x + c)72 - 2%xa”2 - b2 - 2xsqrt(a”2 + b"2)x(b*cos(d*x + c) - axs
in(d*x + c)))/(2xa*xb*xcos(d*x + c)*sin(d*x + c) + (2”2 - b™2)*cos(d*x + c)~2
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+ b72)) + 2x(a”b + 2*%a"3*%b"2 + a*b"4)*cos(d*x + c)”3 - 6x(a”5 + a"3*b"2)*c
os(d*x + c) + 2*%(4*a"4%b + 5*xa"2%b"3 + b5 - (a”4*xb + 2*xa~2*b"3 + b~5)*cos(
d*x + c)"2)*sin(d*x + c))/((a”6 + 3*xa~4*xb"2 + 3*xa"2*b"4 + b~6)*d)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**3/(a+b*tan(d*x+c)),x)

[Out] Timed out

Giac [A] time = 1.386006, size = 325, normalized size = 1.93

|2a tan(% dx+1 c)—2 b-2 Va2+b2|

2

3a3blog 2 1,1\ o (1, 1\, 1, 1N a1, 1N a1
|2atan(%dx+%c)72b+2\/m| 2(3a btan(z dx+§ c) +3ab tan(z dx+§ c) +104a btan(z dx+i c) +4b tan(z dx+z c) —6a tan(z dx+3
+
(a4+2u2b2+b4)\/a2+b2 N A
(a4+2 a2b2+b4) tan(z dx+§ c) +1
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c)~3/(atb*tan(d*x+c)),x, algorithm="giac")

[Out] 1/3*(3xa"3xbxlog(abs(2*a*tan(1/2*d*x + 1/2%c) - 2%b - 2xsqrt(a”™2 + b72))/ab
s(2xaxtan(1/2xd*x + 1/2xc) - 2xb + 2xsqrt(a™2 + b~2)))/((a™4 + 2*a~2*b"2 +
b~4)*sqrt(a”2 + b72)) + 2x(3*xa”2*xbxtan(1/2*xd*x + 1/2%c)”5 + 3*a*xb~2xtan(1/2
*d*x + 1/2%c)”4 + 10*a"2xbxtan(1/2+d*x + 1/2*c)”3 + 4*xb~3xtan(1/2*d*x + 1/2

*c)"3 - 6*a”3xtan(1/2xd*x + 1/2%c)”2 + 3*a " 2*xbxtan(1/2*xd*x + 1/2%c) - 2*a”3

+ a*xb”2)/((a”4 + 2*%a~2%b”"2 + b~4)*(tan(1/2*d*x + 1/2%c)"2 + 1)°3))/d
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3 54 f sinz(c+dx)

a+b tan(c+dx)

Optimal. Leaf size=94

_cos(c +dx)(atan(c + dx) + b) _ a?blog(acos(c + dx) + bsin(c + dx)) N (- 1?)
2d (az + bz) d (a2 n bz)z 2 (a2 " bz)z

[Out] (ax(a™2 - b™2)*x)/(2*(a”"2 + b~2)72) + (a"2*bxLogla*Cos[c + d*x] + b*Sin[c +
d*x]11)/((a"2 + b~2)"2%d) - (Cos[c + d*x] 2x(b + a*xTan[c + d*x]))/(2x(a~2 +
b~2)*d)

Rubi [A] time = 0.163218, antiderivative size = 94, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 21, /e

0.286, Rules used = {3516, 1647, 801, 635, 203, 260}

integrand size

_cosz(c + dx)(a tan(c + dx) + b) . a?blog(a cos(c + dx) + bsin(c + dx)) s ax (112 - bz)
2d (a2 + b2) d (az n bz)z ) (az " bz)z

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]~2/(a + bxTan[c + d*x]),x]

[Out] (ax(a”2 - b™2)*x)/(2%(a"2 + b™2)72) + (a"2*bxLogl[a*Cos[c + d*x] + bx*Sin[c +
d*x]]1)/((a"2 + b~2)"2xd) - (Cosl[c + d*x] " 2x(b + axTanl[c + d*x]))/(2x(a"2 +
b~2)*d)

Rule 3516

Int[sinl(e_.) + (£_)*(x_)]1 " (m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1647

Int[(Pq )*((d_) + (e_.)*x(x_)) " (m_.)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol]

> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x~2, x], f = Coeff[Pol
ynomialRemainder[(d + e*x) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial
Remainder [(d + e*xx) " m*Pq, a + c*x~2, x], x, 11}, Simp[((axg - cxfxx)*(a + ¢
*x72) " (p + 1))/ (2*%a*xcx(p + 1)), x] + Dist[1/(2xa*xc*x(p + 1)), Int[(d + exx)~
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m*(a + c*x72) " (p + 1)*ExpandToSum[(2xa*xc*(p + 1)*Q)/(d + exx)™m + (cxf*(2xp
+3))/(d + exx)"m, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] &% ILtQ[m, O]

Rule 801

Int [(((d_.) + (e_)*(x_))"(m )*x((£_.) + (g_.)*(x_)))/((a)) + (c_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[m]

Rule 635

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(axc)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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x2
b Subst f ———— dx, x,btan(c + dx)

(a+x) (bz +x2)

f sin®(c + dx)

a+btan(c+dy) d
a2b? ab%x
_a? | ab’x
Subst f LZ“Z*Z”Z dx, x,btan(c + dx)
_ _cosz(c +dx)(b + atan(c +dx)) () (02+2)
2(a2 +12)d 2bd
ab?(a2-b%—2ax
Subst [— Zuzsz - ( Zb 20 ] dx, x,btan(c +
3 _cosz(c +dx)(b + atan(c +dx)) (a2+02) (a+x)  (a24+02) (b2+22)
2(a2 +12)d 2bd
b) Subst ([ =22 gy x,
_ a?blog(a + btan(c + dx)) ~ cos?(c + dx)(b + a tan(c + dx)) . (ab) Subs 2z o
(@+2) d 2(a? +12)d 2(22 +17) d
_ a*blog(a +btan(c +dx))  cos*(c +dx)(b + atan(c +dx)) (11217) Subst (f # dx, x, bt
(a2 + b2)2 d 2(a2 +12)d (a2 + bz)z J
_a (612 - bz) x s a®blog(cos(c + dx)) . a®blog(a + btan(c + dx)) _ cos?(c + dx)(b + a tan(c -
2(2 +12) (2 +12)d (2 +2) d 2(a2 +02)d

Mathematica [A] time = 0.722595, size = 170, normalized size = 1.81

2h? (a2 + bz) cos?(c + dx) + 2ab (a2 + bz) tan~!(tan(c + dx)) + a (b (a2 + bz) sin(2(c + dx)) + 2a (—2b2 log(a + b tan(c

abd (@ + 12)

Antiderivative was successfully verified.

[In] Integrate([Sin[c + d*x]~2/(a + b*Tan[c + d*x]),x]

[Out] -(2*axb*(a”2 + b~2)*ArcTan[Tan[c + d*x]] + 2xb~2x(a”2 + b~2)*Cos[c + d*x]~2
+ ax(2*xax((b"2 + axSqrt[-b~2])*Log[Sqrt[-b~2] - b*Tan[c + d*x]] - 2*xb~2x*Lo

gla + b*Tan[c + d*x]] + (b™2 - a*Sqrt[-b~2])*Logl[Sqrt[-b~2] + b*Tan[c + d*x

11) + b*x(a”2 + b™2)*Sin[2*(c + d*x)]))/(4*bx(a”2 + b~2)"2xd)
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Maple [B] time = 0.059, size = 238, normalized size = 2.5

a3 tan (dx + c) _ atan (dx + ¢) b? ~ ba?
24 (@ +12) (1+(tan(dx +0)P)  2d(@2 +12) (1+ (tan@x+)?) 24 (a2 +12) (1+ (tan (dx+ ) 24

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 2/ (a+b*tan(d*x+c)),x)

[Out] -1/2/d/(a"2+b"2)"2/(1+tan(d*x+c) ~2) *tan(d*x+c)*a~3-1/2/d/(a"2+b"2) "2/ (1+tan
(d*x+c) ~2) *tan(d*x+c) *a*xb"2-1/2/d/ (a"2+b"2) "2/ (1+tan(d*x+c) ~2) *b*xa~2-1/2/4/
(a”2+b"2) "2/ (1+tan(d*x+c) "2)*b~3-1/2/d/(a"2+b"2) "2*1In(1+tan (d*x+c) ~2) *a~2%*b
+1/2/d/(a"2+b"2) "2*arctan(tan(d*x+c))*a~3-1/2/d/(a"2+b"2) "2*arctan (tan (d*x+
c))*axb”2+1/d*b*a"2/(a"2+b~2) “2*x1n(at+bxtan (d*x+c))

Maxima [A] time = 1.5721, size = 194, normalized size = 2.06

2 a®blog(b tan(dx+c)+a) a?b log(tan(dx+c)2+1) (ﬂa—ﬂbz)(dx+c) atan(dx+c)+b

a%+2 a2b?+b* a4+2 a2b2+b* a4+2 a2b2+p* (a2+b2) tan(dx+c)2+a2+b2

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~2/(at+bxtan(d*x+c)),x, algorithm="maxima")

[Out] 1/2*(2*a”2*bxlog(b*tan(d*x + c) + a)/(a”4 + 2*a~2*b~2 + b~4) - a"2*xbxlog(ta
n(d*x + ¢c)”2 + 1)/(@a"4 + 2%xa”2%b"2 + b™4) + (a”3 - a*xb"2)*(d*x + c)/(a"4 +
2%a”"2x%b"2 + b74) - (axtan(d*x + c) + b)/((a"2 + b™2)*tan(d*x + ¢c)"2 + a~2 +

b~2))/d

Fricas [A] time = 2.12276, size = 278, normalized size = 2.96

a’blog (2 ab cos (dx + c) sin (dx + ¢) + (a2 - bz) cos (dx + ¢)* + bz) + (a3 —~ abz)dx -~ (azb + b3) cos (dx + ¢)* - (a3 ny
2 (a4 +2a%b? + b4)d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dxx+c)”2/(at+bxtan(d*x+c)),x, algorithm="fricas")
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[Out] 1/2%(a"2xb*log(2*axb*cos(d*x + c)*sin(d*x + c) + (a”2 - b~2)*cos(d*x + c)~2
+ b72) + (273 - a*xb”2)*d*x - (a"2%b + b~3)*cos(d*x + ¢c)”2 - (a”3 + axb"2)*
cos(d*x + c)*sin(d*x + c))/((a"4 + 2%a"2%b"2 + b~4)*d)

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: AttributeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**2/(atb*tan(d*x+c)) ,x)

[Out] Exception raised: AttributeError

Giac [B] time = 1.14829, size = 248, normalized size = 2.64

2
2 2212 log(|b tan(dx-+c)+al) ab log(tan(dx+c) +1) (a3—ab2)(dx+c) a2b tan(clx+c)2—a3 tan(dx+c)—ab? tan(dx+c)—b3
a%b+2 a2b3+b° a%+2 a2b2+b* a%+2 a2b2+b* (,14+2 a2b2+b4) (tan(dx+c)2+1)

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dxx+c)~2/(at+bxtan(d*x+c)),x, algorithm="giac")

[Out] 1/2%(2*a”2*xb~2xlog(abs(bxtan(d*x + c) + a))/(a"4*b + 2*xa”2+%b”3 + b~5) - a™2
xbxlog(tan(d*x + c)72 + 1)/(a"4 + 2*a™2xb"2 + b™4) + (a”3 - axb™2)*(d*x + ¢
)/(a~4 + 2%a"2%b"2 + b74) + (a"2*bxtan(d*x + c)72 - a"3*tan(d*x + c) - axb”
2xtan(d*x + c) - b73)/((a"4 + 2xa”2%b"2 + b"4)*(tan(d*x + c)”2 + 1)))/d
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355 f sin(c+dx)

a+b tan(c+dx)

Optimal. Leaf size=90

—1 [ bcos(c+dx)—asin(c+dx)
bsin(c + dx) acos(c + dx) N ab tanh ( V22 )
d(a2+b2)  d(a®+1?) d (a2 + 17 52

[Out] (axb*ArcTanh[(b*Cos[c + d*x] - a*Sin[c + d*x])/Sqrt[a~2 + b~2]])/((a"2 + b~
2)7(3/2)*d) - (axCosl[c + dxx])/((a"2 + b"2)*d) + (b*Sin[c + d*x])/((a"2 + b
"2)*d)

Rubi [A] time = 0.105716, antiderivative size = 90, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 19, e -

0.316, Rules used = {3518, 3109, 2637, 2638, 3074, 206}

integrand size

—1 { bcos(c+dx)—asin(c+dx)
bsin(c + dx) acos(c + dx) N ab tanh ( V22 )
d(a+12)  d(a®+1?) A+ b2)3/2

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]/(a + b*Tan[c + d*x]),x]

[Out] (a*b*ArcTanh[(b*Cos[c + d*x] - a*Sin[c + d*x])/Sqrt[a”2 + b~2]])/((a"2 + b~
2)7(3/2)*%d) - (axCos[c + d*x])/((a"2 + b"2)*d) + (b*Sin[c + d*x])/((a"2 + b
~2)*d)

Rule 3518

Int[sin[(e_.) + (f_)*(x_)]"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n
_.), x_Symbol] :> Int[(Sin[e + f*x] m*(a*Cos[e + f*x] + b*Sin[e + f*x])"n)/
Cosle + f*x]°n, x] /; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && ILtQ
[n, 0] && ((LtQ[m, 5] && GtQ[n, -41) || (EqQ[m, 5] && EqQ[n, -11))

Rule 3109

Int[(cos[(c_.) + (d_)*(x )] (m_.)*sin[(c_.) + (d_.)*(x )] " (n_.))/(cos[(c_.
) + (d_D)*x(x_)I*x(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[b
/(a2 + b"2), Int[Cos[c + d*x] m*Sin[c + d*x] " (n - 1), x], x] + (Dist[a/(a"
2 + b™2), Int[Cos[c + d*x]~(m - 1)*Sin[c + d*x]~n, x], x] - Dist[(a*b)/(a"2



302

+ b™2), Int[(Cos[c + d*x]~(m - 1)*Sin[c + d*x]~(n - 1))/(a*Cos[c + dx*xx] +
b*Sin[c + d*x]), x], x]) /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0] &&
IGtQ[m, 0] && IGtQ[n, O]

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 2638

Int[sinl[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3074

Int[(cos[(c_.) + (d_.)x*x(x)I*(a_.) + (b_.)*sin[(c_.) + (d_)*xx)DI)"(-1), x
_Symbol] :> -Dist[d~(-1), Subst[Int[1/(a"2 + b"2 - x72), x], x, b*Cos[c + d
*x] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps

f sin(c + dx) gy = f cos(c + dx) sin(c + dx)
a + btan(c + dx) *= a cos(c + dx) + bsin(c + dx)

1
B afsin(c + dx) dx bfcos(c + dx) dx ~ (ﬂb)f 7 cos(crdx) b sin(ctdx) dx

B a? + b? az + b? a? + b?
1

scos(c+dx) bsinc+dy (@)Subst ( [ e dx, x, beos(c + dx) - asin(c + dx))

(@2+02)d  (2+02)d (a2 +02)d
-1 [ bcos(c+dx)—asin(c+dx)
ab tanh ( V22 ) acos(c+dx) bsin(c + dx)

(uz + b2)3/2 d (az + bz) d (612 + bz) d
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Mathematica [A] time = 0.336073, size = 79, normalized size = 0.88

a tan( % (c+dx))—b ]

. -1
Va2 + b2(bsin(c + dx) — a cos(c + dx)) — 2ab tanh [ N

4 (a2 +12)"

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]/(a + b*Tan[c + d*x]),x]

[Out] (-2*axb*ArcTanh[(-b + a*Tan[(c + d*x)/2])/Sqrt[a”2 + b~2]] + Sqrt[a”2 + b~2
I*x(=(axCos[c + d*x]) + bxSin[c + d*x]))/((a"2 + b~2)7(3/2)*d)

Maple [A] time = 0.05, size = 100, normalized size = 1.1

1 —tan (1/2dx + ¢/2) b b
2 an(12dx+c)b+a 4 Artanh(l/Z

d| (@ +02)(1+ (tan (12dx +¢2)Y) (202 +202) Va2 + b2

Va2 + b?

2atan (1/2dx + ¢/2) - Zb)]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c)/(a+bxtan(d*x+c)),x)

[Out] 1/d*x(-2/(a"2+b"2)*(-tan(1/2*d*x+1/2%c)*b+a)/(1+tan(1/2*d*xx+1/2%c) ~2) -4*xaxb/
(2%xa~2+2%b"2) /(a"2+b"2) " (1/2) *arctanh (1/2* (2*xaxtan(1/2*d*xx+1/2%c)-2*xb) /(a"2
+b~2)7(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)/(at+bxtan(d*x+c)),x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [B] time = 2.0465, size = 435, normalized size = 4.83

2 ab cos(dx+c) sin(dx+c)+(a2—b2) cos(dx+c)2—2 a2—12-2Va2+b2(b cos(dx+c)—a sin(dx+c))) _» (a?) + abz) oS (dx + C) 49 ((

Va? + b?ablog 5
2ab cos(dx+c) sin(dx-+)+(a?-b2) cos(dx-+c)*+b2
2 (a* +2a2b% + b*)d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)/(atbxtan(d*x+c)),x, algorithm="fricas")

[Out] 1/2*(sqrt(a”2 + b~2)*axbxlog((2*xa*b*cos(d*x + c)*sin(d*x + c) + (2”2 - b72)
xcos(d*x + ¢c)72 - 2%¥a”2 - b72 - 2xsqrt(a”2 + b~2)*(b*cos(d*x + c) - axsin(d
*x + c)))/(2xaxbxcos(d*x + c)*sin(d*x + c) + (2”2 - b™2)*cos(d*x + c)”2 + b
72)) - 2%(a”3 + a*b”"2)*cos(d*x + c) + 2x(a"2xb + b73)*sin(d*x + c))/((a"4 +

2xa”2%b”"2 + b74)*d)

Sympy [F] time = 0., size = 0, normalized size = 0.

f sin (c + dx)

a+ btan (c + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dxx+c)/(a+bxtan(d*x+c)),x)

[Out] Integral(sin(c + d*x)/(a + bxtan(c + d*x)), x)

Giac [A] time = 1.33428, size = 159, normalized size = 1.77
|2atan(% dx+ c)—2 b-2 V112+b2|

1
2 1 1
1 dx+% c)—2 b+2 V02+b2| 2 (b tan(i dx‘*’i C)_a)
3 * 1, 1)\2
(u2+b2) 2 (a2+b2)(tan(§ dx+5 c) +1)

d

a log |2 a tan(

NI

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)/(atbxtan(d*x+c)),x, algorithm="giac")
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[Out] (a*bxlog(abs(2xaxtan(1/2xd*x + 1/2xc) - 2*b - 2xsqrt(a”2 + b~2))/abs(2*axta
n(1/2xd*x + 1/2%c) - 2*%b + 2xsqrt(a™2 + b72)))/(a"2 + b72)7(3/2) + 2*x(b*tan
(1/2*%d*x + 1/2%c) - a)/((a”2 + b~ 2)*(tan(1/2*d*x + 1/2%c)"2 + 1)))/d
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356 f csc(c+dx)

a+btan(c+dx)

Optimal. Leaf size=66

—1 [ bcos(c+dx)—asin(c+dx)
btanh ( N ) tanh ™ (cos(c + dx))

adVa? + b? ad

[Out] -(ArcTanh[Cos[c + d*x]]/(a*d)) + (b*ArcTanh[(b*Cos[c + d*x] - a*Sin[c + dx*x
1)/Sqrt[a”2 + b™2]1])/(axSqrt[a~2 + b~2]*d)

Rubi [A] time = 0.128764, antiderivative size = 66, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 19, e =

integrand size
0.263, Rules used = {3518, 3110, 3770, 3074, 206}

—1 { bcos(c+dx)—asin(c+dx)
btanh ( Va2 112 ) tanh ™ (cos(c + dx))

adVa? + b? ad

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]/(a + bxTan[c + d*xx]),x]

[Out] -(ArcTanh[Cos[c + d*x]]/(a*d)) + (b*ArcTanh[(b*Cos[c + d*x] - a*Sin[c + dx*x
1)/Sqrt[a~2 + b~2]1])/(axSqrt[a~2 + b~2]*d)

Rule 3518

Int[sinl(e_.) + (£_)*(x_)]1"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n
_.), x_Symbol] :> Int[(Sin[e + f#*x] m*(a*Cos[e + f*x] + b*Sin[e + f*x])"n)/
Cosl[e + f*x]°n, x] /; FreeQ[{a, b, e, £}, x] && IntegerQ[(m - 1)/2] && ILtQ
[n, 0] && ((LtQ[m, 5] && GtQ[n, -4]1) || (EqQ[m, 5] && EqQ[n, -1]))

Rule 3110

Int[(cos[(c_.) + (d_.)*(x )1 (m_.)*sin[(c_.) + (d_.)*(x )1 "(n_.))/(cos[(c_.
) + (d_D*(x_)]*x(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Int[Ex
pandTrig[(cos[c + d*x] m*sin[c + d*x]"n)/(a*cos[c + d*x] + bxsin[c + d*x]),
x], x] /; FreeQ[{a, b, c, d, m, n}, x] & IntegersQ[m, n]

Rule 3770
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3074

Int[(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x
_Symbol] :> -Dist[d~(-1), Subst[Int[1/(a"2 + b"2 - x72), x], x, b*Cos[c + d
*x] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

csc(c + dx) cot(c + dx)
J = [

a + btan(c + dx) *= a cos(c + dx) + bsin(c + dx)

f csc(c + dx) b p
= - X
a a(a cos(c + dx) + bsin(c + dx))
1
_ fCSC(C + dx) dx _ b f a cos(c+dx)+b sin(c+dx) dx

a a

1 .
_tanh_l(cos(c + dy)) . b Subst (f 7 dx,x,bcos(c + dx) — asin(c + dx))

ad ad

—1 [ bcos(c+dx)—asin(c+dx)
btanh™ ( )
Va2 +b?

ad ava? + b%d

3 _tanh_l(cos(c + dx)) N

Mathematica [A] time = 0.105158, size = 75, normalized size = 1.14

1

a tan(f(c+dx))—b

2b tanlfl 2—
[ a2+b2

N + log (Sin (%(c + dx))) —log (cos (%(c + dx)))
ad

Antiderivative was successfully verified.

[In] Integrate[Csc[c + d*x]/(a + b*Tan[c + d*x]),x]
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[Out] ((-2*b*ArcTanh[(-b + a*Tan[(c + d*x)/2])/Sqrt[a"2 + b~2]])/Sqrt[a”2 + b~2]
- Logl[Cos[(c + d*x)/2]] + Log[Sin[(c + d*x)/2]]1)/(axd)

Maple [A] time = 0.056, size = 65, normalized size = 1.

2atan(1/2dx+c/2)—2b) 1 ( (dx c))
tan| — + =

b
22— Artanh (1/2 +—1In
adVa? + b? Va2 + b? 2 2

ad
Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)/(a+bxtan(d*x+c)),x)

[Out] -2/d*b/a/(a~2+b~2)~(1/2)*arctanh(1/2*%(2*a*xtan(1/2*xd*x+1/2*c)-2%b)/(a~2+b"2)
~(1/2))+1/d/a*x1ln(tan(1/2*d*x+1/2%*c))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)/(a+bxtan(d*x+c)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.37691, size = 450, normalized size = 6.82

. 2 .
mb log 2 ab cos(dx+c) sm(dx+c)+(a2—b2) cos(dx+c)" -2 a2—b2-2 Va2+b2(2b cos(dx+c)—asin(dx+c)) 3 (a2 4 b2) log (l oS (dx 4 C) 4
2 ab cos(dx+c) sin(dx+c)+(a2—b2) cos(dx+c)“+b? 2

2 (a3 + abz)d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)/(atbxtan(d*x+c)),x, algorithm="fricas")

[Out] 1/2%(sqrt(a”2 + b~2)*b*xlog((2*axb*cos(d*x + c)*sin(d*x + c) + (a”2 - b~2)*c
os(d*x + ¢c)72 - 2xa”2 - b72 - 2*sqrt(a”2 + b~ 2)*(b*cos(d*x + c) - a*sin(d*x
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+ c)))/(2xa*bxcos(d*x + c)*sin(d*x + c) + (a”2 - b"2)*cos(d*x + ¢c)72 + b72
)) - (272 + b™2)*log(1/2%cos(d*x + c) + 1/2) + (2”2 + b~2)*log(-1/2*cos(d*x
+c) + 1/2))/((@a"3 + axb”2)*d)

Sympy [F] time = 0., size = 0, normalized size = 0.

f csc (¢ + dx)

a+ btan (c + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)/(a+bxtan(d*x+c)),x)

[Out] Integral(csc(c + d*x)/(a + b*tan(c + d*x)), x)

Giac [A] time = 1.43594, size = 127, normalized size = 1.92

|2utan(% dx+% c)—Z b-2 Vu2+h2|
1 1
|2atan(% dx+% c)—2 b+2 Vﬂ2+h2| 10g(|tan(§ dx+5 C)|)
+

Va2+b2a a
d

blog

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(dxx+c)/(atbxtan(d*x+c)),x, algorithm="giac")

[Out] (bxlog(abs(2xaxtan(1/2xd*x + 1/2*c) - 2%b - 2*sqrt(a™2 + b~2))/abs(2*a*tan(
1/2*%d*xx + 1/2%c) - 2*b + 2*sqrt(a™2 + b72)))/(sqrt(a™2 + b~2)*a) + log(abs(
tan(1/2xd*x + 1/2%c)))/a)/d
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3 57 f csc?(c+dx)

a+btan(c+dx)

Optimal. Leaf size=50

_b log(tan(c + dx)) N blog(a + btan(c + dx)) ~ cot(c + dx)
a2d a2d ad

[Out] -(Cot[c + d*x]/(a*d)) - (bxLogl[Tan[c + d*x]])/(a"2*d) + (bxLogla + b*Tanl[c
+ dxx]])/(a"2x*d)

Rubi [A] time = 0.0602185, antiderivative size = 50, normalized size of antiderivative

. . b f rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, i L

integrand size
0.095, Rules used = {3516, 44}

blog(tan(c + dx)) blog(a + btan(c + dx)) cot(c+ dx)
— + —
a2d a2d ad

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~2/(a + bxTan[c + dx*x]),x]

[Out] -(Cot[c + d*x]/(a*d)) - (bxLogl[Tan[c + d*x]])/(a"2*d) + (b*Logla + bxTanl[c
+ d*x]])/(a"2*d)

Rule 3516

Int[sin[(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*x(a + x)"n)/(b"2 + x72) " (m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 44

Int[((a_) + (b_)*(x_))"(m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*d, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rubi steps
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b Subst (f L dx, x,btan(c + dx))

f csc?(c + dx) 2(a+x)
a+btan(c+dx) = d
1 1 1
b Subst (f(E . m) dx, x, btan(c + dx))
B d
cot(c +dx) blog(tan(c+ dx)) blog(a + btan(c + dx))
=- - +
ad a%d a%d

Mathematica [A] time = 0.130935, size = 47, normalized size = 0.94

b(log(a cos(c + dx) + bsin(c + dx)) — log(sin(c + dx))) — a cot(c + dx)
a%d

Antiderivative was successfully verified.

[In] Integrate[Csclc + d*x]~2/(a + b*Tan[c + d*x]),x]

[Out] (-(axCot[c + dxx]) + bx(-Log[Sin[c + d*x]] + Logla*Cos[c + d*x] + b*Sin[c +
d*x]1))/(a"2*d)

Maple [A] time = 0.062, size = 53, normalized size = 1.1

1 bln (tan (dx + ¢)) N bln(a + btan (dx + ¢))
ad tan (dx + c) a2d a2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 2/ (at+b*xtan(d*x+c)),x)

[Out] -1/d/a/tan(d*x+c)-b*1ln(tan(d*x+c))/a~2/d+b*x1ln(a+b*tan(d*x+c))/a~2/d

Maxima [A] time = 1.06775, size = 63, normalized size = 1.26

blog(btan(dx+c)+a) _ blog(tan(dx+c)) _ 1
a2 a2 atan(dx+c)

d

Verification of antiderivative is not currently implemented for this CAS.



312

[In] integrate(csc(d*x+c)~2/(atbxtan(d*x+c)),x, algorithm="maxima")

[Out] (b*log(bxtan(d*x + c) + a)/a"2 - bxlog(tan(d*x + c))/a"2 - 1/(axtan(d*x + ¢
)))/d

Fricas [A] time = 2.05537, size = 246, normalized size = 4.92

blog (2 ab cos (dx + c) sin (dx + c) + (az - bz) cos (dx +¢)* + bz) sin (dx + c) - blog (—‘11 cos (dx +¢)* + i) sin (dx + ¢)

2 a%d sin (dx + c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2/ (atb*tan(d*x+c)),x, algorithm="fricas")

[Out] 1/2*(b*log(2*a*xb*cos(d*x + c)*sin(d*x + c) + (a2 - b™2)*cos(d*x + c)"2 + b
“2)xsin(d*x + c) - bxlog(-1/4*cos(d*x + c)~2 + 1/4)*sin(d*x + c) - 2%a*xcos(

d*x + c))/(a"2*%d*sin(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f csc? (¢ + dx)

a+btan(c + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**2/(atb*tan(d*x+c)) ,x)

[Out] Integral(csc(c + dxx)*x2/(a + b*tan(c + d*x)), x)

Giac [A] time = 1.20827, size = 81, normalized size = 1.62

blog(lbtan(dx+c)+al)  blog(tan(dx+c)|) btan(dx+c)-a
a2 a2 tan(dx+c)

d

a2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(d*x+c)~2/(atbxtan(d*x+c)),x, algorithm="giac")

[Out] (b*log(abs(b*tan(d*x + c) + a))/a"2 - b*log(abs(tan(d*x + c)))/a"2 + (b*tan
(d*x + c) - a)/(a"2xtan(d*x + c)))/d
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3 58 L[‘ cscd(c+dx)

a+btan(c+dx)

Optimal. Leaf size=122

b cos(c+dx)—a sin(c+dx)

7 12 -1
_b2 tanh ™ (cos(c + dx)) N bVa? + b2 tanh ( V2112 ) N b csc(c + dx) ~ tanh_l(cos(c + dx)) ~ cot(c + da
a3d a3d azd 2ad Z

[Out] -ArcTanh([Cos[c + dxx]]/(2xaxd) - (b~ 2*%ArcTanh[Cos[c + d*x]])/(a"3*%d) + (bx*S
grt[a”2 + b~2]*ArcTanh[(b*Cos[c + d*x] - a*Sinl[c + d*x])/Sqrt[a”2 + b~2]1]1)/
(a”3xd) + (b*Csclc + dxx])/(a"2*d) - (Cot[c + d*x]*Csclc + dxx])/(2*axd)

Rubi [A] time = 0.307234, antiderivative size = 122, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 11, integrand size = 21, fomper o e
integrand size

= 0.524, Rules used = {3518, 3110, 3768, 3770, 2621, 321, 207, 2622, 3104, 3074, 206}
> 15 —1 [ bcos(c+dx)—a sin(c+dx)
_b2 tanh ™ (cos(c + dx)) N bVa? + b2 tanh ( V22 ) N b csc(c + dx) ~ tanh_l(cos(c + dx)) B cot(c + da
a3d a3d a%d 2ad !

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~3/(a + bxTan[c + d*x]),x]

[Out] -ArcTanh[Cos[c + d*x]]/(2xa*d) - (b~ 2*xArcTanh[Cos[c + d*x]])/(a~3*d) + (b*S
grt[a”2 + b~ 2]*ArcTanh[(b*Cos[c + d*x] - a*Sin[c + d*x])/Sqrt[a”2 + b~2]])/
(a™3xd) + (b*Csclc + d*x])/(a"2*xd) - (Cotl[c + d*x]*Csclc + dxx])/(2xaxd)

Rule 3518

Int[sinl[(e_.) + (f_)*(x_)]"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])"(n
_.), x_Symbol] :> Int[(Sin[e + fx*x] m*(a*Cos[e + f*x] + b*Sin[e + f*x])"n)/
Cos[e + f*x]°n, x] /; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && ILtQ
[n, 0] && ((LtQ[m, 5] && GtQ[n, -41) || (EqQ[m, 5] && EqQ[n, -11))

Rule 3110

Int[(cos[(c_.) + (d_)*(x )] " (m_.)*sin[(c_.) + (d_.)*(x )] " (n_.))/(cos[(c_.
) + (d_D)x*x(x_)I*x(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Int[Ex
pandTrig[(cos[c + d*x] m*sin[c + d*x]"n)/(a*cos[c + d*x] + b*sin[c + dx*x]),
x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && IntegersQ[m, n]
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Rule 3768

Int[(cscl(c_.) + (d_.)*(x_)I1*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
1*(b*Csclc + d*x])"(n - 1))/(d*(n - 1)), x] + Dist[(b72*%(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &%
IntegerQ[2+*n]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 2621

Int[(cscl(e_.) + (f_.)*(x_)]x(a_.)) " (m_)*sec[(e_.) + (f_.)*(x_)]1"(n_.), x_S
ymbol] :> -Dist[(f*a"n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x1, x, axCscle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n
+ 1)/2] && !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 321

Int[((c_)*(x D))" )*((a_) + (b_)*(x_)"(n_)) (p_), x_Symbol] :> Simp[(c™(
n - Dx(cxx)"(m - n + 1)*(a + bxx™n) " (p + 1))/(b*x(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rule 2622

Intlcscl(e_.) + (f_)*(x_)1"(n_.)*((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_), x_S
ymbol] :> Dist[1/(f*a"n), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n + 1)/2
), x], x, axSec[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)
/2] && !(IntegerQ[(m + 1)/2] && LtQ[O, m, n])

Rule 3104

Int[cos[(c_.) + (d_)*(x )]~ (m_)/(cos[(c_.) + (d_.)*(x )I*(a_.) + (b_.)*sin
[(c_.) + (d_.)*(x_)]1), x_Symbol] :> -Simp[Cos[c + d*x]"(m + 1)/(b*d*(m + 1)
), x] + (-Dist[a/b"2, Int[Cos[c + d*x]"(m + 1), x], x] + Dist[(a"2 + b~2)/b
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=2, Int[Cos[c + d*x] " (m + 2)/(a*xCos[c + d*x] + b*Sin[c + d*x]), x], x1) /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0] && LtQ[m, -1]

Rule 3074

Int[(cos[(c_.) + (d_.)*(x_)J*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x
_Symbol] :> -Dist[d~(-1), Subst[Int[1/(a"2 + b"2 - x72), x], x, b*Cos[c + d
*x] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

f csc3(c + dx) = f cot(c + dx) csc?(c + dx)
a + btan(c + dx) *= a cos(c + dx) + bsin(c + dx)

b3 sec?

3 f (CSC3(C +dx)  besc?(c + dx)sec(c + dx) N b? csc(c + dx) sec?(c + dx)
B a - a2 a3 -

[escB(c+dx)dx b [esc(c+dx)sec(c +dx)dx  b? [ esc(c + dx) sec(c
= — +

a3(a cos(c + dx;

+ddx VJ

a a? asd

2ad add 2a a2

B _cot(c + dx) csc(c + dx) ) b2 sec(c + dx) . fcsc(c + dx) dx N bfsec(c + dx) dx B (b ((,12 +

3 _tanh_l(cos(c + dx)) N b tanh_l(sin(c + dx)) N b csc(c + dx) ~ cot(c + dx) csc(c + dx) N Iz

2ad a?d a%d 2ad
5 . 12 —1 [ bcos(c+dx)—a sin(c+dx)
B _tanh_l(cos(c +dx)) b? tanh_l(cos(c + dx)) N bVa? + b* tanh ( N ) N

2ad add add

Mathematica [A] time = 0.826587, size = 179, normalized size = 1.47

a tan(% (c+dx))—b

_16hvVA2 1+ 12 -1
16bVa? + b? tanh ( W

] + a? (— csc? (%(c + dx))) + a2 sec? (%(c + dx)) +4a?log (sin (%(c + dx))) —4a%

Antiderivative was successfully verified.

8¢
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[In] Integrate[Cscl[c + d*x]~3/(a + b*Tan[c + d*x]),x]

[Out] (-16%b*Sqrt[a”2 + b~2]*ArcTanh[(-b + a*Tan[(c + d*x)/2])/Sqrt[a~2 + b~2]] +
4xaxbxCot [(c + d*x)/2] - a"2*Csc[(c + d*x)/2]72 - 4*xa~2*Log[Cos[(c + d*x)/
2]]1 - 8*b~2+Log[Cos[(c + d*x)/2]] + 4xa~2xLog[Sin[(c + d*x)/2]] + 8xb~2xLog
[Sin[(c + d*x)/2]] + a"2+Sec[(c + d*x)/2]72 + 4xaxb*Tan[(c + dxx)/2])/(8*a”

3%d)

Maple [A] time = 0.069, size = 162, normalized size = 1.3

1( (dx c))2 b (dx c) b\/a2+2
— |tan| — + = tan -

2atan (1/2dx +¢/2)-2b 1 ; dx
2 T2)) T2ad an

—FA h{1/2 -
rtan (/ Vaz + 12 8ad

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 3/ (at+b*xtan(d*x+c)),x)

[Out] 1/8/d/axtan(1/2xdxx+1/2%c) ~2+1/2/d/a"2*xtan(1/2xd*x+1/2*c)*b-2/d/a"3*b*x(a~2+
b~2) " (1/2)*arctanh(1/2* (2*axtan(1/2xd*x+1/2%c)-2xb) /(a~2+b"2)~(1/2))-1/8/4d/
a/tan(1/2xd*x+1/2*c) "2+1/2/d/a*x1n(tan(1/2*%d*xx+1/2*c))+1/d/a"3*1n(tan(1/2*d*
x+1/2*c))*b~2+1/2/d*b/a"2/tan(1/2*d*x+1/2*c)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 3/ (atb*tan(d*x+c)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.68281, size = 644, normalized size = 5.28

2 ab cos(dx+c) sin(dx+c)+(a2—b2) cos(dx+c)2—2 2-p2-2

2a% cos (dx +c) —4absin (dx +¢) + 2 (b cos (dx + ¢)* - b)\/az + b2 10g(

2 ab cos(dx+c) sin(dx+c)+(a2—b2) cos
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 3/ (at+bxtan(d*x+c)),x, algorithm="fricas")

[Out] 1/4%(2*a"2*cos(d*x + c) - 4*xaxbxsin(d*x + c) + 2*(bxcos(d*x + c)~2 - b)*sqr
t(a™2 + b72)*log((2*axb*cos(d*x + c)*sin(d*x + c) + (a2 - b"2)*cos(d*x + ¢

)72 - 2%a”2 - b"2 - 2*sqrt(a”2 + b72)*(b*cos(d*x + c) - a*xsin(d*x + c)))/(2
*xaxb*cos(d*x + c)*sin(d*x + c) + (2”2 - b"™2)*cos(d*x + ¢c)”2 + b~2)) - ((a”2

+ 2%b"2)*cos(d*x + ¢c)72 - a”2 - 2%b72)*log(1l/2*cos(d*x + c) + 1/2) + ((a~2

+ 2xb72)*cos(d*x + ¢c)72 - a2 - 2xb~2)*log(-1/2*cos(d*x + c) + 1/2))/(a"3x
dxcos(d*x + ¢c)72 - a”3%d)

Sympy [F] time = 0., size = 0, normalized size = 0.

f csc (¢ + dx)

a+ btan (c + dx)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**3/(atb*tan(d*x+c)),x)

[Out] Integral(csc(c + d*x)**3/(a + bxtan(c + d*x)), x)

Giac [A] time = 1.35144, size = 282, normalized size = 2.31
|2atan(%dx+1c)—2b—2‘/a2+b2|

2

2 8 (a2b+b3) 1o 2
1 1 1 1 1 1 g 1 1
a tan(i dx+3 c) +4b tan(z dx+5 c) 4 (a2+2 bz) log(|tan(§ dx+3 c)|) ( ) |2utan(% dx+% c)—2b+2 \/a2+b2| 642 tan(z dx+3 c) +12 b2 1

+
a2 a’ V211243 g
a
8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~3/(atb*tan(d*x+c)),x, algorithm="giac")

[Out] 1/8*((axtan(1/2*xd*x + 1/2%c)”2 + 4xb*xtan(1/2xd*x + 1/2xc))/a"2 + 4*x(a”2 + 2
xb~2) *log(abs(tan(1/2*d*x + 1/2*c)))/a~3 + 8*(a"2xb + b~3)*log(abs(2*a*xtan(
1/2*%dxx + 1/2%c) - 2*b - 2*sqrt(a”2 + b~2))/abs(2*a*xtan(1/2*xd*x + 1/2%c) -
2*%b + 2xsqrt(a”2 + b72)))/(sqrt(a”™2 + b~2)*a~3) - (6*a”2xtan(1/2xd*x + 1/2x%
C)72 + 12%b~2*tan(1/2xd*x + 1/2%c)"2 - 4*axbxtan(1/2xd*x + 1/2xc) + a"2)/(a
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“3%xtan(1/2*%d*x + 1/2%c)~2))/d
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3 59 f csc(c+dx)

a+b tan(c+dx)

Optimal. Leaf size=108

(az + bz) cot(c+dx) b (az + bz) log(tan(c +dx)) b (az + bz) log(a + btan(c +dx))  peot?(c +dx) cot3(c+ ¢
add a*d a*d 2a%d 3ad

[Out] -(((a”2 + b~2)*Cot[c + d*x])/(a"3*d)) + (b*Cot[c + d*x]~2)/(2%xa"2*d) - Cot[
c + d*x]~3/(3*%axd) - (b*x(a”2 + b~2)*Logl[Tan[c + d*x]])/(a"4*xd) + (b*(a"2 +
b~2)*Log[a + bxTan[c + dxx]])/(a~4xd)

Rubi [A] time = 0.104453, antiderivative size = 108, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, e -

integrand size
0.095, Rules used = {3516, 894}

(az + bz) cot(c +dx) b (a2 + bz) log(tan(c + dx)) b (az + bz) log(a + btan(c +dx))  peot?(c +dx) cot3(c+¢
a3d a*d a*d 2a2d 3ad

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~4/(a + bxTan[c + d*x]),x]

[Out] -(((a”2 + b~2)*Cot[c + dx*x])/(a”3*d)) + (b*Cot[c + d*x]~2)/(2%xa~2*xd) - Cotl[
c + d*x]~3/(3*%axd) - (b*x(a”2 + b~2)*Logl[Tan[c + d*x]])/(a"4*xd) + (b*(a"2 +
b~2)*Log[a + bxTan[c + dxx]])/(a~4xd)

Rule 3516

Int[sinl(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 894

Int[((d_.) + (e_.)*(x_))"(m )*((f_.) + (g_.)*(x_))"(n_)*((a_) + (c_.)*(x_)"
2)~(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
~“2)7p, x], x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[exf - d*xg, 0] && NeQlc
xd~2 + a*e”2, 0] && IntegerQ[p] && ((EqQ[p, 1] && IntegersQ[m, n]) || (ILtQ
[m, 0] && ILtQ[n, 0]))

Rubi steps
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b Subst ( f xlf(:j; dx, x,btan(c + dx))

f csct(c + dx)

a + btan(c + dx) *= d
b2 b2 2+b2 _ 2—b2 2+b2
_bSdﬁtU(az—;;+ihz+ - +;wﬂ)d%%bum@+d@)
B d
(az + bz) cot(c+dx) beot?(c+dx) cot3(c+dx) b (az + bz) log(tan(c +dx)) b (
a3d 2a%d 3ad a*d

Mathematica [A] time = 0.455689, size = 95, normalized size = 0.88

-2 cot(c + dx) (a3 csc(c + dx) + 2a% + 3ab2) —6b (a2 + bz) (log(sin(c + dx)) — log(a cos(c + dx) + bsin(c + dx))) + 3.
6a*d

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~4/(a + b*Tan[c + d*x]),x]

[Out] (3*a~2*b*Csclc + d*x]"2 - 2xCot[c + d*x]*(2*a~3 + 3xa*xb”2 + a"3*Csc[c + dx*x
172) - 6xbx(a”2 + b"2)*(Log[Sin[c + d*x]] - Logla*Cos[c + d*x] + b*Sin[c +

d*x]1))/(6xa”~4+*d)

Maple [A] time = 0.076, size = 144, normalized size = 1.3

1 1 b? b _bln(tan(dx +¢) b3 1n (tan (42
a%d da*

- - - +
3ad (tan (dx + ¢))° adtan(dx+c) dadtan(dx+c) 2424 (tan (dx + c))?
Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 4/ (at+bxtan(d*x+c)),x)

[Out] -1/3/d/a/tan(d*x+c)~3-1/d/a/tan(d*x+c)-1/d/a"3/tan(d*x+c)*b"2+1/2/d*b/a"~2/t
an(d*xx+c) "2-bx1ln(tan(d*x+c))/a~2/d-1/d/a"4*xb"3*1n(tan (d*x+c))+bx1n(a+b*tan(
d*x+c))/a~2/d+1/d/a"4*b"3*1n(a+b*tan(d*x+c))
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Maxima [A] time = 1.06377, size = 131, normalized size = 1.21

6 (a?b+b%) log(btan(dx+c)+a) 6 (a?b+b%) log(tan(dx+c)) 3abtaxﬁdx+f)—6(a2+b2)tanOtb+d2—2a2
+

at at a3 tan(dx+c)®

6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~4/(at+bxtan(d*x+c)),x, algorithm="maxima"

[Out] 1/6%(6%(a”2%b + b~3)*log(b*xtan(d*x + c) + a)/a"4 - 6*%(a”2*b + b~3)*log(tan(
d*x + c))/a"4 + (3*xaxbxtan(d*x + c) - 6*%(a”2 + b™2)*tan(d*x + c)”2 - 2%a~2)
/(a~3xtan(d*x + c)~3))/d

Fricas [B] time = 2.15412, size = 500, normalized size = 4.63

2 (2 P +3 abz) cos (dx + ¢)® + 3a2bsin (dx + ¢) + 3 (azb +b% - (azb + b3) cos (dx + c)z) log (2 ab cos (dx + ¢) sin (dx -
6|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 4/ (atb*tan(d*x+c)),x, algorithm="fricas")

[Out] -1/6%(2%(2*xa”3 + 3*axb”2)*cos(d*x + c)~3 + 3*a”"2*b*sin(d*x + c) + 3*x(a”2*b
+ b73 - (a”2%b + b~3)*cos(d*x + c) 2)*log(2*axbxcos(d*x + c)*sin(d*x + c) +

(a2 - b"2)*cos(d*x + ¢c)”2 + b™2)xsin(d*x + c) - 3*(a"2*b + b~3 - (a™2%b +
b~3)*cos(d*x + c)”2)*log(-1/4*cos(d*x + ¢c)~2 + 1/4)*sin(d*x + c) - 6%(a”3
+ axb”2)*cos(d*x + c))/((a"4*d*cos(d*x + c)”2 - a~4xd)*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**4/(atb*tan(d*x+c)),x)

[Out] Timed out
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Giac [A] time = 1.18105, size = 194, normalized size = 1.8

6 (ﬂzb+b3) log(ltan(dx+c)|) _ 6 (ﬂzbz+b4) log(|b tan(dx+c)+al) _ 1142 tan(dx+c)3+11 v tan(dx+c)3—6 a3 tan(dx+c)2—6 ab? tan(dx+c)2+3 a2b tan(dx
a4 atb a* tan(dx+c)®

B 6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 4/ (atb*tan(d*x+c)),x, algorithm="giac")

[Out] -1/6x(6%(a"2xb + b~3)*log(abs(tan(d*x + c)))/a"4 - 6%(a”2xb”2 + b~4)*log(ab
s(bxtan(d*x + c) + a))/(a"4xb) - (11xa”~2*b*tan(d*x + c)~3 + 11xb~3*tan(d*x
+ ¢c)73 - 6*%a"3*xtan(d*x + c)~2 - 6*xaxb"2xtan(d*x + c)~2 + 3*xa " 2*xbxtan(dxx +

c) - 2*xa~3)/(a"4*tan(d*x + ¢)~3))/d
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3 60 f cscl(c+dx)

a+btan(c+dx)

Optimal. Leaf size=169

(Zaz + bz) cot’(c+dx) b (Zaz + bz) cot?(c + dx) (az + bz)z cot(c+dx) b (az + b2)2 log(tan(c +dx)) b (az +
- - +

3a3d * 2a%d add abd

[Out] -(((a"2 + b~2)"2*Cot[c + d*x])/(a"6*d)) + (b*(2%a”2 + b~2)*Cot[c + d*x]~2)/
(2%a”4xd) - ((2%¥a”2 + b"2)*Cot[c + d*x]~3)/(3*a”"3xd) + (b*Cot[c + d*xx]~4)/(
4xa”2xd) - Cotlc + d*x]75/(5xaxd) - (bx(a”2 + b~2) 2*xLog[Tan[c + d*x]])/(a”

6xd) + (bx(a”"2 + b~2) " 2xLogl[a + bxTan[c + dxx]])/(a"6%d)

Rubi [A] time = 0.150783, antiderivative size = 169, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, e -

integrand size
0.095, Rules used = {3516, 894}

(2a2 + bz) cot>(c+dx) b (2a2 + bz) cot?(c + dx) (az + bz)z cot(c+dx) b (a2 + b2)2 log(tan(c + dx)) b (a2 +
- +

3a3d * 2a4d a°d atd

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~6/(a + bxTan[c + dx*x]),x]

[Out] -(((a"2 + b"2)"2*xCot[c + d*x])/(a"5*xd)) + (b*x(2*xa"2 + b~ 2)*Cot[c + d*x]~2)/
(2xa"4x*d) - ((2*xa”2 + b~2)*Cot[c + d*x]~3)/(3*a~3*d) + (b*Cot[c + d*x]~4)/(
4*%a~2+d) - Cotl[c + d*x]~5/(b*axd) - (b*x(a”2 + b~2) 2*xLog[Tan[c + d*x]])/(a”

6+d) + (b*(a”2 + b~2) 2xLogla + b*Tan[c + d*x]])/(a~6*d)

Rule 3516

Int[sin[(e_.) + (f£_)*(x_ )] " (m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x)]1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*x(a + x)"n)/(b"2 + x"2)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 894

Int[((d_.) + (e_.)*(x_))"(m)*x((£f_.) + (g_)*xx_))"(n_)*((a_) + (c_.)*x(x_)~
2)~(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
“2)7p, x1, x] /; FreeQl{a, c, d, e, £, gt, x] && NeQ[exf - dxg, 0] && NeQ[c
xd"2 + a*e”2, 0] && IntegerQ[p] && ((EqQ[p, 1] && IntegersQ[m, n]) || (ILtQ
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[m, 0] && ILtQ[n, 0]))

Rubi steps
(bz+x2)2
b Subst f dx, x, btan(c + dx)
f cscb(c + dx) B x0(a-+x)
a + btan(c + dx) r= d
o pt oRebt B(202?)  (a@4R) (b)) (a22)
b Subst f(ﬁ - o5+ “a3x4 Tt e T T ey | 96X ban(e -
- d
2
(az + bz) cot(c+dx) b (Za2 + bz) cot?(c + dx) (2&12 + bz) cot’(c +dx)  beotd(c +
T a>d " 2a%d - 3a3d " 4a2d

Mathematica [A] time = 2.16387, size = 150, normalized size = 0.89

15b (2u2 (a2 + bz) csc?(c +dx) — 4 (a2 + bz)z (log(sin(c + dx)) — log(a cos(c + dx) + bsin(c + dx))) + a* csc(c + dx))
60a6d

Antiderivative was successfully verified.

[In] Integrate[Csclc + d*x]~6/(a + b*Tanl[c + d*x]),x]

[Out] (-4*Cot[c + d*x]*(8%a~5 + 25*a~3*b~2 + 15*axb”4 + a~3*(4xa”~2 + 5*xb~2)*Csclc
+ d*x] 72 + 3*a~b*Csclc + d*x]~4) + 15xbx(2*xa~2*x(a”2 + b~2)*Csclc + d*xx]~2

+ a”4*xCsclc + d*x]~4 - 4x(a”2 + b~2)"2*(Log[Sin[c + d*x]] - Logl[a*Cos[c + d

*xx] + b*Sin[c + d*x]])))/(60*a~6*d)

Maple [A] time = 0.083, size = 273, normalized size = 1.6

1 2 12 1 ) 2 b
5ad (tan (dx +¢))°  3ad (tan(dx +¢))° 3dad (tan(dx +c))° adtan(dx+c) ~dadtan(dx+c) dadtan (d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 6/ (atb*tan(d*x+c)),x)

[Out] -1/5/d/a/tan(d*x+c)~5-2/3/d/a/tan(d*x+c)~3-1/3/d/a~3/tan(d*x+c) " 3*b~2-1/d/a
/tan(d*x+c)-2/d/a"3/tan(d*x+c) *b"2-1/d/a"5/tan(d*x+c)*b~4+1/4/d*b/a~2/tan(d
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xx+c) "4+1/d*xb/a"2/tan(d*xx+c) "2+1/2/d/a"4*xb"3/tan(d*x+c) "2-b*x1ln(tan(d*x+c))/
a~2/d-2/d/a"4xb"3*1n(tan(d*x+c))-1/d/a"6*b " 5*1ln(tan(d*x+c) )+b*1ln(a+b*tan(d*
x+c))/a~2/d+2/d/a"4xb"3*1n(a+b*tan(d*x+c))+1/d/a"6xb " 5x1ln(a+b*tan(d*x+c))

Maxima [A] time = 1.09497, size = 227, normalized size = 1.34

60 (a4b+2 a2b3+b5) log(btan(dx+c)+a) 60 (a4b+2 a2b3+b5) log(tan(dx+c)) 15 a3b tan(dx-+c)—60 (a4+2 a2b2+b4) tan(dx+c)4—12 a%+30 (2 u3b+ab3) tan
+

ab ab a® tan(dx+c)®

60d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)”6/(atbxtan(d*x+c)),x, algorithm="maxima")

[Out] 1/60%(60*(a~4*b + 2*a~2%b~3 + b~5)*log(b*xtan(d*x + c) + a)/a"6 - 60x(a~4*Db
+ 2%a”2%b”3 + b~5)*log(tan(d*x + c))/a"6 + (15*a~3*bxtan(d*x + c) - 60*(a~4

+ 2*%a"2%b"2 + b~4)*tan(d*x + c)74 - 12*%a”4 + 30*x(2*a~3*b + a*b~3)*tan(d*x

+ ¢)73 - 20%(2*xa"4 + a"2*b"2)*tan(d*x + c)”2)/(a"5*tan(d*x + ¢)~5))/d

Fricas [B] time = 2.41224, size = 902, normalized size = 5.34

4 (8 a° +25a%0% +15 ub4) cos (dx + ¢)° = 20 (4 a° +11a°%% + 6 ab4) cos (dx + ¢)® = 30 (a4b +2a%0 +b° + (a4b + 247

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~6/(atb*tan(d*x+c)),x, algorithm="fricas")

[Out] -1/60%(4*(8*a”~5 + 25%a~3%b~2 + 16*a*b”4)*cos(d*x + ¢)~5 - 20%(4*a”5 + 11*a”
3*b72 + 6*xaxb"4)*xcos(d*x + c)”3 - 30*(a"4*xb + 2*xa"2xb"3 + b~5 + (a"4*b + 2%
a~2%b"3 + b7B)*cos(d*x + ¢c)74 - 2+x(a"4*b + 2*a"2*xb"3 + b~5)*cos(d*x + c)”2)
xlog(2*a*bxcos(d*x + c)*sin(d*x + c) + (272 - b™2)*cos(d*x + ¢c)72 + b~ 2)*si
n(d*x + c) + 30x(a"4*b + 2*a~2+%b”"3 + b"5 + (a"4*b + 2*xa~2*b~3 + b~5)*cos(d*

X + c)74 - 2x(a”4*b + 2%xa”2%b”3 + b~b)*cos(d*x + c)72)*log(-1/4*cos(d*x + ¢

)72 + 1/4)*sin(d*x + c) + 60*%(a”5 + 2*a~3*%b"2 + a*b”"4)*cos(d*x + c) - 15%(3
*a"4xb + 2%xa~2%b"3 - 2x(a~4xb + a"2*b"3)*cos(d*x + c)"2)*sin(d*x + c))/((a”
6*xdxcos(d*x + c)”"4 - 2*%a~6xd*cos(d*x + c)”2 + a~6*xd)*sin(d*x + c))
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**6/(atbxtan(d*x+c)) ,x)

[Out] Timed out

Giac [A] time = 1.24413, size = 339, normalized size = 2.01

6O(a4b+2a2b3+b5)logﬂtaIde+cN) 60(ﬂ4b2+2ﬂ2b4+b6)logﬂbtalﬂdx+0}+ﬂn 137 a*b tan(dx-+c)°+274 a2b3 tan(dx+c)°+137 b tan(dx+c)°—60 a° 1

ab abb

- z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~6/(atbxtan(d*x+c)),x, algorithm="giac")

[Out] -1/60*%(60*(a~4xb + 2%a~2xb~3 + b~5)*log(abs(tan(d*x + c)))/a"6 - 60x(a~4*b~
2 + 2xa”2%b”4 + b~6)*log(abs(b*tan(d*x + c) + a))/(a"6xb) - (137*xa~4xb*tan(
d*x + c)7b + 274xa”2*b~3*tan(d*x + c)~5 + 137*b~5*tan(d*x + c)~5 - 60*a”b*t
an(d*x + ¢c)74 - 120*a"3*b"2*xtan(d*x + c)”4 - 60*axb~4*tan(d*x + c)~4 + 60*a
“4xbxtan(d*x + c)”3 + 30*a"2%b"3*tan(d*x + c)”3 - 40*a"bxtan(d*x + ¢c)"2 - 2
O*a~3*b"2*tan(d*x + c)~2 + 15*a"4*b*tan(d*x + c) - 12*a~5)/(a"6*tan(d*x + ¢

)75))/d
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361 f Sin6(c+dx)

(a+b tan(c+dx))?

Optimal. Leaf size=297

ab cos®(c + dx) ((az - bz) tan(c + dx) + Zab) cos*(c + dx) ((—18a2b2 +13a* - 7b4) t
— +

4 (@ +12)" (a + btan(c + dx)) 6d (2 + 12) 24d (a2 + ¥

[Out] ((5*a"8 - 80*a~6*xb~2 + 50*a~4*b"4 + 8*a~2*b"6 + b~8)*x)/(16*(a”2 + b~2)75)
+ (2*a”b*bx(a”2 - 3*b~2)*LoglaxCos[c + d*x] + b*Sin[c + d*x]]1)/((a"2 + b~2)
“5xd) - (a”6*b)/((a"2 + b~2)74xd*(a + b*Tan[c + d*x])) - (Coslc + d*x] 6*(2
xaxb + (a”2 - b"2)*Tan[c + d*x]))/(6x(a”2 + b~2)"2xd) + (Cos[c + d*x] " 4x(12
*axb*(3*%a”2 + b72) + (13*a~4 - 18*a"2%b"2 - 7*b"4)*Tanl[c + d*x]))/(24*(a"2

+ b72)73*%d) - (Cosl[c + d*x] 2%(48*a"5*b + (11*a~6 - 43*a~4*b"2 - 7*a~2*b"4

- b76)*Tan[c + d*x]))/(16%x(a”"2 + b~2) 4xd)

Rubi [A] time = 0.913641, antiderivative size = 297, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 6, integrand size = 21, i L

integrand size
0.286, Rules used = {3516, 1647, 1629, 635, 203, 260}

b cos®(c + dx) ((a2 - bz) tan(c + dx) + Zab) cos*(c + dx) ((—18a2b2 +13a* - 7b4) t
- +

4 (@ +12)" (a + btan(c + dx) 6d (2 + 12) 24d (a2 + ¥

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]~6/(a + bxTan[c + dx*x])~2,x]

[Out] ((5%a~8 - 80%a"6xb~2 + 50*a"4*xb~4 + 8*xa~2*%b"6 + b~8)*x)/(16%(a"2 + b~2)75)
+ (2xa”bxbx(a”2 - 3*b~2)*Logl[a*Cos[c + d*x] + b*Sin[c + d*x]])/((a"2 + b~2)
“5xd) - (a”6*b)/((a”2 + b~2)"4*d*x(a + b*Tanl[c + d*x])) - (Cos[c + dxx] " 6%(2
*axb + (2”2 - b™2)*Tan[c + d*x]))/(6%(a"2 + b~2)72xd) + (Cos[c + d*x] 4x*(12
*axb*(3*a”2 + b72) + (13*a~4 - 18*a"2%b"2 - 7*b"4)*Tan[c + d*x]))/(24*(a"2

+ b72)73*%d) - (Cosl[c + d*x] 2%(48*a"5*b + (11*a~6 - 43*a~4*b"2 - 7*a"2*b"4

- b"6)*Tan[c + d*x]))/(16*x(a"2 + b~2)"4%*d)

Rule 3516

Int[sin[(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + f*x]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]
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Rule 1647

Int[(Pq )*((d_) + (e_.)*x(x_))"(m_.)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :
> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x72, x], f = Coeff[Pol
ynomialRemainder[(d + e*x) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial
Remainder[(d + e*x) m*Pq, a + cxx”2, x], x, 11}, Simp[((a*xg - c*f*x)*(a + ¢
*x72) " (p + 1))/ (2*%a*xcx(p + 1)), x] + Dist[1/(2xa*xc*x(p + 1)), Int[(d + exx)”
m*(a + c*x72) " (p + 1)*ExpandToSum[(2%a*xc*(p + 1)*Q)/(d + exx)"m + (cxfx(2*p
+3))/(d + exx)"m, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[c*d™2 + axe”2, 0] && LtQlp, -1] &% ILtQ[m, O]

Rule 1629

Int[(Pq_)*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*x(x_)"2)"(p_.), x_Symbol]
:> Int[ExpandIntegrand[(d + exx) m*Pgx(a + c*x~2)7p, x], x] /; FreeQ[{a, c,
d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rule 635

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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x6
b Subst f ——— dx, x,btan(c + dx)

siné(c + dx) dx = (a+x)2(b2+x2)
@+btanc+do)R d
B azbé(uz—bz) . 2ab® (5u2+b2)x N b4(6a4+17112h2+l
Subst f (@2 (2n2) __ 3(:12+h2)2
cos®(c + dx) (Zab + (az - bz) tan(c + dx)) (arf(0242)
6(2 +17) d 6bd
cos®(c + dx) (2ab + (a? - b?) tan(c + dx))  cos*(c + dx) (12ab (3a2 + b?) + (13a* - 18a
== 2 + 3
6(a2 +12) d 24 (a2 +12) d
cos®(c + dx) (2ab + (az - bz) tan(c + dx)) cos(c + dx) (12ab (3a2 + bz) + (13a4 ~18a
=- ) + 3
6(a2 +12) d 24 (a2 +12) d
cos®(c + dx) (Zab + (az - bz) tan(c + dx)) cos(c + dx) (12ab (3a2 + bz) + (13a4 ~18a
=- ) + 3
6(a2+2) d 24 (a2 + %) d
~ 2a°b (a2 - 3b2) log(a + btan(c + dx)) ab cos®(c + dx) (2a
(@+2) d (a2 +82)" d(a + btan(c + dv)) 6
~ 2a°b (a2 - 3b2) log(a + btan(c + dx)) ab cos®(c + dx) (2(1
(@+12) d (a2 + 1) d(a + btan(c + dv)) 6
(5{18 — 80a°b? + 50a*b* + 8421 + bg) x 2a°b (a2 —~ 3b2) log(cos(c + dx))  2a°b (az -3l
= = + = +
16 (a2 +1?) (a2 +02) d

Mathematica [A] time = 6.47982, size = 526, normalized size = 1.77

—144q° (a2 + b2) cos?(c + dx) — 16a (a2 + b2)3 cos®(c + dx) + 24a (112 + b2)2 (3112

) ( 12(a2+12) (6a4b% +4a2*-345+15) sin(2(c+d))
b

Antiderivative was successfully verified.
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[In] Integrate[Sin[c + d*x]~6/(a + b*Tan[c + d*x])~2,x]

[Out] (bx((24%(a"2 + b"2)*(-3*a~6 + 6xa~4*xb"2 + 4*xa~2%b"4 + b~6)*ArcTan[Tanl[c + d
*x]]1)/b - 144*a”5%x(a"2 + b~2)*Cos[c + d*x]"2 + 24*a*x(a”2 + b~2)"2%(3*a"2 +
b"2)*Cos[c + d*x]~4 - 16*a*x(a”2 + b~2) " 3*Cos[c + d*x]"6 - 24*a"5x(2*a"2 - 6
*b"2 + (-a”3 + Txa*b~2)/Sqrt[-b~2])*Log[Sqrt[-b~2] - b*Tan[c + d*x]] + 96%a
“b*x(a”2 - 3*b"2)*Logla + bxTan[c + dxx]] - 24*a”bx(2%¥a”"2 - 6*%b"2 + (a”3 - 7
*xa*xb~2) /Sqrt [-b~2] ) *Log[Sqrt [-b~2] + b*Tan[c + d*x]] - (12%(a"2 + b~2) 2% (-
3*a”"4 + 3*a"2*xb"2 + 2x¥b~4)*Cos[c + d*x] " 3*Sin[c + d*x])/b + (8+%(-a"2 + b~2)
*(a”2 + b"2)"3*Cos[c + d*x]~5*Sin[c + d*x])/b + (12*x(a"2 + b~2)*(-3*a"6 + 6
*a"4*xb"2 + 4%a"2*b"4 + b76)*Sin[2*(c + d*x)])/b - (9%(a"2 + b~2) 2% (-3*xa"4
+ 3*%a”"2*b”"2 + 2*xb~4)* (2*%ArcTan[Tan[c + d*x]] + Sin[2*(c + d*x)]))/b + (5x(-
a"2 + b"2)*x(a"2 + b~2) " 3x(12%ArcTan[Tan[c + d*x]] + 8*Sin[2*(c + d*x)] + Si
nldx(c + d*x)]))/(4%¥b) - (48*a"6x(a"2 + b~2))/(a + b*Tan[c + d*x])))/(48x(a
"2 + b~2)"5%d)

Maple [B] time = 0.103, size = 1211, normalized size = 4.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 6/ (at+b*tan(d*x+c))~2,x)

[Out] -1/d/(a"2+b~2) "5x1ln(1+tan(d*x+c) ~2)*a”~7*b+3/d/(a~2+b"2) “5*1ln(1+tan(d*x+c) "2
)*a~5*xb~3-5/d/(a”2+b"2) “5*arctan(tan(d*x+c))*a~6xb~2+25/8/d/(a"2+b~2) “5*arc
tan(tan(d*x+c))*a~4xb~4+1/2/d/(a"2+b~2) “b*arctan(tan(d*x+c) ) *a~2xb~6+2/d*xbx*
a”7/(a"2+b"2) "5x1ln(a+bx*tan(d*x+c))-6/d*b"3*a~5/(a"2+b"2) “5x1n(a+b*tan (d*x+c
))-1/2/d/(a"2+b"2) "5/ (1+tan(d*x+c) ~2) "3*xb~3*a~5-11/16/d/(a"2+b"2) "5/ (1+tan(
d*x+c) ~2) "3*xtan(d*x+c) “5*%a~8+2/d/(a”"2+b”2) "5/ (1+tan (d*x+c) ~2) "3*tan (d*x+c) *
a~6xb"2+15/8/d/(a"2+b"2) "5/ (1+tan(d*x+c) ~2) "3*tan(d*x+c) *a~4*b~4-1/2/4/ (a2
+b~2) "5/ (1+tan(d*x+c) ~2) “3*tan(d*x+c)*a”~2*xb~6-3/d/(a”2+b"2) "5/ (1+tan (d*x+c)
~2) " 3xtan(d*x+c) “4*xa~7*b-3/d/(a"2+b"2) "5/ (1+tan(d*xx+c) "2) "3*tan (d*x+c) “4*a”
5%b~3+2/d/(a~2+b"2) "5/ (1+tan(d*x+c) ~2) "3*tan(d*x+c) “5*xa”~6xb~2-1/3/d/(a"2+b"
2) 75/ (1+tan(d*x+c) ~2) “3*tan(d*x+c) “3*a~2*xb~6-9/2/d/(a"2+b~2) °5/ (1+tan (d*x+c
)~2) "3*tan(d*x+c) "2*a~7xb-5/2/d/(a"2+b”2) "5/ (1+tan(d*x+c) ~2) “3*tan (d*x+c) "2
*b~3*a~5+5/2/d/(a"2+b"2) "5/ (1+tan(d*x+c) ~2) “3*tan(d*x+c) "2*a~3*b~5+1/2/d/ (a
~24+b72) "5/ (1+tan(d*x+c) ~2) "3*xtan(d*x+c) "2*%axb~7+1/2/d/(a"2+b"2) "5/ (1+tan(d*
x+c) "2) "3xtan(d*x+c) “b*xa"2xb~6+13/3/d/(a"2+b"2) "5/ (1+tan(d*x+c) "2) “3*tan (d*
x+c) "3*a~6xb”"2+5/d/(a"2+b"2) "5/ (1+tan (d*x+c) ~2) "3*tan (d*x+c) “3*a~4*xb~4+25/8
/d/(a~2+b72) "5/ (1+tan(d*x+c) ~2) “3*tan(d*x+c) “5*xa~4*xb~4+5/16/d/(a~2+b~2) “5%a
rctan(tan(d*x+c))*a~8+1/16/d/(a"2+b”2) “5*xarctan(tan(d*x+c))*b~8-11/6/d/(a"2
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+b~2) "5/ (1+tan(d*x+c) ~2) "3*a”~7*b-a~6%*b/(a"2+b"2) "4/d/ (a+bxtan (d*x+c) ) +1/16/
d/(a"2+b~2) "5/ (1+tan(d*x+c) ~2) "3*tan(d*x+c) “5*%b~8-5/6/d/ (a~2+b~2) "5/ (1+tan(
d*x+c) ~2) “3*xtan(d*x+c) “3*a~8-1/6/d/(a"2+b”2) "5/ (1+tan (d*x+c) ~2) "3*xtan (d*x+c
)"3%b"8-5/16/d/(a"2+b"2) "5/ (1+tan(d*x+c) ~2) "3xtan(d*x+c)*a~8-1/16/d/(a"2+b"
2) 75/ (1+tan(d*x+c) ~2) "3*xtan(d*x+c) *b~8+3/2/d/(a"2+b"2) "5/ (1+tan (d*x+c) ~2) "3
*a~3%b"5+1/6/d/(a"2+b"2) "5/ (1+tan(d*x+c) ~2) “3*a*xb”7

Maxima [B] time = 1.79554, size = 1079, normalized size = 3.63

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~6/(atb*tan(d*x+c))~2,x, algorithm="maxima")

[Out] 1/48*%(3*(5*a~8 — 80*a~6*b~2 + 50*a~4*b~4 + 8*xa~2*b~6 + b~ 8)*(d*x + c)/(a"10
+ 5*%a"8%b~2 + 10%a"6xb~4 + 10*a"4*xb~6 + 5%xa~2%b"8 + b~10) + 96x(a”7*xb - 3x*
a”b*b~3)*log(b*tan(d*x + c) + a)/(a”10 + 5%a”8%b~2 + 10*a~6%b~4 + 10%a~4*b~
6 + 5%a”2%b”8 + b~10) - 48*(a"7xb - 3xa~5xb~3)*log(tan(d*x + c)"2 + 1)/(a”1
0 + 5%a”8*b"2 + 10*a"6*xb~4 + 10*a"4*b~6 + 5*xa~2*b~8 + b~10) - (136*a”6%b -
64*a~4%b"3 - 8*a"2*xb”"5 + 3% (27*a"6*b - 43*a"4*b”3 - 7*a"2*xb~5 - b~7)*tan(d*
X + ¢c)76 + 3x(11%a”7 + 5*a”5*b”"2 - 7*a"3*b"4 - axb”6)*tan(d*x + c)”5 + 8x(4
1*a~6*b - 31*a~4%b~3 + a”“2*b~5 + b~ 7)*tan(d*x + c)”4 + 8*%(5%xa”7 - 4xa~5*xb”~2
- 11*%a”3*b"4 - 2*axb~6)xtan(d*x + c)~3 + 3*(125%a"6xb - 69*a~4%b~3 - a~2*b
"5 + b 7)*tan(d*x + c)”72 + (15%a”7 - 23*a”5*b”2 - 43*a~3*b~4 - 5*axb~6)*tan
(d*x + ¢))/(a”9 + 4*a”7*b"2 + 6*xa~5%b~4 + 4*a”3*b”"6 + a*xb™8 + (a”8*b + 4*a”
6*¥b~3 + 6*%a”4*b”5 + 4*a"2*b”"7 + b~ ) *tan(d*x + c)77 + (2379 + 4*xa"T*¥b"2 + 6%
a~5*%b"4 + 4*a”3*b"6 + a*b"8)*tan(d*x + c)”6 + 3*x(a"8*b + 4*a"6%b"3 + 6*a 4
b™5 + 4*xa~2xb"7 + b~9)*tan(d*x + c)75 + 3x(a”9 + 4*a”T7*b"2 + 6*a"bxb"4 + 4%
a~3*%b”6 + a*b”8)*tan(d*x + c)74 + 3*x(a”8*b + 4*a"6*b"3 + 6*xa~4xb"5 + 4*xa” 2%
b~7 + b79)xtan(d*x + c)”3 + 3*(a”9 + 4*a~7xb"2 + 6*a”b*b”4 + 4*a”~3*b"6 + ax
b"8)*tan(d*x + c)”2 + (a”8*b + 4*a"6xb~3 + 6%a~4*b”5 + 4*a”~2*b”"7 + b~9)*tan
(d*x + c)))/d

Fricas [B] time = 2.89634, size = 1388, normalized size = 4.67

8(a%h +4a°b% + 6a*b® + 427 + b°) cos (dx + ) —2(19a%b + 68.a°° + 90 a*h® + 52427 + 1) cos (dx + ¢)” + (

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c) 6/ (atb*tan(d*x+c))”2,x, algorithm="fricas")

[Out] -1/48*%(8*(a"8*b + 4*a~6%b~3 + 6*a”4*b”5 + 4*a~2*b~7 + b~ 9)*cos(d*x + c)77 -
2% (19*%a”8*b + 68*a"6*b~3 + 90*a~4*b~5 + 52*a”"2*b”7 + 11*b~9)*cos(d*x + ¢c)~
5 + (85%a”8*xb + 224%a"6xb~3 + 210*a"4*xb~5 + 88*a”~2*b~7 + 17*b~9)*cos(d*x +
c)”3 - (17*a"8*b + 72*a”~6*b~3 + 120*a~4%b~5 + 20*a~2*b~7 + 3*b~9 + 3x(5%a”9
- 80*a"7*b”"2 + 50*a~5*b~4 + 8%a~3%b~6 + ax*b”8)*d*x)*cos(dxx + c) - 48+((a”
8*b - 3xa”6*b~3)*cos(d*x + c) + (a"7*b”2 - 3*%a~b*b~4)*sin(d*x + c))*log(2*a
xbxcos(d*x + c)*sin(d*x + ¢c) + (a2 - b™2)*cos(d*x + ¢c)”2 + b"2) - (98*%a 7
b"2 + 24*xa~5%b~4 - 30*%a”3*b"6 - 4*axb”8 - 8x(a”9 + 4*a"7*b"2 + 6*xa~bxb~4 +
4xa~3*b"6 + axb~8)*cos(d*x + c)”6 + 2x(13*xa”9 + 44%a~7*b"2 + 54*a"b5xb"4 + 2
8*a~3*b”"6 + b*xaxb~8)*cos(d*x + c)”4 + 3*(5xa"8*b - 80*a~6%b~3 + 50*a”4*b”5
+ 8%a”2*b”7 + bT9)*d*x - 3*%(11*a”9 + 16*a”7*b"2 - 2*¥a"5*xb"4 - 8*xa"3*b"6 - a
*b78)*cos(d*x + c)"2)*sin(d*x + c¢))/((a”11 + 5*a”9*b"2 + 10*a~7+*b~4 + 10*a”
5%¥b"6 + 5*a”3*b"8 + a*b~10)*d*cos(d*x + c) + (a"10*b + 5%a~8*b~3 + 10*a"6*b
“5 + 10%a”4*b~7 + 5%a”2*b"9 + b~11)*d*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**6/(atb*tan(d*x+c))**2,x)

[Out] Timed out

Giac [B] time = 1.23314, size = 992, normalized size = 3.34

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~6/(atb*tan(d*x+c))”2,x, algorithm="giac")

[Out] 1/48%(3*(5*%a”8 - 80*a~6*b~2 + 50*%a~4*b~4 + 8xa~2*b~6 + b~8)*(d*x + c)/(a~10
+ 5*xa”8xb”"2 + 10%¥a~6*b~4 + 10*a~4xb”6 + 5*a”2*b”8 + b~10) - 48%(a”7*b - 3%
a”b*b~3)*log(tan(d*x + c)72 + 1)/(a”10 + 5%a”8%b~2 + 10*a”6%b~4 + 10%a~4*b~
6 + 5*a"2%b”"8 + b710) + 96%(a”7*b"2 - 3*a”~5xb~4)*log(abs(b*tan(d*x + c) + a
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))/(a”10%b + 5%a”~8%b~3 + 10*a~6*b~5 + 10*%a~4*b”~7 + 5*a”2*xb”~9 + b~11) - 48x%(
2%a~7*b"2*xtan(d*x + c) - 6*xa~5*b~4xtan(d*x + c) + 3*a~8*b - 5xa~6%b~3)/((a”
10 + 5*%a~8%b~2 + 10*a"6*b"4 + 10*a~4*b~6 + 5%a~2%b~8 + b~10)*(b*tan(d*x + ¢
) + a)) + (88*a”7*xbxtan(d*x + c)~6 - 264*a”5*b " 3*tan(d*x + c)~6 - 33*a"8*ta
n(d*x + ¢)75 + 96*a~6*xb " 2*xtan(d*x + c)~5 + 150*a"4*b"4*tan(d*x + c)~5 + 24%
a~2*b~6*tan(d*x + c)~5 + 3%b~"8xtan(d*x + c)”5 + 120*a”7*bxtan(d*x + c)~4 -

936*a~5*b~3*tan(d*x + c)~4 - 40*a~8+tan(d*x + c)~3 + 208*a~6xb~2*tan(d*x +

c)"3 + 240*%a”4xb"4xtan(d*x + c)”3 - 16*xa"2*b"6xtan(d*x + c)~3 - 8xb~8*tan(d
*xX + ¢)73 + 48*a”7xbxtan(d*x + c)72 - 912*%a”5*xb”"3*tan(d*x + c¢)~2 + 120*a”3*
b~5xtan(d*x + c)~2 + 24xaxb”~7xtan(d*x + c)~2 - 1bxa"8xtan(d*x + c) + 96*a”6
*b"2xtan(d*x + c) + 90*a~4*b~4dxtan(d*x + c) - 24*a~2*%b”6xtan(d*x + c) - 3*b
“8xtan(d*x + c) - 288*a”5*b~3 + 72*a~3*b~5 + 8*axb~7)/((a”10 + 5*a”8*xb"2 +

10*%a"6*b~4 + 10*a"4*b~6 + 5*xa”2*b"8 + b~10)*(tan(d*x + c)~2 + 1)73))/d



335

sin4(c+dx)
(a+Db tan(c+dx))?

362 |

Optimal. Leaf size=217

atp cos(c + dx) ((az -~ bz) tan(c + dx) + 2ab) cos?(c + dx) ((—12a2b2 +5a% - b4) ta
—_ + —_
4 (@ +12)” (a + btan(c + dx)) 4d (@ + 12)’ 8d (22 + 12)]

[Out] ((3*a”6 - 33*a~4*b™2 + 13*a”2%b"4 + b~ 6)*x)/(8*x(a"2 + b~2)"4) + (2*xa"3*b*x(a
"2 - 2xb”2)*Logl[a*Cos[c + d*x] + b*Sin[c + d*x]])/((a”2 + b~2)74*d) - (a™4x
b)/((a"2 + b"2)"3*d*(a + bx*Tan[c + d*x])) + (Cos[c + d*xx] 4*x(2xaxb + (a"2 -
b~2)*Tan[c + d*x]))/(4*x(a"2 + b~2)"2*xd) - (Cos[c + d*x] 2x(16*a"3*b + (5*a

~4 - 12%a”2xb"2 - b~4)*Tan[c + d*x]))/(8%(a"2 + b~2)"3*d)

Rubi [A] time = 0.561945, antiderivative size = 217, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 21, e -

0.286, Rules used = {3516, 1647, 1629, 635, 203, 260}

integrand size

a*b cos*(c + dx) ((a2 - bz) tan(c + dx) + Zab) cos?(c + dx) ((—12112172 +5a* - b4) ta
+ —_

d (az + b2)3 (a + btan(c + dx)) 4d (a2 + bz)2 8d (az + b2)3

Antiderivative was successfully verified.

[In] Int[Sinl[c + d*x]~4/(a + bxTan[c + d*x])~2,x]

[Out] ((3*a”6 - 33*%a"4*b~2 + 13%a"2*b~4 + b76)*x)/(8%(a"2 + b"2)74) + (2*a"3*bx*(a
2 - 2xb~2)*Logl[a*Cos[c + d*x] + b*Sin[c + d*x]])/((a”2 + b~2)74*xd) - (a~4x
b)/((a"2 + b~2)"3*d*(a + b*Tan[c + d*x])) + (Cos[c + d*x] 4*x(2*axb + (a"2 -
b~2)*Tan[c + d*x]))/(4*x(a"2 + b~2)"2xd) - (Cos[c + d*x] " 2*x(16*a"3*b + (5*a

4 - 12%a”2*%b”2 - b74)*Tan[c + d*x]))/(8*%(a"2 + b~2)73%d)

Rule 3516

Int[sin[(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*x(a + x)"n)/(b"2 + x72) " (m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1647

Int[(Pq )*((d_) + (e_.)*x(x_)) " (m_.)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol]
> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x72, x], f = Coeff[Pol
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ynomialRemainder[(d + e*x) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial
Remainder [(d + e*x) " mxPq, a + c*xx"2, x], x, 1]}, Simp[((a*xg - cxf*x)*x(a + ¢
*x72)"(p + 1))/ (2xaxcx(p + 1)), x] + Dist[1/(2xa*xcx(p + 1)), Int[(d + e*x)~
m*(a + c*xx”2)"(p + 1)*ExpandToSum[(2*axc*(p + 1)*Q)/(d + exx)™m + (cxf*(2*p
+3))/(d + exx)"m, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[c*d™2 + axe”2, 0] && LtQl[p, -1] && ILtQ[m, O]

Rule 1629

Int [(Pq_)*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*x(x_)"2)"(p_.), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + c*x~2)7p, x], x] /; FreeQ[{a, c,
d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rule 635

Int[((d) + (e_.)*(x))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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4
bSubst | [ —=—— dx, x, btan(c + dx
sin*(c + dx) (f (@+0R(22)’ ( ))

a + btan(c + dx))? X = d
( ( )

u2b4(rz2—b2) 2ub4(3u2+b2)x h2(4u4+11u2b2+b4

Subst f (@2 (2e2)? (a2+12)?

(a+x)? (b2+x2)2

cos(c + dx) (Zab + (az - bz) tan(c + dx))

4@ +12) d 4bd

cost(c + dx) (2ab + (a? - b?) tan(c + dx))  cos?(c + dx) (16D + (5a* — 12422 — b*) te
4(@+12) d 8 (2 +17) d

cos(c + dx) (Zab + (az - bz) tan(c + dx)) cos?(c + dx) (16a3b + (5a4 —12a%h? - b4) te

4@ +12) d 8 (a2 +12) d
2a%b (az -~ 2b2) log(a + btan(c + dx)) atp cos*(c + dx) (2
= 7 - 3 +
(2 +02) d (a2 + b2) " d(a + btan(c + dx))
2a%b (az -~ 2b2) log(a + btan(c + dx)) atp cos*(c + dx) (2
= 7 - 3 +
(2 +02) d (a2 + b2) d(a + btan(c + dx))
3a° - 33a*b? +13a%b* + b°)x 243D (a® — 2b%) log(cos(c + dx))  2a3b(a? — 2b?) log(
= + +
8 (w2 + 12)’ (@ +12)"d (a2 +1

Mathematica [A] time = 3.80693, size = 373, normalized size = 1.72

4(a2+b2) (3a2b2—2a4+b4) tan ™! (t
b

) (2(112+h2)(3a2b2—2a4+b4) sin(2(c+dx))

2
- 1643 (az + bz) cos?(c + dx) + 4a (az + bz) cos*(c + dx) +

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~4/(a + b*Tan[c + d*x])~2,x]

[Out] (b*x((4%(a"2 + b~2)*(-2*%a~4 + 3*a~2%b"2 + b~4)*ArcTan[Tan[c + d*x]])/b - 16%
a"3*%(a"2 + b"2)*Cos[c + d*x]~2 + 4xa*x(a”2 + b~2)"2xCos[c + d*xx]~4 - 4*xa~3x*(
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2%a”2 - 4%b72 + (-a”3 + b*axb~2)/Sqrt[-b~2])*Logl[Sqrt[-b~2] - b*Tan[c + d*x
11 + 16%a”3x(a”2 - 2xb~2)*Logla + b*Tan[c + d*x]] - 4*a”3%(2*xa”2 - 4*b~2 +

(a3 - b*axb~2)/Sqrt[-b~2])*Log[Sqrt[-b~2] + b*Tan[c + d*x]] + (2x(a”2 - b~
2)*%(a”2 + b"2)"2*Cos[c + d*x]~3*Sin[c + d*x])/b + (2*x(a"2 + b~2)*(-2*¥a"4 +

3*%a”"2*b"2 + b74)*Sin[2*(c + d*x)])/b + (3*x(a"2 - b"2)*(a"2 + b"2) 2% (2*ArcT
an[Tan[c + d*x]] + Sin[2*(c + d*x)]))/(2%¥b) - (8*a"4x(a"2 + b~2))/(a + bxTa
nlc + d*x])))/(8%(a”2 + b~2) 4xd)

Maple [B] time = 0.099, size = 724, normalized size = 3.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c)~4/(at+b*tan(d*x+c))~2,x)

[Out] -5/8/d/(a"2+b~2)~4/(1+tan(d*x+c)~2) "2*tan(d*x+c) "3*a~6+7/8/d/(a"2+b"2) "4/ (1
+tan (d*xx+c) ~2) "2xtan (d*x+c) "3*a"4*b~"2+13/8/d/(a"2+b"2) "4/ (1+tan(d*x+c) ~2) "2
*tan (d*x+c) "3*a"2*xb"4+1/8/d/ (a"2+b"2) "4/ (1+tan(d*x+c) ~2) "2xtan (d*x+c) "3*b~6
-2/d/(a"2+b"2) "4/ (1+tan(d*x+c) ~2) "2*xtan(d*x+c) "2*a~bxb-2/d/ (a"2+b"2) "4/ (1+t
an(d*x+c) ~2) "2*tan(d*x+c) “2*a”~3*b~3-3/8/d/(a"2+b"2) "4/ (1+tan(d*x+c) ~2) "2xta
n(d*x+c)*a”~6+9/8/d/(a"2+b"2) ~4/ (1+tan(d*x+c) ~2) "2*tan (d*x+c) *a~4xb~2+11/8/d
/(a”2+b72) "4/ (1+tan(d*x+c) ~2) "2*tan (d*x+c) *a"2*b~4-1/8/d/(a~2+b"2) "4/ (1+tan
(d*x+c)~2) "2*tan(d*x+c) *b"6-3/2/d/ (a"2+b"2) "4/ (1+tan(d*x+c) ~2) "2*xa~5xb-1/4/
(a™2+b"2) "4/ (1+tan(d*x+c) ~2) "2*xa”~3*%b"3+1/2/d/(a"2+b"2) ~4/ (1+tan(d*x+c) ~2) "2
*axb~5-1/d/(a”2+b"2) "4*1ln(1+tan(d*x+c) ~2) *a~5*b+2/d/(a”2+b~2) “4*x1n(1+tan (d*
x+c)~2)*a”~3%b~3+3/8/d/ (a”2+b"2) “4*arctan(tan(d*x+c))*a~6-33/8/d/(a"2+b"2) "4
*arctan (tan(d*x+c))*a~4*xb~2+13/8/d/(a”2+b~2) "4*arctan(tan(d*x+c) ) *a~2%¥b~4+1
/8/d/(a”2+b"2) “4*xarctan(tan(d*x+c))*b~6-a"4x*b/(a"2+b"2) ~3/d/ (a+b*tan (d*x+c)
)+2/d*a~5%b/(a~2+b~2) “4*x1n(a+b*tan(d*x+c))-4/d*a”~3*b~3/(a"2+b~2) "4*1n(a+b*t
an(d*x+c))

Maxima [B] time = 1.53015, size = 684, normalized size = 3.15

(3 a8-33 a*h2+13 u2b4+b6)(dx+c) 16 (a5b—2 a3b3) log(btan(dx+c)+a) 8 (11517—2 a3b3) log(tan(dx+c)2+1) 204
a8+4 a%b2+6 a*b*+4 o210 +18 Braabi2+6a%bA+4a206+b8  aS+4aSb2+6a b4 +4a2b6+D8 a7 +3 a%b2+3 a3b4+ab6+(u6b+3 a*h3+3 a2b

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c)~4/(atb*tan(d*x+c))”2,x, algorithm="maxima")

[Out] 1/8*%((3*a”"6 — 33*a~4*b"2 + 13*a"2*%b"4 + b 6)*(d*x + c)/(a"8 + 4*xa~6%xb"2 + 6
*a~4*b~4 + 4%a”2%b76 + b"8) + 16%(a”5*b - 2xa~3*b~3)*log(b*tan(d*x + c) + a
)/(a”8 + 4xa”~6xb”2 + 6xa~4*xb”4 + 4*xa”"2*%b"6 + b~8) - 8*(a”bxb - 2%a~3xb~3)x*1
og(tan(d*x + c)72 + 1)/(a”8 + 4*a”6*%b~2 + 6*a~4*b~4 + 4*a~2*b~6 + b™8) - (2
O*a~4*xb — 4*a~2*xb~3 + (13*a"4*b - 12*a”2*b"3 - b~ 5)*tan(d*x + c)~4 + (5*a”5
+ 4*%a”3*b"2 - axb”4)*tan(d*x + c)”3 + (35*a"4xb - 12%a"2%b"3 + b~5)*tan(dx*
X + ¢c)72 + 3x(a”5 - a*b”4)*tan(d*x + c))/(a”7 + 3*a”5%b"2 + 3*a"3*b"4 + axb
6 + (a”6*b + 3*a"4*b"3 + 3*a"2*%b"5 + b 7)*tan(d*x + c)”5 + (a”7 + 3*a”5*b”
2 + 3*%a"3*b"4 + a*b”6)*tan(dxx + c)”4 + 2*%(a”6*b + 3*a~4*b"3 + 3*%a"2%b"5 +
b~7)*tan(d*x + c)~3 + 2*%(a”7 + 3*a"b*b"2 + 3*%a~3%b"4 + a*b”6)*tan(d*x + c)”
2 + (a"6%b + 3*%a”"4xb"3 + 3*a"2*%b”5 + b~ 7)*tan(d*x + c¢)))/d

Fricas [B] time = 2.63226, size = 986, normalized size = 4.54

4 (a6b +3a*® +3a%0° + b7) cos(dx+c)’ -6 (3 a®b + 7 a*b® + 5a20° + b7) cos (dx +¢)® + (3 a®b + 8 a*b® + 23 221" -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~4/(atb*tan(d*x+c))”2,x, algorithm="fricas")

[Out] 1/16%(4*x(a"6*xb + 3*a~4*b~3 + 3*a”2*b”"5 + b~7)*cos(d*x + c)~5 - 6%(3*a"6*xb +
T*a~4*b~3 + 5*a”2*b”5 + b~ 7)*cos(d*x + c)”3 + (3*a"6xb + 8xa~4*b~3 + 23*a”

2%b”5 + 2*b”77 + 2% (3%a”7 - 33*a"5%b”2 + 13*a"3%b"4 + a*b”6)*d*x)*cos(d*x +

c) + 16%((a~6xb - 2*¥a~4xb~3)*cos(d*x + c) + (a~b*xb~2 - 2%a~3*b~4)*sin(d*x +
c))*log(2*axbxcos(d*x + c)*sin(d*x + c) + (2”2 - b™2)*cos(d*x + ¢c)72 + b™2

) + (29%a”5%b"2 + 10*a”3*b"4 - 3xa*xb”6 + 4*(a”7 + 3*a"5xb"2 + 3*%a"3*%b"4 + a
*b76)*cos(d*x + c)74 + 2x(3*a"6%b - 33*a"4*b”3 + 13*a"2*%b"5 + b7T7)*d*x - 2%
(5*%a”7 + 9*%a~hb*xb"2 + 3*a”~3*b"4 - axb”6)*cos(d*x + c)"2)*sin(d*x + c))/((a~9

+ 4xa”7*b"2 + 6%xa"b*b”"4 + 4xa”~3*b”6 + axb~8)*d*cos(d*x + c) + (a"8*b + 4xa
“6%b~3 + 6*a”4*b”5 + 4*a"2*b”"7 + b~9)*d*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c)**4/(atb*tan(d*x+c))**2,x)

[Out] Timed out

Giac [B] time =1.21571, size = 693, normalized size = 3.19

(3°-33 a*b?+13 a?b*+1° ) (dx-+c) qun%%bgmmﬂwfu) 16 (a°02-2a%0*) log(Ib tan(dx+c)+al) 8 (2a°b? tan(dx+c)—4 a®b* tan(dx-+c)+3
B4 a2 +6 %444 a200+08  aB+4 abb2+6 atbi+4 a2b6 418 Bb+4ab03+6 a5 +4 2207410 (a8 +4 4502 +6 a4 +4 a2b6+b8)(b tan(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~4/(atb*tan(d*x+c))”2,x, algorithm="giac")

[Out] 1/8*((3*a”"6 — 33*a~4%b~2 + 13*a”2*b"4 + b"6)*(d*x + c)/(a”8 + 4*a”"6*xb”"2 + 6
*a~4%b”4 + 4%xa”2+%b”6 + b~8) - 8x(a"bxb - 2*a~3xb~3)xlog(tan(d*x + c)~2 + 1)
/(a”8 + 4*a”6*xb”"2 + 6*xa~4xb"4 + 4%a"2%b”6 + b78) + 16%x(a~5*b"2 - 2*a~3*b"4)
xlog(abs(bxtan(d*x + c) + a))/(a"8*b + 4*a~6*%b~3 + 6%a”4xb~5 + 4*a~2*b”7 +
b~9) - 8x(2*a”bxb~2xtan(d*x + c) - 4*a"3*xb~4xtan(d*x + c) + 3*a"6*b - 3*a”4
*b73)/((a"8 + 4*a”"6*xb"2 + 6*xa~4*b"4 + 4*a”2*b”"6 + b~8)*(bxtan(d*x + c) + a)
) + (12*a~5xb*xtan(d*x + c)”"4 - 24*a~3*b"3*tan(d*x + c)”4 - 5*xa~6xtan(d*x +
Cc)~3 + T*a"4%b"2*tan(d*x + c)~3 + 13*a"2%b"4*tan(d*x + c)”~3 + b 6xtan(d*x +
c)”3 + 8*a”bxb¥tan(d*x + c)”2 - 64*a”3*b"3*xtan(d*x + c)”2 - 3*a"6xtan(d*x
+ c) + 9*xa~4xb " 2xtan(d*x + c) + 11*a~2x%b"4xtan(d*x + c) - b 6xtan(d*x + c)
- 32%a"3%b"3 + 4*xaxb”5)/((a”8 + 4*a"6%b"2 + 6*a”4*b"4 + 4*xa"2*¥b"6 + b~8)*(t
an(d*x + ¢c)~2 + 1)72))/d
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363 f SiIlZ(C+dx)

(a+b tan(c+dx))?

Optimal. Leaf size=148

22b cos?(c +dx) ((a? — 1?) tan(c + dx) + 2ab)  2ab (a? - b?) log(a cos(c + dx) + bsi
2 - 2 + 3
d (az + bz) (a + btan(c + dx)) 2d (a2 + bz) d (a2 + bz)

[Out] ((a™4 - 6*%a”2*%b"2 + b74)*x)/(2*x(a"2 + b~2)73) + (2*a*b*(a”2 - b~2)*Logla*Co
slc + dxx] + b*Sin[c + d*x]])/((a”2 + b~2)"3*%d) - (a~2*b)/((a"2 + b~2) " 2*dx

(a + bxTan[c + d*x])) - (Coslc + d*x] " 2x(2*axb + (a"2 - b"2)*Tan[c + dx*xx]))

/(2% (a”2 + b~2)72xd)

Rubi [A] time = 0.294904, antiderivative size = 148, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 21, e -

0.286, Rules used = {3516, 1647, 1629, 635, 203, 260}

integrand size

a2b cos?(c + dx) ((uz - bz) tan(c + dx) + 2ab) 2ab (az - bz) log(a cos(c + dx) + bsi
- +

4 (2 +12)" (a + btan(c + dx)) 2d (@ + 12)° A+ 12)

Antiderivative was successfully verified.

[In] Int[Sinl[c + d*x]~2/(a + bxTan[c + d*x])~2,x]

[Out] ((a”4 - 6*%a”2*%b”"2 + b~4)*x)/(2%(a"2 + b"2)73) + (2%a*bx(a”2 - b~2)*Log[a*Co
slc + d*x] + bxSin[c + d*x]]1)/((a"2 + b™2)73*d) - (a~2*b)/((a”2 + b~2) "2xdx*

(a + b*Tan[c + d*x])) - (Cosl[c + dxx] 2x(2%axb + (a~2 - b~2)*Tan[c + d*x]))

/(2% (a2 + b~2)72xd)

Rule 3516

Int[sin[(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1647

Int[(Pg )*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol]
> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x72, x], f = Coeff[Pol
ynomialRemainder[(d + e*x) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial
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Remainder [(d + e*xx) " m*Pq, a + c*x~2, x], x, 11}, Simp[((axg - cxfxx)*(a + ¢
*x72)"(p + 1))/ (2xa*xcx(p + 1)), x] + Dist[1/(2%a*cx(p + 1)), Int[(d + e*x)~
m*(a + c*xx”2)"(p + 1)*ExpandToSum[(2*axc*(p + 1)*Q)/(d + exx)™m + (cxf*(2*p
+3))/(d + exx)"m, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[cxd™2 + axe”2, 0] && LtQ[p, -1] && ILtQ[m, O]

Rule 1629

Int[(Pq )*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*(x_)"2)"(p_.), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + c*x~2)7p, x], x] /; FreeQ[{a, c,
d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rule 635

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x2), x], x] /; FreeQ[{a, c, d, e
}, x] & 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol]l :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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b Subst dx,x,btan(c + dx
sin?(c + dx) (f (@+02(2+2)” ( ))
X =
(a + btan(c + dx))? d
u2b2(a2—b2) 2ab2y bz(a2—b2)x2
- 2022 a242 202
Subst f (2+#%) (2+#%) dx, x, |
(a+x)2(b2+x2)
cos?(c + dx) (2ab + (a2 - b?) tan(c + dx))
2(22 +12) d 2bd
23,2 4ub2(—a2+b2) |
Subst _ 2a°b .
cos?(c + dx) (Zab + (az - bz) tan(c + dx)) ) s (@242 @R (a2+82) (ar) *
22 +12) d
2ab (a2 - bz) log(a + btan(c + dx)) a2b cos?(c + dx) (Zul
(az + bz) (az + b2)2 d(a + btan(c + dx)) 2 (
2ab (a2 —~ ) log(a + btan(c + dx)) a2b cos?(c + dx) (Zul
(a2 + bz) d (a2 + b2)2 d(a + btan(c + dx)) 2 (
(u4 - 6a%b? + b4) x 2ab (a - bz) log(cos(c + dx)) 2ab (a2 - bz) log(a + btan(c + dx
= +
2(2 +12) (@+2) d (@+12)d
Mathematica [A] time = 3.25967, size = 246, normalized size = 1.66
(a—b)(a+b)(a2+b2) sin(2(c+dx)) 2 > 5 (az—bz)(a2+b2) tan_l(tan(c+dx)) 2a2(a2+b2) 3ab2—a3 2
b ( o +2a (a +b ) cos“(c + dx) + 2 Tebtancrdd) (—@ +2a

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~2/(a + b*Tan[c + d*x])~2,x]

[Out] -(b*(((a”2 - b™2)*(a”2 + b~2)*ArcTan[Tan[c + d*x]])/b + 2xax(a”2 + b~2)*Cos
[c + d*x]72 + ax(2*a”2 - 2%b~2 + (-a”3 + 3*axb~2)/Sqrt[-b~2])*Log[Sqrt[-b~2

] - b*Tan[c + d*x]] - 4xa*x(a - b)*(a + b)*Logla + b*Tan[c + d*x]] + ax(2%a”

2 - 24b72 + (a”3 - 3*axb”2)/Sqrt[-b~2])*Log[Sqrt[-b~2] + b*Tan[c + d*x]] +

((a - b)x(a + b)*(a™2 + b™2)*3in[2*x(c + d*x)])/(2xb) + (2*xa"2x(a"2 + b~2))/

(a + bxTan[c + d*x])))/(2%(a"2 + b~2)73*d)
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Maple [B] time = 0.089, size = 352, normalized size = 2.4

tan (dx + ¢) a* . tan (dx + ¢) b* ba®

_Zd (az + b2)3 (1 + (tan (dx + c))z) 2d (a2 + b2)3 (1 + (tan (dx + c))z) d (az + b2)3 (1 + (tan (dx + c))z) d (az +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c)~2/(a+b*tan(d*x+c))”~2,x)

[Out] -1/2/d/(a"2+b"2) "3/ (1+tan(d*x+c) ~2) *tan(d*x+c)*a~4+1/2/d/(a"2+b"2) "3/ (1+tan
(d*x+c) "2) *tan(d*x+c) *b~4-1/d/ (a~2+b"2) "3/ (1+tan(d*x+c) "2) *b*xa~3-1/d/ (a"2+b

~2) 73/ (1+tan(d*x+c) "2) *b~3*a-1/d/(a”2+b"2) "3*1n(1+tan(d*x+c) ~2) *a~3*b+1/d/ (
a~2+b~2) "3*b~3*ax1ln(1+tan(d*x+c)~2)-3/d/(a"2+b"2) "3*arctan(tan (d*x+c) ) *a~ 2%
b~2+1/2/d/(a"2+b~2) "3*arctan(tan(d*x+c))*b~4+1/2/d/(a"2+b"2) "3*arctan(tan(d
*x+c))*a"4-a"2xb/(a"2+b"2) "2/d/ (a+b*tan(d*x+c) ) +2/d*b*xa~3/(a”2+b~2) "3*1n(a+
bxtan(d*x+c))-2/d*b~3/(a"2+b"2) "3*a*x1ln(a+b*tan(d*x+c))

Maxima [B] time = 1.55602, size = 396, normalized size = 2.68
(114—6 a2b2+b4)(dx+c) 4 (a3b—ab3) log(btan(dx+c)+a) 2 (a3b—ub3) log(tan(dx+c)2+1) 4 a2b+(3 azb—b3) tan(dx+c)2+(a3
a8+3 a*h2+3 a2b*+10 ab+3 a*h2+3 a2b*+1° B ab+3 a*h2+3 a2b*+1° B 542 a3b2+ub4+(u4b+2 a2b3+b5) tan(dx+c)3+(u5+2 a3b2+4l

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~2/(atb*tan(d*x+c))”2,x, algorithm="maxima")

[Out] 1/2*((a"4 - 6*xa"2*b"2 + b~ 4)*(d*x + c)/(a"6 + 3*a~4*b"2 + 3*a~2+%b"4 + b~6)
+ 4x(a”3*b - a*b”3)*log(b*tan(d*x + c) + a)/(a”6 + 3*a~4*b”2 + 3xa~2%b"4 +

b~6) - 2x(a"3xb - a*b~3)*log(tan(d*x + c)"2 + 1)/(a”6 + 3*xa~4*b~2 + 3*a~2*Db

"4 + b76) - (4*a”2xb + (3*a"2*b - b~ 3)*tan(d*x + c)”2 + (2”3 + a*xb”2)*tan(d

*x + ¢))/(a”5 + 2*xa"3*%b"2 + axb”4 + (a~4xb + 2*%a”"2*%b~3 + b~5)*tan(d*x + c)”

3 + (a5 + 2*a”3*b"2 + a*b”4)*tan(d*x + c)”2 + (a"4xb + 2*¥a"2+%b"3 + b75)*ta
n(d*x + c)))/d

Fricas [B] time = 2.2491, size = 640, normalized size = 4.32
(a4b +2a%0% + b5) cos (dx +¢)® + (a2b3 - - (a5 - 6a%h* + ab4)dx) cos (dx +¢c) -2 ((a4b - a2b3) cos (dx +c) + (a3l
2 ((a7 + 3 a°h? +
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~2/(atb*tan(d*x+c))”2,x, algorithm="fricas")

[Out] -1/2*%((a"4*b + 2*a~2*b"3 + b~ 5)*cos(d*x + ¢)”3 + (a™2%b"3 - b"5 - (a”5 - 6%
a~3*%b"2 + a*b”4)*d*x)*cos(dxx + c) - 2*x((a"4*b - a"2*b"3)*cos(d*x + c) + (a
“3%b72 - a*b~4)*sin(d*x + c))*log(2*axbxcos(d*x + c)*sin(d*x + c) + (2”2 -
b"2)*cos(d*x + ¢c)72 + b™2) - (3*a"3*b"2 + axb”4 + (a"4*b - 6*a”"2*b"3 + b”5)

*d*x - (a”5 + 2*a”"3*b"2 + ax*b"4)*cos(d*x + c) " 2)*sin(d*x + ¢))/((a”7 + 3*a”
5%b"2 + 3*a~3*b"4 + axb~6)*d*cos(d*x + c) + (a"6xb + 3*a"4*b~3 + 3*a~2%b”5

+ b~7)*d*sin(d*x + c))

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: AttributeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**2/(atb*tan(d*x+c))**2,x)

[Out] Exception raised: AttributeError

Giac [A] time = 1.17682, size = 355, normalized size = 2.4

(a* 6202 4b*)(dxve)  2(a*b-ab?) log(tan(dx+0)’+1) 4 (a*0P-ab?)log(b tan(dx+c)ta)  3a2htan(dx+c)’—b? tan(dr+c/+a® tan(dx+o)+ab? tan

a%+3 a4b2+3 a2b4+b° a%+3 a%b2+3 a2b4+b0 a®b+3 a*b3+3 a2b+b7 (a4+2 a2b2+b4) (b tan(dx+c)3+a tan(dx+c)2+b tan(

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c)~2/(at+b*tan(d*x+c))”2,x, algorithm="giac")

[Out] 1/2*((a"4 - 6%a”2*b"2 + b~ 4)*(d*x + c)/(a"6 + 3*a~4*xb"2 + 3*a"2*b"4 + b~6)
- 2x(a"3%b - axb~3)*log(tan(d*x + c)72 + 1)/(a”6 + 3*a~4xb~2 + 3*a~2+b"4 +

b~6) + 4x(a”3xb"2 - axb~4)*log(abs(b*tan(d*x + c) + a))/(a"6xb + 3*a~4*b~3

+ 3*%a"2*b"5 + b77) - (3*xa"2*xbxtan(d*x + c)”2 - b~ 3xtan(d*x + c)~2 + a~3%*tan
(d*x + c) + axb™2*tan(d*x + c) + 4*xa~2*b)/((a”4 + 2*a~2+*b"2 + b~4)*(b*tan(d

*X + ¢)73 + axtan(d*x + c)~2 + bxtan(d*x + c) + a)))/d
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3 64 f csc?(c+dx)

(a+btan(c+dx))?

Optimal. Leaf size=72

~ b B 2blog(tan(c + dx)) N 2blog(a + btan(c + dx)) ~ cot(c + dx)
a%d(a + btan(c + dx)) a3d a3d a2d

[Out] -(Cot[c + dxx]/(a"2*d)) - (2xbxLog[Tan[c + d*x]])/(a"3*d) + (2*bxLogl[a + bx*
Tan[c + d*x]])/(a"3*d) - b/(a"2xd*(a + b*Tan[c + d*x]))

Rubi [A] time = 0.0654904, antiderivative size = 72, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, e -

integrand size
0.095, Rules used = {3516, 44}

~ b B 2blog(tan(c + dx)) N 2blog(a + btan(c + dx)) ~ cot(c + dx)
a%d(a + btan(c + dx)) a3d a3d azd

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~2/(a + bxTanl[c + dx*x])"2,x]

[Out] -(Cot[c + d*x]/(a"2xd)) - (2#b*Logl[Tan[c + d*x]])/(a~3*d) + (2*b*Logla + Dbx
Tan[c + d*x]])/(a"3*d) - b/(a"2*xdx(a + bxTan[c + dx*x]))

Rule 3516

Int[sin[(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 44

Int[((a ) + (b_)*(x ))"(m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) mx(c + d*x)°n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*xd, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rubi steps
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1
csc2(c + dx) b Subst (f T dx, x,btan(c + dx))
(a + btan(c + dx))? r= d
1 2 1 2
~ b Subst (f(@ ~ B + m + m) dx,x,btan(c + dX))
B d
_Cot(c + dx) ~ 2blog(tan(c + dx)) N 2blog(a + btan(c + dx)) _ b
a%d a3d a3d a%d(a + btan(c + dx))

Mathematica [A] time = 0.372834, size = 109, normalized size = 1.51

—a2 cot?(c + dx) + b?(21log(a cos(c + dx) + bsin(c + dx)) — 2 log(sin(c + dx)) + 1) — ab cot(c + dx)(-2 log(a cos(c + d.
a3d(a cot(c + dx) + b)

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~2/(a + b*Tan[c + d*x])~2,x]

[Out] (-(a™2xCot[c + d*x]~2) - axbxCot[c + d*x]*(1 + 2*Log[Sin[c + d*x]] - 2*Logl
axCos[c + d*x] + b*Sin[c + d*x]]) + b72%(1 - 2xLog[Sin[c + d*x]] + 2*Logl[ax
Cos[c + d*x] + b*Sin[c + d*x]]))/(a"3*d*(b + a*Cot[c + dx*x]))

Maple [A] time = 0.092, size = 75, normalized size = 1.

~ 1 B bln(tan(dx+c))_ b +2bln(a+btan(dx+c))
a?d tan (dx + c) a3d a%d (a + btan (dx + c)) add

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)~2/(at+b*tan(d*x+c))~2,x)

[Out] -1/d/a"2/tan(d*x+c)-2*b*x1n(tan(d*x+c))/a~3/d-b/a"2/d/ (atbxtan(d*x+c))+2*xb*1
n(a+bxtan(d*x+c))/a"~3/d

Maxima [A] time = 0.987045, size = 100, normalized size = 1.39

2btan(dx+c)+a 2 blog(btan(dx+c)+a) + 2 blog(tan(dx+c))
3
a

ab tan(dx+c)2+a3 tan(dx+c) a3

d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2/ (atb*tan(d*x+c))”2,x, algorithm="maxima"

[Out] -((2%bxtan(d*x + c) + a)/(a"2xbxtan(d*x + c)~2 + a~3*xtan(d*x + c)) - 2*bxlo
g(bxtan(d*x + c) + a)/a"3 + 2*b*log(tan(d*x + c))/a~3)/d

Fricas [B] time = 2.19866, size = 663, normalized size = 9.21

a?b? - (a* +2a2b%) cos (dx + c)* = (b + 2ab%) cos (dx + ¢) sin (dx + ) + (a26? + b* — (a2 + b*) cos (dx + 0)* + (a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~2/(atb*tan(d*x+c))~2,x, algorithm="fricas")

[Out] -(a"2*b"2 - (a”4 + 2*¥a~2*%b"2)*cos(d*x + c)”"2 - (a~3*b + 2*axb~3)*cos(d*x +
c)*sin(d*x + ¢c) + (a™2*b"2 + b™4 - (a"2%b"2 + b"4)*cos(d*x + c)”2 + (a~3*b
+ axb”3)*cos(d*x + c)*sin(d*x + c))*log(2*xaxb*cos(d*x + c)*sin(d*x + c) + (
a”2 - b™2)*cos(d*x + ¢c)72 + b72) - (a”2*b"2 + b74 - (a"2%b"2 + b~4)*cos(d*x

+ ¢c)72 + (a”3%b + a*b~3)*cos(d*x + c)*sin(d*x + c))*log(-1/4*cos(d*x + c)~

2 + 1/4))/((a"5*b + a~3*b~3)*d*cos(d*x + c)”2 - (a"6 + a~4xb~2)*d*cos(d*x +
c)*sin(d*x + c) - (a”b*b + a~3*%b~3)*d)

Sympy [F] time = 0., size = 0, normalized size = 0.

f csc? (¢ + dx)

(a + btan (c + dx))*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**2/(atb*tan(d*x+c))**2,x)

[Out] Integral(csc(c + d*x)**2/(a + bxtan(c + d*x))**2, x)
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Giac [A] time = 1.21864, size = 100, normalized size = 1.39

2 blog(|b tan(dx+c)+al) 2 blog([tan(dx+c)l) _ 2btan(dx+c)+a
ad a’ (btan(dx+c)®+atan(dx+c))a?

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2/ (atb*tan(d*x+c))”2,x, algorithm="giac")

[Out] (2*bxlog(abs(bxtan(d*x + c) + a))/a”3 - 2*b*log(abs(tan(d*x + c)))/a"3 - (2
xbxtan(d*x + c) + a)/((bxtan(d*x + c)72 + axtan(d*x + c))*a~2))/d
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3.65 f csct(c+dx)

(a+Db tan(c+dx))?

Optimal. Leaf size=140

b (a2 + bz) (a2 + 3b2) cot(c +dx) 2b (a2 + 2b2) log(tan(c + dx))  2b (a2 + 2b2) log(a + btan(c + dx
" d(a + btan(c + dv) A B 5d - d

[Out] -(((a”2 + 3*b~2)*Cot[c + d*x])/(a"4*d)) + (bxCot[c + dxx]~2)/(a~3*d) - Cotl[
c + d*x]73/(3*xa"2xd) - (2xbx(a”2 + 2*¥b"2)*Log[Tan[c + d*x]])/(a"6*d) + (2*b
x(a”2 + 2%b”2)*Logla + b*Tan[c + d*x]])/(a”5*xd) - (b*x(a”"2 + b~2))/(a"4*xd*(a

+ b*Tan[c + d*x]))

Rubi [A] time = 0.122497, antiderivative size = 140, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, e e .

integrand size
0.095, Rules used = {3516, 894}

b (az + bz) (az + 3b2) cot(c +dx) 2b (az + 2b2) log(tan(c + dx)) 2b (a2 + 2b2) log(a + btan(c + dx
" d(a + btan(c + dv) A B 5d " 5d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~4/(a + bxTan[c + dx*x])"2,x]

[Out] -(((a"2 + 3*b~2)*Cot[c + dxx])/(a"4*d)) + (b*Cotl[c + d*x]~2)/(a"3*d) - Cot[
c + d*x]~3/(3%a"2*xd) - (2%b*(a”2 + 2*xb~2)*Logl[Tan[c + d*x]])/(a"bxd) + (2*b
*x(a”2 + 2«b"2)*Logla + b*Tan[c + d*x]])/(a”b*d) - (b*(a”2 + b~2))/(a"4*d*(a

+ b*Tan[c + d*x]))

Rule 3516

Int[sin[(e_.) + (£_)*(x_)]1 " (m )*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQl{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 894

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*(x_)) " (m_)*x((a_) + (c_.)*(x_)"
2)~(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
“2)7p, x], x] /; FreeQl{a, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && NeQl[c
*d~2 + a*e”2, 0] && IntegerQlp] && ((EqQ[p, 1] && IntegersQ[m, n]) || (ILtQ
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[m, 0] && ILtQ[n, 0]))

Rubi steps

b2+x2
csci(c + dx) B b Subst (f AR dx, x,btan(c + dx))

@+ btanc+dn)2 d
22?2 a24a? 2e20?)  p2pp2 2(a+21?)
b Subst (f (@ ~wat e T A T denr T e dx, x,btan(c + dx)
B d
(a2 +302) cot(c +dx) beot*(c+dx) cot®(c+dx) 2b(a?+2b?)log(tan(c +dx)
T a*d * add - 3a2d - add

Mathematica [A] time = 2.50639, size = 244, normalized size = 1.74

—cot?(c + dx) (9a2b? + a* esc?(c + dx) + 2a*) + 302 (-2 (a2 + 2b?) log(sin(c + dx)) + 242 log(a cos(c + dx) + bsin(c 4

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~4/(a + b*Tan[c + d*x])~2,x]

[Out] (-(Cot[c + d*xx]~2%(2%a”"4 + 9*%a~2*%b~2 + a~4*Csclc + d*x]~2)) + 3*b"2x(a"2 +
b~2 + a”2*xCsclc + d*x]~2 - 2x(a”2 + 24b~2)*Log[Sin[c + d*x]] + 2xa~2xLogl[ax*
Cos[c + d*x] + b*Sin[c + d*x]] + 4*b~2*Logl[a*xCos[c + d*x] + b*Sin[c + dxx]]

) + axbxCot[c + dxx]*(-2*%a”2 - 9%b~2 + 2*a"2+Csclc + d*x]"2 - 6%(a”2 + 2xb~
2)*Log[Sin[c + d*x]] + 6%a"2*Logl[a*Cos[c + d*x] + bxSin[c + dxx]] + 12%b~2x
Logla*Cos[c + d*x] + b*Sin[c + d*x]]))/(3*%a~b*xdx(b + a*Cot[c + d*x]))

Maple [A] time = 0.153, size = 189, normalized size = 1.4

! _ 1 3 b N b _,tGan(x+0) Pl
3a2d (tan (dx + c))3 a?d tan (dx + c) da*tan (dx +¢)  dg3 (tan (dx + c))2 da3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 4/ (at+b*tan(d*x+c))~2,x)



352

[Out] -1/3/d/a"2/tan(d*x+c)~3-1/d/a"2/tan(d*x+c)-3/d/a"4/tan(d*x+c)*b"2+1/d/a"3*b
/tan(d*x+c) ~2-2*xb*x1n(tan(d*x+c))/a~3/d-4/d*b~3/a~5*1n(tan(d*x+c))-b/a~2/d/(
a+bxtan(d*x+c))-1/d*b~3/a~4/ (a+b*tan(d*x+c) ) +2*xb*x1n(a+b*xtan (d*x+c))/a~3/d+4
/d*¥b~3/a"5*1n(a+b*tan(d*x+c))

Maxima [A] time = 1.09184, size = 194, normalized size = 1.39

2 a2b tan(dx+c)-6 (a2b+2 b3) tan(dx+c)3—a3—3 (a3+2 ubz) tan(dx+c)2 6 (u2b+2 b3) log(btan(dx+c)+a) 6 (a2b+2 b3) log(tan(dx+c))
+ —
a° a°

a4b tan(dx+c)*+ad tan(dx+c)®

3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~4/(atb*tan(d*x+c))”2,x, algorithm="maxima")

[Out] 1/3*((2*a"2*bxtan(d*x + c) - 6*%(a”2*b + 2*b~3)*tan(d*x + ¢c)~3 - a”3 - 3*x(a”
3 + 2%xaxb"2)*tan(d*x + c)~2)/(a"4*bxtan(d*x + c)~4 + a“bxtan(d*x + c)~3) +

6% (a~2*%b + 2xb~3)*log(b*tan(d*x + c) + a)/a”b - 6x(a"2*b + 2*b~3)*log(tan(d

*x + c))/a’b)/d

Fricas [B] time = 2.37406, size = 1004, normalized size = 7.17

2 (a4 +6 azbz) cos (dx + ¢)* + 6a2b? - 3 (a4 +6 azbz) cos (dx + ¢)* +3 ((azbz +2 b4) cos (dx + o) + a2b2 + 214 -2 (azl

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~4/(at+b*tan(d*x+c))”2,x, algorithm="fricas")

[Out] 1/3*%(2x(a”4 + 6*a"2*xb"2)*cos(d*x + c)74 + 6*xa~2*b”2 - 3x(a™4 + 6*a~2xb~2)*c
os(d*x + ¢)72 + 3*((a"2*b”"2 + 2%b74)*cos(d*x + c)74 + a"2*xb"2 + 2%¥b74 - 2x(
a~2%b"2 + 2*b"4)*cos(d*x + ¢)”2 - ((a"3*%b + 2*a*b"3)*cos(d*x + ¢c)~3 - (a”3*
b + 2*a*b”~3)*cos(d*x + c))*sin(d*x + c))*log(2*axbxcos(d*x + c)*sin(d*x + ¢

) + (272 - b™2)*cos(d*x + ¢c)72 + b72) - 3*x((a"2%b"2 + 2%b~4)*cos(d*x + c)"4

+ a”2*b”2 + 2xb74 - 2%(a"2xb”"2 + 2%b"4)*cos(d*x + c)”2 - ((a"3*b + 2*axb~3
)*cos(d*x + c)”3 - (a”3*%b + 2xa*b”~3)*cos(d*x + c))*sin(d*x + c))*log(-1/4x*c
os(d*x + ¢c)72 + 1/4) - 2x(6*axb~3*cos(d*x + c) - (a"3*b + 6xaxb~3)*cos(d*x

+ ¢)"3)*sin(d*x + c))/(a"5*b*d*cos(d*x + c)~4 - 2*xa~5xb*d*cos(d*x + c)”2 +
a~b*b*d - (a~6*xd*cos(d*x + ¢)~3 - a"6*d*cos(d*x + c))*sin(d*x + c))
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**4/(a+bxtan(d*x+c))**2,x)

[Out] Timed out

Giac [A] time = 1.29818, size = 274, normalized size = 1.96

a“b+ og([tan(dx+c a“b + og(|btan(dx+c)+a a“b” tan(dx+c)+ tan(dx+c)+3 a°b+5a 11 a?b tan(dx+c)° +22 b3 tan
6 (a2b+20%) log(Itan(dx+o)) 6 (a22+2b%) log([b tan(dx+o)+al) 3 (2022 tan(dx+o)+4b* tan(dx-+o)+3 a3b+5 ab? 2D tan(dx-+)>+22 b3
a° - ab + (btan(dx+c)+a)a® B

B 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~4/(atb*tan(d*x+c))”2,x, algorithm="giac")

[Out] -1/3%(6%(a"2xb + 2xb~3)*log(abs(tan(d*x + c)))/a"6 - 6%x(a™2%b”2 + 2%b~4)*1lo
g(abs(b*tan(d*x + c) + a))/(a”~b*b) + 3*(2*a"2*b"2*tan(d*x + c) + 4xb~4xtan(

d*x + c) + 3*a"3xb + 5*axb~3)/((b*tan(d*x + c) + a)*a~5) - (11*a~2*xbxtan(d*

X + ¢)73 + 22%b"3*tan(d*x + c)”3 - 3*a"3xtan(d*x + c)"2 - 9*xaxb " 2xtan(d*x +

c)”2 + 3*a"2xbxtan(d*x + c) - a~3)/(a"b*tan(d*x + c)~3))/d
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366 f csc®(c+dx)

(a+btan(c+dx))?

Optimal. Leaf size=219

b (az + b2)2 (2a2 + 3b2) cot3(c +dx) 2b (az + bz) cot?(c + dx) (az + bz) (az + 5b2) cot(c +dx) 2b

" a%d(a + btan(c + dx)) 3atd " a>d a®d

[Out] -(((a”2 + b~2)*(a"2 + 5*b~2)*Cot[c + d*x])/(a"6*xd)) + (2%b*x(a”2 + b~2)*Cot [
c + dxx]72)/(a"5*xd) - ((2*xa”2 + 3*b~2)*Cot[c + d*x]~3)/(3*xa~4*d) + (b*Cotl[c

+ d*x]~4)/(2*xa~3*d) - Cotl[c + d*x]~5/(5*xa"2xd) - (2*¥b*x(a”2 + b™2)*(a"2 + 3
*b~2)*xLog[Tan[c + d*x]])/(a”7+d) + (2xbx(a”2 + b~2)*(a”2 + 3*b~2)*Log[a + b
*Tan[c + d*x]]) /(@ 7xd) - (b*x(a”2 + b"2)"2)/(a"6*xd*x(a + b*Tan[c + d*x]))

Rubi [A] time = 0.198334, antiderivative size = 219, normalized size of antiderivative

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, e =

integrand size
0.095, Rules used = {3516, 894}

b (az + b2)2 (2a2 + 3b2) cot3(c +dx) 2b (az + bz) cot?(c + dx) (az + bz) (az + 5b2) cot(c +dx) 2b

" a%d(a + btan(c + dx)) 3atd " a>d a®d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]"6/(a + bxTan[c + dx*x])~2,x]

[Out] -(((a"2 + b™2)*(a"2 + 5xb"2)*Cot[c + d*x])/(a"6*d)) + (2*xbx(a"2 + b~2)*Cot[
c + d*x]"2)/(a"5xd) - ((2%¥a”2 + 3*%b~2)*Cot[c + d*x]~3)/(3*a~4*d) + (b*Cotl[c

+ d*x]74)/(2*xa"3*d) - Cotl[c + d*x]~5/(5*a"2*xd) - (2*bx(a"2 + b~ 2)*(a"2 + 3
xb~2)*Log[Tan[c + d*x]])/(a"7+d) + (2*bx(a”2 + b~"2)*(a"2 + 3*b~2)*Logla + b
xTan[c + d*x]])/(a”7*d) - (bx(a"2 + b~2)"2)/(a"6*d*x(a + b*xTan[c + dx*x]))

Rule 3516

Int[sinl(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 894

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*x(x_))"(n_)*((a_) + (c_.)*(x_)"
2)~(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
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~2)7p, x], x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[exf - dxg, 0] && NeQlc
xd~2 + a*e”2, 0] && IntegerQ[p] && ((EqQ[p, 1] && IntegersQ[m, n]) || (ILtQ
[m, 0] && ILtQ[n, 0]))

Rubi steps

(12 +22)°
b Subst f ——dx, x,btan(c + dx)

cscb(c + dx) x0(a-+x)?
@+ btanc+dn2 d
oot apeant AR(PH)  teeatitesyt 2(aaieant) (o)
b Subst (f (W - ﬁ P - 553 2632 - a7x + a6(a+x)2
d
(az + bz) (az + 5b2) cot(c +dx) 2b (az + bz) cot?(c + dx) (2a2 + 3b2) cot3(c + dx)
= — + —
abd a®d 3atd

Mathematica [B] time = 6.23138, size = 589, normalized size = 2.69

sec?(c + dx) (2a2b4 sin(c + dx) + a*b? sin(c + dx) + b8 sin(c + dx)) (acos(c +dx) + bsin(c + dx)) 2 (4a2b3 +atb+ 7
a’d(a + btan(c + dx))? -

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~6/(a + b*Tan[c + d*x])~2,x]

[Out] -(Csclc + d*x]~5xSec[c + d*x]*(a*Cos[c + d*x] + b*Sin[c + d*x])~2)/(5*xa”~2*d
*(a + b*Tan[c + d*x])~2) + ((-8*a~4x*Cos[c + d*x] - 75*xa~2xb~2*Cos[c + d*x]
- 75%b"4*Cos[c + d*x])*Csc[c + d*x]*Sec[c + d*x] 2x(a*xCos[c + d*x] + b*Sin[
c + d*x])7"2)/(15*%a"6*d*x(a + b*Tan[c + d*x])~2) + (b*x(a”2 + 2*xb"2)*Csc[c + d
xx] "2xSec[c + dxx] "2x(a*Cos[c + d*x] + b*Sin[c + d*x])~2)/(a"b*xd*(a + b*Tan
[c + d*x])"2) + ((-4*xa~2xCos[c + d*x] - 15*b~2*xCos[c + d*x])*Cscl[c + d*x]~3
*Sec[c + d*xx] " 2*x(axCos[c + d*x] + b*Sin[c + d*x])~2)/(15*a~4xd*(a + bx*Tan[c
+ d*x])"2) + (bxCsclc + d*x] 4*Sec[c + d*x] 2*x(a*xCos[c + d*x] + b*Sin[c +
d*x])~2)/(2*a~3*d*x(a + bxTan[c + d*x])~2) - (2*(a"4xb + 4*a~2%b~3 + 3*b~5)*
Log[Sin[c + d*x]]*Sec[c + d*x]"2x(a*Cos[c + d*x] + b*Sin[c + d*x])~2)/(a”7x*
dx(a + bxTan[c + d*x])~2) + (2x(a”4*b + 4*a~2*b~3 + 3*b~5)*Logla*Cos[c + dx
x] + b*Sin[c + d*x]]*Secl[c + d*xx] 2x(a*xCos[c + d*x] + b*Sin[c + d*x])~2)/(a
“7T+*d*(a + b*Tanl[c + d*x])~2) + (Seclc + d*x] 2*x(a*xCos[c + d*x] + b*Sin[c +
d*x])*(a"4*b"2*Sin[c + d*x] + 2*a”2%b~4xSin[c + d*x] + b76*Sin[c + d*x]))/(
a~7xdx(a + bxTanl[c + d*xx])~2)
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Maple [A] time = 0.122, size = 343, normalized size = 1.6

1 2 b2 1 b?

b4

- - - - 6 -5
5a2d (tan (dx + )’ 3a2d (tan (dx +¢))>  da (tan (dx + ¢))°  @?dtan(dx+c) ~da*tan(dx+c) = da®tan(

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 6/ (atb*tan(d*x+c))~2,x)

[Out] -1/5/d/a"2/tan(d*x+c)~5-2/3/d/a"2/tan(d*x+c)~3-1/d/a"4/tan(d*x+c) ~3*b~2-1/d
/a~2/tan(d*x+c)-6/d/a"4/tan(d*x+c)*b~2-5/d/a"6/tan(d*x+c)*b~4+1/2/d/a"3*b/t
an(d*x+c) "4+2/d/a"3*b/tan(d*x+c) "2+2/d*b"3/a"5/tan (d*x+c) ~2-2*b*1n(tan (d*xx+
c))/a~3/d-8/d*b"3/a"5x1n(tan(d*x+c))-6/d*b~5/a"7*1n(tan(d*x+c))-b/a~2/d/ (a+

bxtan (d*x+c))-2/d*b~3/a"4/ (a+b*tan(d*x+c))-1/d*b~5/a"6/ (a+b*tan (d*x+c) ) +2xb
*x1n(a+bxtan(d*x+c))/a~3/d+8/d*b~3/a"5*1n(a+b*tan(d*x+c))+6/d*b~5/a~7*1ln(a+b

*tan (d*x+c))

Maxima [A] time = 1.22476, size = 304, normalized size = 1.39

9 a*b tan(dx+c)—60 (a4b+4 a2h3+3 b5) tan(dx+c)5—6 a°-30 (a5+4 a3h%+3 ab4) tan(dx+c)4+10 (4 ab+3 azba) tan(dx+c)3—5 (4 a°+3 a3b2) tan(dx+c)2

a8b tan(dx+c)®+a” tan(dx-+c)®

60 ('

30d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6/ (atb*tan(d*x+c))”2,x, algorithm="maxima"

[Out] 1/30%((9*a"4*b*tan(d*x + c) - 60*(a"4*b + 4*a~2*b~3 + 3*b~5)*tan(d*x + c)~b
- 6*%a”5 - 30*(a”5 + 4*xa~3xb"2 + 3*axb”4)*tan(d*x + c)~4 + 10%(4*a~4xb + 3%
a~2xb”"3)*tan(d*x + c)~3 - 5x(4*a”5 + 3*a”"3*b"2)*tan(d*x + c)~2)/(a"6*bxtan(

d*xx + ¢)76 + a"7xtan(d*x + c)”5) + 60*(a"4*b + 4*a"2%b”~3 + 3*b~5)*log(b*tan

(d*x + c) + a)/a”7 - 60x(a"4*b + 4*a~2%b~3 + 3*b~5)*log(tan(d*x + c))/a~7)/

d

Fricas [B] time = 2.59028, size = 1770, normalized size = 8.08

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(d*x+c)”~6/(atb*tan(d*x+c))”2,x, algorithm="fricas")

[Out] 1/30%(4%(4*a”6 + 45%xa~4*xb~2 + 45xa~2*xb~4)*cos(d*x + c)~6 - 75*a”4%b~2 - 90%
a~2*xb"4 - 10x(4*a”6 + 45xa”~4*b”2 + 45xa”2*b"4)*cos(d*x + c)~4 + 15%(2*xa”"6 +
23*%a~4*b"2 + 24xa”2*b"4)*cos(d*x + c)72 + 30*%((a”4*xb”2 + 4*a"2*xb”"4 + 3%b”6
)xcos(d*x + c)76 - a”4xb”2 - 4%a"2xb"4 - 3%b76 - 3*(a"4*b"2 + 4*a"2%b"4 + 3
*b76)*cos(d*x + c)74 + 3*x(a~4*b"2 + 4*a"2+%b"4 + 3*b”"6)*cos(dx*x + ¢c)”2 - ((a
“bxb + 4*a~3%b~3 + 3*axb~5)*cos(d*x + c)75 - 2x(a"5xb + 4*a~3%xb"3 + 3*axb”5
Yxcos(d*x + ¢)”3 + (a”5*b + 4*a~3*b~3 + 3*axb”5)*cos(d*x + c))*sin(d*x + c)
)*log(2*axb*cos(d*x + c)*sin(d*x + c) + (a2 - b"2)*cos(d*x + ¢c)~2 + b~2) -
30*%((a”4*b~2 + 4%a”2xb”4 + 3*b~6)*cos(d*x + c)76 - a"4*b"2 - 4*a”"2%b"4 - 3
*b~6 - 3*%(a”4xb”"2 + 4%a"2xb"4 + 3*b"6)*cos(d*x + c)"4 + 3*x(a"4*b”2 + 4xa~2x%
b~4 + 3*b76)*cos(d*x + ¢c)”2 - ((a”b*b + 4*a~3*b~3 + 3*axb”5)*cos(d*x + ¢c)75
- 2x(a”b*b + 4xa~3*b~3 + 3xaxb”~5)*cos(dx*x + c)”3 + (a"b*b + 4%a~3*b”3 + 3%
a*b”5)*cos(d*x + c))*sin(d*x + c))*log(-1/4*cos(d*x + c)72 + 1/4) + (4x(4*a
“Bxb + 45%a~3xb~3 + 45%axb~5)*cos(d*x + c)”5 - 10*x(a"b*b + 33*a"3*b"3 + 36%
axb”5)*cos(d*x + c)”3 - 15x(a”5*b - 10*a”3*b"3 - 12*a*b”5)*cos(d*x + c))*si
n(dxx + c))/(a”T7*b*d*cos(d*x + c)~6 — 3*a~7Txb*d*cos(d*x + c)~4 + 3*a”~7Txbxd*
cos(d*x + ¢c)72 - a”"7*bxd - (a"8xdxcos(d*x + c)”5 - 2*a"8*xd*cos(d*x + c)~3 +
a~8*d*xcos(d*x + c))*sin(d*x + ¢))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**6/ (atb*tan(d*x+c))**2,x)

[Out] Timed out

Giac [A] time = 1.23916, size = 448, normalized size = 2.05

60 (u4b+4 a2b3+3 b5) log(Jtan(dx+c)|) 60 (a4b2+4 a2b*+3 b6) log(|b tan(dx+c)+a)) 30 (2 a*b? tan(dx+c)+8 a2b* tan(dx-+c)+6 b° tan(dx+c)+3 a®b+1(
a’? h a’b + (b tan(dx+c)+a)a’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~6/(atb*tan(d*x+c))”2,x, algorithm="giac")
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[Out] -1/30%(60*(a~4xb + 4*a~2xb~3 + 3xb~5)*log(abs(tan(d*x + c)))/a~7 - 60*(a~4x
b~2 + 4*a~2*b”"4 + 3*b76)*log(abs(bxtan(d*x + c) + a))/(a~7*b) + 30*(2%a~4xb
“2xtan(d*x + c) + 8*a"2*xb~4xtan(d*x + c) + 6xb 6xtan(d*x + c) + 3*%a”"5xb + 1
0*a~3*b~3 + 7*xaxb”~5)/((b*tan(d*x + c) + a)*a”7) - (137*a"4*b*tan(d*x + c)75

+ 548*a”"2xb"3*tan(d*x + ¢c)”5 + 411*b"5*xtan(d*x + c¢)~5 - 30*a"5*xtan(d*x + ¢

)74 - 180*a”3xb"2*xtan(d*x + c)~4 - 150*a*xb~4x*xtan(d*x + c)~4 + 60*a~4*b*xtan(

d*x + ¢)”3 + 60*xa"2xb"3*tan(d*x + c)”~3 - 20*a~5xtan(d*x + c)”2 - 30*a”~3*b”2
*¥tan(d*x + c)”2 + 15%a"4xbxtan(d*x + c) - 6*xa~5)/(a"7+tan(d*x + c)~5))/d
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367 f Sin6(c+dx)

(a+btan(c+dx))3

Optimal. Leaf size=382

ab 2a°b (az - 3b2) a cos?(c + dx) ((—1195[4192 + 65a°b* +11a° + 3

2d (az + b2)4 (a +btan(c +dx))? d (a2 + b2)5 (a + btan(c + dx)) 16d (a2 + b?

[Out] (ax(5*a”8 - 180*a~6*b~2 + 390*a~4*b~4 - 68*a~2%b~6 - 3*b~8)*x)/(16*x(a"2 + b
72)76) + (a"4xb*(3*%a”4 - 22*%a"2*b"2 + 15%b~4)*Logla*Cos[c + d*x] + b*Sin[c

+ d*xx]]1)/((a"2 + b~2)76xd) - (a~6*b)/(2%(a"2 + b~2) 4*xd*x(a + b*Tan[c + d*x]

)72) - (2*%¥a”bxbx(a”2 - 3*xb"2))/((a”2 + b~2)"5xd*(a + b*Tanl[c + d*x])) - (Co

slc + dxx] 6% (b*x(3*a”2 - b~2) + ax(a”2 - 3*xb~2)*Tan[c + d*x]))/(6%(a"2 + b~
2)73%d) + (Cos[c + d*x] 4*(6xb*x(9*a~4 - 4*a"2*b"2 - b74) + ax(13*%a~4 - 62*a
“2%b"2 - 3*b~4)*Tan[c + d*x]))/(24*x(a"2 + b~2)74*d) - (a*xCos[c + d*x]~2x(24
*a"3%b*(3*a”2 - 5*b72) + (11*xa”6 - 119*a"4*b~2 + 65*a”~2*b"4 + 3*b~6)*Tan[c

+ dxx]))/(16%(a”2 + b~2)"5%d)

Rubi [A] time = 1.43182, antiderivative size = 382, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 6, integrand size = 21, e .

integrand size
0.286, Rules used = {3516, 1647, 1629, 635, 203, 260}

ab 2a°b (az - 3b2) a cos?(c + dx) ((—119a4b2 + 65a%b* +11a° + 3

4 5
2d (a2 +12) (a+btan(c+dx))2  d(a?+12) (a+btan(c +dx)) 16d (a2 + 12

Antiderivative was successfully verified.

[In] Int[Sinl[c + d*x]~6/(a + bxTan[c + d*x])~3,x]

[Out] (ax(5*a”8 - 180*a~6%b~2 + 390*a"4*b”4 - 68*a~2*b"6 - 3*b~8)*x)/(16*(a"2 + b
72)76) + (a"4xb*(3*%a”4 - 22*%a”2*b"2 + 15%xb~4)x*Log[a*Cos[c + d*x] + b*Sin[c

+ d*xx]]1)/((a"2 + b72)76%d) - (a"6*b)/(2*(a"2 + b~2) 4xd*(a + b*Tan[c + dx*x]

)"2) - (2*%a”bxbx(a”2 - 3*xb"2))/((a”2 + b~2)"5xd*(a + b*Tan[c + d*xx])) - (Co

slc + d*x] " 6x(bx(3*a"2 - b~2) + ax(a”2 - 3*b~2)*Tan[c + d*x]))/(6x(a"2 + b~
2)73%d) + (Cosl[c + d*xx] 4*x(6xbx(9%a~4 - 4*a”2*b”2 - b~4) + ax(13*%a~4 - 62*a
“2%b"2 - 3*xb~4)*Tan[c + d*x]))/(24*(a"2 + b~2)74xd) - (a*xCos[c + d*x]~2x(24
*a"3xb* (3*a"2 - 5xb"2) + (11*%a”6 - 119*a~4*b~2 + 65xa”2*b"4 + 3*xb~6)*Tan[c

+ d*xx]))/(16x(a"2 + b~2)75%d)

Rule 3516
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Int[sin[(e_.) + (f£_)*(x_ )] " (m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x)])"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x"2)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1647

Int [(Pq_)*((d_) + (e_.)*x(x_))"(m_.)*x((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :
> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x72, x], f = Coeff[Pol
ynomialRemainder [(d + e*x) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial
Remainder[(d + e*x) mxPq, a + c*xx"2, x], x, 11}, Simp[((axg - c*f*x)*(a + ¢
*x72)"(p + 1))/ (2xaxcx(p + 1)), x] + Dist[1/(2xa*xcx(p + 1)), Int[(d + e*x)”
m*(a + c*x72) " (p + 1)*ExpandToSum[(2*a*xc*(p + 1)*Q)/(d + exx)™m + (cxf*(2xp
+ 3))/(d + exx)"m, x], x], x]] /; FreeQl{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[c*d™2 + axe”2, 0] && LtQlp, -1] &% ILtQ[m, O]

Rule 1629

Int[(Pg_)*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*x(x_)"2)"(p_.), x_Symbol]
:> Int[ExpandIntegrand[(d + exx) m*Pqx(a + c*x~2)7p, x], x] /; FreeQ[{a, c,
d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rule 635

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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6
bSubst| [ ——— dx, x, btan(c + dx
sin®(c + dx) (f (a+x(12 +x2)4 ( ))

@+btanc+do)e d

46 (a2—3b2) + 3a310 (5a2+b2

(a2+02)° (a2+02)°

Subst f
_ cos®(c + dx) (b (3a2 - bz) +a (a2 -~ 3b2) tan(c + dx))

) 6 (2 +17) d

cos®(c + dx) (b (3a% — b?) + a (a? - 3b?) tan(c + dx))  cos*(c + dx) (6 (9a* - 4a2b? -
3 +
6(a2+12) d 2

cos®(c + dx) (b (3a2 - bz) +a (az —~ 3b2) tan(c + dx)) cos*(c + dx) (6b (9114 — 4a%b% -
. +
6(a2+12) d 2

cos®(c + dx) (b (3a2 - bz) +a (az -~ 3b2) tan(c + dx)) cos(c + dx) (6b (9114 — 4a%h? -
+

6(a? + b2)3 d 2
a*b (3(14 - 220%b% + 15b4) log(a + btan(c + dx)) ab
B (@+2)d 2 (a2 + 1) d(a + btan(c + dv))? ) (
a*b (3(14 - 220%1% + 15b4) log(a + btan(c + dx)) ab
B (@+12)d 2 (a2 + 1) d(a + btan(c + dv))? ) (
_a (5118 —180a°b? + 390a*b* — 68a%b° — 3b8) x N a*b (3a4 —22a%h? + 15b4) log(cos(c + d>
16 (2 + 12)° (@ +12) d

Mathematica [A] time = 6.60369, size = 683, normalized size = 1.79

3a* (3a2 —5b2) cos?(c+dx) (Saz —bz) cos®(c+dx) (—4a2 b2 +9a4—b4) cos¥(c+dy)  3a° (a2—7b2) tan~! (tan(c+dx)) ab

2(a2+12)° 6(a2+12)° afa2+12)" 2b(a2+2)° 2(a2+82)" (a-+b tan(c+dn)2

Antiderivative was successfully verified.
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[In] Integrate[Sin[c + d*x]~6/(a + b*Tan[c + d*x])~3,x]

[Out] (b*((-3*a"5x(a"2 - 7*b~2)*ArcTan[Tan[c + d*x]])/(2*¥b*x(a”2 + b~2)75) -
4% (3%a”2 - 5xb"2)*Cos[c + d*x]~72)/(2%(a”2 + b"2)75) + ((9*%a"4 - 4xa~2*xb"2 -
b~4)*Cos[c + d*x]~4)/(4*x(a"2 + b~2)74) - ((3*a"2 - b"2)*Cos[c + d*x]~6)/(6
*(a"2 + b72)73) - (a”4%(3*xa"4 - 22%¥a"2*xb”"2 + 15%b74 - (a5 - 18*a”3*b"2 + 2
1*xa*xb~4) /Sqrt [-b~2] ) *Log[Sqrt [-b"2] - b*Tan[c + d*x]])/(2x(a"2 + b~2)76) +

(a”4*%(3*%a~4 - 22xa"2xb~2 + 165xb~4)*Logla + b*Tan[c + d*x]])/(a"2 + b~2)76 -
(a”4*(3*%a~4 - 22%xa"2*%b~2 + 15%xb~4 + (a”5 - 18%a”3*b~2 + 21xa*b~4)/Sqrt[-b~
2])*Log[Sqrt[-b~2] + bxTan[c + d*x]])/(2x(a"2 + b~2)76) - (3*a"bx(a"2 - 7*b
~2)*Cos[c + dxx]*Sin[c + d*x])/(2%b*(a”2 + b~2)75) + (3*a*x(a”4 - 4*a~2%b~2
- b74)*Cos[c + d*x]~3*Sin[c + d*x])/(4xbx(a”2 + b72)74) - (ax(a”2 - 3*b72)*
Cos[c + d*x]~5*Sin[c + d*x])/(6*%b*(a"2 + b~2)73) + (9*ax(a”4 - 4*a"2*b"2 -
b~4)*x(ArcTan[Tan[c + d*x]]/b + (Cosl[c + d*x]*Sin[c + d*x])/b))/(8*x(a"2 + b~
2)74) - (5*ax(a”2 - 3*b~2)*((2*Cos[c + d*x]~3*Sin[c + d*x])/b + 3*b~2%(ArcT
an[Tan[c + d*x]]/b"3 + (Cos[c + d*x]*Sin[c + d*x])/b”3)))/(48x(a"2 + b~2)"3
) - a”6/(2x(a"2 + b"2)74x(a + bxTan[c + d*x])~2) - (2*a”b*x(a"2 - 3*b~2))/((
a”2 + b72)76x(a + bxTan[c + dx*x]))))/d

Maple [B] time = 0.118, size = 1449, normalized size = 3.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 6/ (a+b*tan(d*x+c))”3,x)

(3%a~

[Out] -15/2/d/(a"2+b~2) “6*1ln(1l+tan(d*x+c)~2)*a~4*b~5+13/2/d/(a"2+b~2) "6/ (1+tan(d*

x+c)"2) "3%a"4xb~5-11/4/4d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) "3*xa"~8*xb+31/6/d/(a"2+b
~2)76/(1+tan(d*x+c) ~2) "3*a~6xb~3-3/2/d/(a~2+b"2) "6/ (1+tan (d*x+c) ~2) “3*a~2*b
~7-11/16/4/(a"2+b~2) "6/ (1+tan(d*x+c) ~2) "3xtan (d*x+c) “5*a~9-5/6/d/(a~2+b~2) "
6/ (1+tan(d*x+c) ~2) "3*tan(d*x+c) "3*a~9-1/4/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) ~3x*
tan(d*x+c) "2x¥b~9-5/16/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) "3*tan (d*x+c) *a~9+3/d*a
~8%b/ (a”2+b"2) "6*x1n(a+b*tan (d*x+c))-22/d*a"6xb"3/(a"2+b"2) “6*1n(a+b*tan (d*xx
+c))+15/d*a"4*b~5/(a”"2+b"2) “6*1n(a+b*tan(d*x+c))-2/d*b*xa”7/(a"2+b"2) "5/ (a+b
xtan(d*x+c))+6/d*b~3*a~5/(a"2+b"2) “5/ (a+b*tan (d*x+c))-45/4/d/(a~2+b~2) “6*ar
ctan(tan(d*x+c))*a”~7*b"2+195/8/d/ (a~2+b"2) “6*arctan(tan(d*x+c))*a~5xb~4-17/
4/d/(a"2+b"2) “6*arctan(tan(d*x+c))*a~3*b~6-3/16/d/(a"2+b"2) “6*arctan(tan(d*
x+c))*axb~8-3/2/d/(a"2+b"2) "6*1n(1+tan(d*x+c) ~2) *a~8*b+11/d/(a”2+b~2) “6x1n(
1+tan(d*x+c) "2)*a"~6xb~3-1/12/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) "3xb~9+5/16/4/ (a
~2+b~2) “6*arctan(tan(d*x+c))*a~9+27/4/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) ~3xtan(
d*x+c) “b*a”~7*b"2+27/8/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) “3*tan (d*x+c) “5*a~5*xb~4
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-17/4/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) "3*xtan(d*x+c) “5*a~3*b~6-3/16/d/(a"2+b"2
)76/ (1+tan(d*x+c) ~2) "3*xtan(d*x+c) “5*xa*xb~8-9/2/d/(a"2+b"2) "6/ (1+tan (d*x+c) "2
) "3*tan(d*x+c) “4*a”~8xb+3/d/ (a”"2+b"2) "6/ (1+tan(d*x+c) ~2) "3xtan (d*x+c) "4*xa~ 6%
b~3+15/2/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) "3xtan (d*x+c) “4xa~4*xb~5+12/d/(a"2+b~
2) "6/ (1+tan(d*x+c) ~2) "3xtan(d*xx+c) "3*xa~7*b"2+2/d/(a"2+b"2) "6/ (1+tan(d*xx+c)”
2) “3xtan(d*x+c) "3*a~5*b~4-34/3/d/(a”"2+b"2) "6/ (1+tan(d*x+c) ~2) "3*xtan (d*x+c)”
3*a~3*b"6-1/2/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) “3*tan (d*x+c) “3*a*xb~8-1/2*a"6x*b
/(@a"2+b"2)~4/d/ (a+b*tan(d*x+c) ) ~2-27/4/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) "3*tan
(d*x+c) "2*a~8%b+19/2/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) “3*tan (d*x+c) “2*xa~6*b~3+
15/d/(a~2+b"2) "6/ (1+tan(d*x+c) ~2) "3xtan(d*x+c) "2*xa"4xb~5-3/2/d/(a"2+b"2) "6/
(1+tan(d*x+c) ~2) "3*xtan(d*x+c) "2*xa~2*xb~7+21/4/d/(a”2+b~2) "6/ (1+tan(d*x+c) ~2)
~“3*tan(d*x+c)*a”~7*b"2-3/8/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) “3*tan (d*x+c) *a~5*b
~4-23/4/4/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) “3*tan(d*x+c)*a~3*b~6+3/16/d/(a"2+b"2
)76/ (1+tan(d*xx+c) ~2) “3*tan(d*x+c) *a*xb™8

Maxima [B] time = 1.93332, size = 1469, normalized size = 3.85

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~6/(atb*tan(d*x+c))~3,x, algorithm="maxima")

[Out] 1/48*%(3*(5*a~9 - 180%a~7+b~2 + 390*a"5*b"4 - 68*a~3*b"6 - 3*a*b~8)*(d*x + c
)/ (a”12 + 6*a”10*%b"2 + 15%a”8*b~4 + 20*a~6%b~6 + 15*a”4*b”8 + 6*xa~2*xb~10 +
b~12) + 48%(3*a~8*b - 22%a”6%b~3 + 15%xa”4xb~5)*log(b*tan(d*x + c) + a)/(a”1
2 + 6%xa”10%b~2 + 15%a”8*b~4 + 20%a"6xb~6 + 15%a”4*xb~8 + 6%xa~2*b~10 + b~12)
- 24%(3*a"8%b - 22*%a"6*b"3 + 15%¥a”4*b”5)*log(tan(d*x + c)72 + 1)/(a”"12 + 6%
a~10*b~2 + 15%a”8*b~4 + 20*a”~6*b~6 + 15%a”4*xb~8 + 6*xa”2*b~10 + b~12) - (252
*a”"8%b - 644%a”6*b~3 + 68%a”4*xb~5 + 4xa~2*xb”7 + 3*(43*%a”7*b"2 - 215*%a~bxb"4
+ 65*%a”3*b"6 + 3*axb”8)*tan(d*x + c)”7 + 6x(31*%a"8*b - 127*a”"6*b”"3 + 5*xa”~4
*b~5 + 3*%a”2xb"7)*tan(d*x + c)”6 + (33*a”9 + 403*a”"7*b"2 - 2005*%a"5*%b"4 + 5
29*%a”~3%b"6 + 24*axb~8)*tan(d*x + c)”5 + 4*(164*a"8*b - 515%a”~6*b~3 + 65%a"4
*b~5 + 27*a”2*b”7 + 3*b"9)xtan(d*x + c)”4 + (40*a”9 + 335%xa"7xb"2 - 2171*a”
5%¥b~4 + 429*%a”3*b”"6 + 15xaxb~8)*tan(d*x + c)~3 + 2x(357*a"8xb - 987*a"6*b”3
+ 125%a”4xb"5 + 31*%a”2*b"7 + 2*¥b"9)*tan(d*x + c)”2 + (15%a”9 + 93*a”~7xb"2
- 763*a"5*b"4 + 127*a”"3*b"6 + 8*a*xb~8)*tan(d*x + c))/(a"12 + 5xa~10%b"2 + 1
0*a~8*%b~4 + 10*a”~6%b”6 + 5*%a~4*xb~8 + a~2*b~10 + (a~10*b"2 + 5*%xa~8*b~4 + 10x%
a~6*xb”6 + 10*a”4*b”"8 + 5xa~2xb~10 + b~12)*tan(d*x + c)~8 + 2x(a~11%b + 5*a”
9%b~3 + 10*a”7*b"5 + 10*a~5xb~7 + 5%a~3%b”9 + ax*b~11)*tan(d*x + ¢)77 + (a~1
2 + 8%a~10xb"2 + 25%xa"8*xb"4 + 40*xa"6xb"6 + 35%a"4xb”8 + 16*xa”2%b”10 + 3xb~1
2)*tan(d*x + c)76 + 6x(a~11xb + 5%a~9%b"3 + 10*a”~7*b"5 + 10*a~5%b~7 + 5*a”3
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*b~9 + ax*b”11)*tan(d*x + c)75 + 3*%(a”12 + 6*%a”~10*b”"2 + 15%xa~8*b~4 + 20*a~6%

b"6 + 15%a~4%b~8 + 6*a”2*%b”~10 + b~12)*tan(d*x + c)~4 + 6*%(a”11*b + 5xa~9%xb~
3 + 10*%a”7*b"5 + 10*a~5%b~7 + 5*a”3*b”9 + ax*xb~11)*tan(d*x + c)~3 + (3*a”12
+ 16%a”10%b~2 + 35%a”8*b~4 + 40*a”6xb~6 + 25%a”4*xb~8 + 8xa~2*xb~10 + b~12)*t
an(d*x + c)72 + 2*x(a"11*b + 5%a~9*b"3 + 10*a”7*b"5 + 10*a~5%b~7 + 5*a”~3*b~9
+ axb~11)*tan(d*x + c)))/d

Fricas [B] time = 3.58986, size = 2137, normalized size = 5.59

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~6/(atb*tan(d*x+c))~3,x, algorithm="fricas")

[Out] 1/48%(195*%a”~8*%b~3 — 427*a~6%b~5 — 165%xa~4*b”7 + 27*xa~2%b”"9 + 2xb~11 -
10%b + 5*a~8%b~3 + 10*a”6*b”5 + 10*a”~4*b”~7 + 5%a~2%b~9 + b~ 11)*cos(d*x + c)
~8 + 20%(2*%a”"10*b + 9%a~8*%b~3 + 16*a”6*xb”5 + 14%a~4*b”~7 + 6*a”2*b”"9 + b~11)
¥cos(d*x + c)76 - 2%(49*%a~10*b + 162*a~8*b~3 + 198*a~6*b~5 + 112*xa~4*b~7 +

33*%a”"2*b”9 + 6*b~11)*cos(d*x + c)”4 + 3*(5xa~9*b"2 - 180*a~7*b"4 + 390*a”5x*
b~6 - 68*xa”3*b"8 - 3*xaxb”~10)*d*x + (9*a~10%b - 46%a”8*b~3 + 994*a"6xb"5 + 1
44x3"4xb"7 - 43%a"2*xb"9 - 2xb~11 + 3*(5xa~11 - 185%a”"9%b"2 + 570*a”"7*b"4 -

458%a"5%b"6 + 65%a”~3*b~8 + 3xaxb”10)*d*x)*cos(d*x + c)~2 + 24x(3*a"8%b"3 -

22*%a”6*%b”5 + 15%a~4%b”7 + (3*a~10%b - 25%a”"8*b~3 + 37*a"6xb”5 - 15%a”4xb”"7)
xcos(d*x + ¢c)72 + 2%(3*a”9%b"2 - 22*a”~7*b"4 + 15%a~5xb”6)*cos(d*x + c)*sin(
dxx + c))*log(2*axb*cos(d*x + c)*sin(d*x + c) + (2”2 - b~2)*cos(d*x + c)~2

+ b72) - (8*(a”11 + 5xa~9*b"2 + 10*a”7*b"4 + 10*a~5*xb~6 + 5%a~3*%b"8 + axb”1
0)*cos(d*x + c)~7 - 2%(13*a”11 + 55%a”9*b”"2 + 90*a~7*b~4 + 70*a"5*b~6 + 25%
a~3*xb"8 + 3*axb~10)*cos(d*x + c)~5 + (33*a”11 + 49*%a~9*b~2 - 54*a~7*%b"4 - 1
26*a~5*%b”"6 — 59*%a”~3*%b”"8 - 3*axb~10)*cos(d*x + c)”3 - (261*xa”9*b"2 - 338*a”7
*b"4 + 120*%a~5*%b”"6 - 150*%a~3*b"8 - 5*xaxb~10 + 6% (5%xa~10*b - 180*a~8*b"3 + 3
90*a”~6*%b"5 - 68*%a~4xb”7 - 3*a"2xb"9)*xd*x)*cos(d*x + c))*sin(dxx + c))/((a"1
4 + 5*%a”12xb"2 + 9*%a”~10%b"4 + 5*%a”"8xb"6 - 5*a"6*%b"8 - 9*a"4*b"10 - 5*xa"2*b”
12 - b~14)*d*cos(d*x + ¢c)~2 + 2*(a~13*b + 6%a~11%b~3 + 15%a”~9*b~5 + 20*a”~7*
b~7 + 15%a~5xb~9 + 6*a~3*b~11 + ax*b~13)*d*cos(d*x + c)*sin(d*x + c) + (a~12
*b"2 + 6%xa”10*%b"4 + 15%a"8*b”"6 + 20*%a”"6*xb"8 + 15%a~4*xb~10 + 6*%a~2*xb"12 + b~
14)*d)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

8x(a”
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**6/(atb*tan(d*x+c))**3,x)

[Out] Timed out

Giac [B] time = 1.28551, size = 1246, normalized size = 3.26

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~6/(atb*tan(d*x+c))”3,x, algorithm="giac")

[Out] 1/48*%(3*(5*xa”9 - 180*a~7+b~2 + 390*a"5*b"4 - 68*a~3*b~6 - 3*a*b”8)*(d*x + c
)/ (a”12 + 6%xa~10%b”"2 + 15%a~8*b~4 + 20*%a~6*%b”"6 + 15%xa~4*xb”8 + 6*%a"2x%b"10 +
b~12) - 24%(3*a"8*b - 22*%a"6%b~3 + 1b5*a”4*b”~5)*log(tan(d*x + c)"2 + 1)/(a”1
2 + 6%xa”10*b"2 + 15%a”8*b~4 + 20%a"6*b"6 + 15%a~4*b~8 + 6*xa”2*b~10 + b~12)
+ 48%(3*a”8*b~2 - 22%a”6%b~4 + 15%xa”4xb~6)*log(abs(b*tan(d*x + c) + a))/(a”
12xb + 6%a”10*xb~3 + 15%xa~8xb~5 + 20*%a"6xb~7 + 15xa~4x%xb”9 + 6*a”2*b"11 + b~1
3) - 24*(9*%a”~8*b~3xtan(d*x + c)”2 - 66*a"6xb"bxtan(d*x + c)”2 + 45*%a”4*xb"7*
tan(d*x + ¢)72 + 22%a”9*b"2*xtan(d*x + c) - 140*a”7*b"4*tan(d*x + c) + 78%a”
5xb~6*xtan(d*x + c) + 14*a~10*b - 72*a"8*b"3 + 34*a”~6*b~5)/((a"12 + 6*a~10*b
"2 + 15*%a”8*b”4 + 20*%a"6xb"6 + 15%a”4*b”8 + 6*a”"2*xb"10 + b~ 12)* (bxtan(d*x +
c) + a)”2) + (132*xa~8*bxtan(d*x + c)”6 - 968*xa~6*b"3*tan(d*x + c)~6 + 660%
a"~4xb~5*xtan(d*x + c)”6 - 33*%a"9xtan(d*x + c)~5 + 324%a"7*xb"2xtan(d*x + c)”5
+ 162*a”~bxb~4*xtan(d*x + c)”5 - 204*a”3*b"6xtan(d*x + c)~5 - 9*a*xb~8xtan(dx*
X + ¢c)75 + 180*a"8*b*tan(d*x + c)”~4 - 2760*a~6*b"3*tan(d*x + c)~4 + 2340%a”
4xb~bxtan(d*x + c)~4 - 40*a”9*tan(d*x + c)~3 + 576*a”7*b"2*tan(d*x + c)~3 +
96*a~b*b~4xtan(d*x + c)~3 - 544%a"3*b"6*tan(d*x + c)”3 - 24*axb~8xtan(d*x
+ ¢c)73 + 72*a"8xbxtan(d*x + c)”2 - 2448*a”6xb"3xtan(d*x + c)”2 + 2700*a"4x*b
“Bxtan(d*x + ¢)72 - 72*a"2%b " 7xtan(dxx + c)”2 - 12*b"9*tan(d*x + c)"2 - 15%
a“9*xtan(d*x + c) + 252*a”~7*b " 2xtan(d*x + c) - 18*a~bxb~4xtan(d*x + c) - 276
*a~3*b " 6*tan(d*x + c) + 9*axb~8xtan(d*x + c) - 720*a”"6*b~3 + 972xa~4*b"5 -
72xa~2%b”7 - 4xb79)/((a"12 + 6*%a”~10*b~2 + 15%a”8*b~4 + 20%a”6*b~6 + 15%xa~4x*
b~8 + 6*xa~2%b"10 + b~12)*(tan(d*x + ¢c)"2 + 1)73))/d
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3 68 f sin4(c+dx)

(a+Db tan(c+dx))3

Optimal. Leaf size=285

atp 2a3b (az - 2b2) a cos?(c + dx) ((—34a2b2 +5a* + 9b4) tan(c + d

24 (@ +12) (a+btan(c+d0)  d(a2 +1?)’ (a+ btan(c +dx)) 8d (a2 +12)’

[Out] (3*a*x(a~6 - 25%a~4*b~2 + 35*%a"2*xb~4 - 3*b~6)*x)/(8+%(a”2 + b~2)75) + (3*xa~2x
bx(a”4 - b*a"2%b”2 + 2*xb~4)*Logl[a*Cos[c + d*x] + b*Sin[c + d*x]])/((a"2 + b
~2)75%d) - (a”4x*b)/(2*x(a"2 + b~2)73*d*(a + b*Tanl[c + d*x])~2) - (2*a~3*b*(a

"2 - 2%b72))/((a”2 + b72)"4xd*(a + b*Tan[c + d*x])) + (Cosl[c + d*x] " 4*(b*x(3

*¥a"2 - b"2) + ax(a”2 - 3*xb"2)*xTan[c + d*x]))/(4x(a"2 + b~2)"3*d) - (axCoslc

+ d*x] "2%(24*xaxbx(a”2 - b~2) + (5*a"4 - 34*a”"2*xb"2 + 9xb~4)*Tan[c + d*x]))
/(8x(a”2 + b~2)74x*d)

Rubi [A] time = 0.849748, antiderivative size = 285, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 21, T~ > % _

integrand size
0.286, Rules used = {3516, 1647, 1629, 635, 203, 260}

a*b 2a%b (az - 2b2) a cos?(c + dx) ((—34a2b2 +5a* + 9b4) tan(c + d

24 (@ +12) (a+btan(c+d0)2  d(a? + 1)’ (a+btan(c +dx)) 8d (2 + 12)'

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]~4/(a + bxTan[c + dx*x])~3,x]

[Out] (3*ax(a”6 - 25*%a~4%b~2 + 35*a”2%b"4 - 3*b"6)*x)/(8*%(a”2 + b"2)75) + (3*xa™2%
bx(a"4 - 5*a”2%b”2 + 2xb~4)*Logla*Cos[c + d*x] + b*Sin[c + d*x]])/((a”2 + b
"2)75%d) - (a"4xb)/(2*x(a"2 + b~2)"3*d*(a + b*Tan[c + d*xx])~2) - (2*a~3*bx*(a

"2 - 2%b72))/((a”2 + b72)"4xd*(a + bxTan[c + d*x])) + (Cos[c + d*x] 4*(b*(3

*¥a"2 — b72) + ax(a”2 - 3*b"2)*Tan[c + d*x]))/(4x(a"2 + b~2)"3*d) - (axCoslc

+ dxx] 2% (24*axb*x(a”2 - b"2) + (5xa"4 - 34*xa”2*%b"2 + 9*%b~4)*Tan[c + d*x]))
/(8%(a”2 + b~2)"4xd)

Rule 3516

Int[sin[(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + f*x]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]
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Rule 1647

Int[(Pq )*((d_) + (e_.)*x(x_))"(m_.)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :
> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x72, x], f = Coeff[Pol
ynomialRemainder[(d + e*x) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial
Remainder[(d + e*x) m*Pq, a + cxx”2, x], x, 11}, Simp[((a*xg - c*f*x)*(a + ¢
*x72) " (p + 1))/ (2*%a*xcx(p + 1)), x] + Dist[1/(2xa*xc*x(p + 1)), Int[(d + exx)”
m*(a + c*x72) " (p + 1)*ExpandToSum[(2%a*xc*(p + 1)*Q)/(d + exx)"m + (cxfx(2*p
+3))/(d + exx)"m, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[c*d™2 + axe”2, 0] && LtQlp, -1] &% ILtQ[m, O]

Rule 1629

Int[(Pq_)*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*x(x_)"2)"(p_.), x_Symbol]
:> Int[ExpandIntegrand[(d + exx) m*Pgx(a + c*x~2)7p, x], x] /; FreeQ[{a, c,
d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rule 635

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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4
bSubst | [ ——— dx, x, btan(c + dx
sin4(c + dx) v (f (a+x)3(b2+x2)3 ( ))

(a+btan(c +dx))3 ~ d

a4b4(u2—3b2) a3 b4(9u2 +5b2)x 2

3 3
Subst | [ (a2+02) (a2+02)

(a+x)

cos*(c + dx) (b (3a2 - bz) +a (az -~ 3b2) tan(c + dx))
3
4(a2+1?) d

cos*(c + dx) (b (3112 - bz) +a (u2 — 3b2) tan(c + dx)) a cos?(c + dx) (24ab (a2 - b2) + (5

4(a2+b2)3d 8(a2+l

cos*(c + dx) (b (3a2 - bz) +a (az - 3b2) tan(c + dx)) a cos?(c + dx) (24ab (az - bz) + (5

4(@ +12) d 8 (a2 +
_ 3a%b (a4 — 5a%b% + 2b4) log(a + btan(c + dx)) a*b
B (@+2) d 2(@ +12) d(a +btan(c +dx) (a2 +
~ 3a%b (a4 — 5a%b% + 2b4) log(a + btan(c + dx)) a*b
B (@+2) d 2(@ +12) d(a+btan(c +dx) (a2 +
3a (u6 —25a*b? + 35a%b* - 3176) x 3a%b (u4 —5a%h% + 2b4) log(cos(c +dx))  3ab (a4 -
= = + = +
8(a2 +1?) (a2 +02) d

Mathematica [A] time = 6.43835, size = 501, normalized size = 1.76

3a2(a-b)(a+b) cos?(c+dx) (3a2—b2) cos*(c+dx) a3 (a2—5b2) tan’l(tan(c+dx)) a4 243 (uz—sz) “

(a2+12)" aa2+12)° p(a2+12)" 2(a2+82) (a-+b tan(c+dn))2 B (a2+82)" (@+b tan(c-+ax)

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~4/(a + b*Tan[c + d*x])~3,x]

[Out] (b*x(-((a~3x(a~2 - bxb~2)*ArcTan[Tan[c + d*x]])/(b*x(a~2 + b~2)"4)) - (3*xa~2%
(a - b)*x(a + b)*Cos[c + d*x]"2)/(a"2 + b™2)"4 + ((3*a”2 - b~2)*Cos[c + d*x]
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~4)/(4x(a"2 + b72)73) - (a”2*(3*a"4 - 15*%a”2*b"2 + 6*b”4 - (a”5 - 13*a~3%*b”
2 + 10%a*b”~4)/Sqrt[-b~2])*Log[Sqrt[-b"2] - b*Tan[c + d*x]])/(2%(a"2 + b~2)~
5) + (3*a”2x(a"4 - 5*xa”2*b~2 + 2%b~4)*Logl[a + b*Tan[c + d*x]])/(a"2 + b~2)~
5 - (a”2*%(3*%a”4 - 15%a”2*b"2 + 6%b”4 + (2”5 - 13*a”3xb~2 + 10*axb~4)/Sqrt[-
b~2])*Log[Sqrt [-b~2] + b*Tan[c + d*x]])/(2%(a”2 + b72)75) - (a”3%(a”2 - 5%b
~2)*Cos[c + d*x]*Sin[c + d*x])/(b*(a"2 + b"2)74) + (ax(a”2 - 3*b~2)*Cos[c +
d*x] ~3*Sin[c + d*x])/(4*b*(a”2 + b"2)73) + (3*a*x(a”2 - 3*b~2)*(ArcTan[Tan[
c + d*x]]1/b + (Cosl[c + d*x]*Sin[c + d*x])/b))/(8*(a"2 + b"2)73) - a~4/(2*(a
"2 + b72)"3x(a + bxTan[c + d*x])~2) - (2*¥a"3x(a"2 - 2x¥b"2))/((a"2 + b~"2) “4x
(a + bxTan[c + d*x]))))/d

Maple [B] time = 0.109, size = 882, normalized size = 3.1

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 4/ (a+bxtan(d*x+c))”3,x)

[Out] 3/8/d/(a"2+b~2) “5*arctan(tan(d*x+c))*a”~7+3/d/(a~2+b"2) "5/ (1+tan(d*x+c)~2) "2
*tan (d*x+c) "2*xa~2xb"5+5/4/d/(a"2+b~2) °5/ (1+tan (d*x+c) ~2) "2*a~4*xb~3+13/4/d/ (
a~2+b~2) "5/ (1+tan(d*x+c) ~2) "2%a”2xb~5-3/d/ (a"2+b"2) "5x1n (1+tan (d*x+c) ~2) *a”
2%b~5-5/8/d/(a"2+b~2) "5/ (1+tan(d*x+c) ~2) "2*xtan (d*x+c) "3*a~7-3/8/d/(a"2+b"2)
~5/(1+tan(d*x+c) ~2) "2xtan(d*x+c)*a~7-9/8/d/(a"2+b~2) “b*xarctan (tan (d*x+c) ) *a
*b~6-75/8/d/(a"2+b"2) “b*xarctan (tan(d*x+c))*a"5xb"2+6/d*b~5/(a"2+b~2) “5*1n(a
+b*tan (d*x+c))*a~2-9/4/d/(a"2+b"2) "5/ (1+tan(d*x+c) ~2) "2*a~6*b+105/8/d/ (a~2+
b~2) “5*xarctan(tan(d*x+c))*a~3%b~4-3/2/d/(a"2+b”2) "5*x1n(1+tan(d*x+c) ~2) *a~ 6%
b+15/2/d/(a~2+b~2) “5x1n(1+tan (d*x+c) ~2) *a~4*xb~3-2/d*a~5*b/ (a”~2+b~2) "4/ (a+b*
tan(d*x+c) )+4/d*a~3*%b~3/(a"2+b"2) "4/ (a+bxtan (d*x+c))+3/d*b*a”6/(a"2+b"2) “5%
In(a+b*tan(d*x+c))-15/d*b~3*a~4/(a"2+b"2) "5*x1n(a+b*tan(d*x+c))-3/d/(a"2+b"2
)75/ (1+tan(d*x+c) ~2) "2*xtan(d*x+c) "2*a~6%b+29/8/d/(a"2+b"2) "5/ (1+tan(d*x+c) "~
2) “2xtan(d*x+c) “3*a~bxb~2-1/2*xa~4%*b/(a"2+b"2) ~3/d/ (a+b*tan (d*x+c)) ~2+27/8/d
/(a"2+b~2) "5/ (1+tan(d*x+c) ~2) "2*tan (d*x+c) *a~5*%b~2+25/8/d/(a"2+b~2) "5/ (1+ta
n(d*xx+c)~2) "2xtan (d*x+c) "3*a~3*b~4-9/8/d/ (a"2+b"2) "5/ (1+tan(d*x+c) ~2) "2xtan
(d*x+c) ~3*axb~6-1/4/d/(a"2+b"2) "5/ (1+tan(d*x+c) ~2) "2xb~7-15/8/d/(a"2+b"2) "5
/ (1+tan(d*x+c) ~2) "2*xtan (d*x+c) *a*xb~6+15/8/d/(a"2+b"2) "5/ (1+tan (d*x+c) ~2) "2
tan(d*x+c)*a”~3*xb~4

Maxima [B] time = 1.81091, size = 1004, normalized size = 3.52

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~4/(atb*tan(d*x+c))”3,x, algorithm="maxima"

[Out] 1/8%(3%(a”7 - 25*a~5xb~2 + 35%a~3*b"4 - 3*axb~6)*(d*x + c)/(a"10 + 5*xa”~8*b~
2 + 10%a"6*xb"4 + 10%a"4*b~6 + 5*xa”2*b"8 + b~10) + 24x(a"6*b - 5*xa~4*b”"3 + 2
*a~2%b”5) *log(b*tan(d*x + c) + a)/(a”10 + 5*a"8*b~2 + 10%¥a~6*b"4 + 10*a~4xb
6 + 5%a”2xb”8 + b710) - 12x(a"6*b - b5*a"4%b”3 + 2*xa~2*b~5)*log(tan(d*x + c
)72 + 1)/(a"10 + 5%a~8%b”"2 + 10*a~6*%b"4 + 10*a~4*b”"6 + 5%a~2*%b”"8 + b~10) -
(38*%a~6*%b - b6*a~4*xb~3 + 2xa”2xb"5 + 3% (7*a"bxb"2 - 22*%a”"3*b"4 + 3*axb”6)*t
an(d*x + c)75 + 6x(5%a”~6xb - 12*xa~4*b~3 - a~2*%b~5)*tan(d*x + c)~4 + (5*xa”~7
+ 49*%a”5*b"2 - 133*a"3%b"4 + 15*a*b”6)*tan(d*x + c)~3 + 2x(35*%a"6*b - 61*a”
4xb~3 + a"2xb”5 + b 7)*tan(d*x + c)72 + (3%a”7 + 22*%a”b*b”"2 - 73*a"3*b"4 +
4xaxb”~6)*tan(d*x + ¢))/(a"10 + 4*a”"8*xb"2 + 6*a”6*b"4 + 4*a”4*xb”"6 + a~2*xb”8
+ (a”8*b"2 + 4*a"6xb"4 + 6%a"4%b"6 + 4*a"2*%b"8 + b~ 10)*tan(d*x + c)”6 + 2x*(
a~9*%b + 4*a”~7*b”3 + 6*%a"5*b”5 + 4*a”3*b~7 + axb”9)*tan(d*x + ¢c)75 + (a~10 +
6*%a”~8*b”2 + 14*a”~6xb~4 + 16%a~4%b”6 + 9*a~2*b”"8 + 2*xb~10)*tan(d*x + c)"4 +
4% (a”9*%b + 4*a~7xb~3 + 6*a”5*b”5 + 4*a”~3*b”"7 + axb”9)*tan(d*x + c)”3 + (2%
a~10 + 9*%a"8*b”2 + 16*a~6*b~4 + 14*a"4*b”6 + 6*a"2*xb"8 + b~ 10)*tan(d*x + c)
"2 + 2%(a”9*b + 4*a”"7*b"3 + 6%a~5*b”5 + 4*a”3*b”7 + axb”9)*tan(d*x + ¢)))/d

Fricas [B] time = 3.09478, size = 1569, normalized size = 5.51

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~4/(atb*tan(d*x+c))”3,x, algorithm="fricas")

[Out] 1/32*%(119*%a”~6*b~3 - 159*a~4*b~5 - 51*a”~2*b”~7 + 3*b~9 + 8+ (a”8*b + 4*a”~6*xb~3
+ 6*%a”4*b”5 + 4%a~2*b~7 + b~9)*cos(d*x + c)"6 - 8x(5xa~8xb + 16*a”6%b”3 +
18*a~4*b~5 + 8*a~2%b~7 + b~9)*cos(d*x + ¢)~4 + 12%(a”7*b"2 - 25*a”"5*b"4 + 3
5%¥a”3*%b"6 — 3*axb"8)*dxx — (a"8*b + 110*%a"6xb~3 - 420*a"4*xb~5 - 78*a"2xb~7
+ 3*b79 - 12*%(a”9 - 26%a"7*b"2 + 60*a”"5*b"4 - 38*a"3*b"6 + 3*xa*xb”8)*d*x)*co
s(d*x + c)72 + 48*(a"6*b~3 - 5%a~4*b"5 + 2*a”"2*b”"7 + (a"8xb - 6%a”6%b"3 + 7
*a"4%b~5 - 2%a”2xb"7)*xcos(d*x + c)”2 + 2%(a”7*b"2 - B5*a~5xb”~4 + 2%a~3%b~6)x*
cos(d*x + c)*sin(d*x + c))*log(2*a*bxcos(d*x + c)*sin(d*x + c) + (2”2 - b72
Y¥cos(d*x + ¢c)72 + b72) + 2%x(4*x(a”9 + 4*xa"T7*b"2 + 6xa~5*b"4 + 4*xa~3*%b"6 + a
*b78)*cos(d*x + c)75 — 2x(5xa”9 + 12%¥a"7*b"2 + 6*%a"bxb"4 — 4*xa~3*%b"6 - 3kaxk
b"8)*cos(d*x + ¢)~3 + (77*a”7*b"2 - 69*a~b*b~4 + 63*%a~3*b"6 - 15*a*xb”8 + 12
*(a"8*b - 25%a"6*b"3 + 35*xa”4*b”5 - 3*a”~2*b”7)*d*x)*cos(d*x + c))*sin(d*x +
c))/((a”12 + 4*xa~10%b"2 + 5*%a”~8*b~4 - 5*xa~4*b~8 - 4%a~2%b~10 - b~12)*d*cos
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(d*x + c)”2 + 2%(a”11%b + 5*a”9*b~3 + 10*a”~7*b~5 + 10*a”5xb~7 + b*a~3*%b~9 +
axb”11)*d*xcos(d*x + c)*sin(d*x + c) + (a"10%b"2 + 5xa”8*b"4 + 10*a"6%b"6 +
10*a"4%b~8 + 5*xa”"2*xb~10 + b~12)*d)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**4/(a+b*tan(d*x+c))**3,x)

[Out] Timed out

Giac [B] time = 1.27008, size = 794, normalized size = 2.79

3 (a7—25 a5b2+35 a3b4-3 ubG)(dx+c) 12 (a6b—5 a*b3+2 azbS) log(tan(dx+c)2+1) 24 (a6b2—5 a*bt+2 a2b6) log(|b tan(dx+c)+al)

21 a%b? tan(dx

01045 a8b2+10 aSbA+10 a*60+5a268+b10 21045 4852+10 a6b4+10 a?b6+5 a2b8+10 a10p+5 a8b3+10 abb5+10 ab7+5 a2b?+b11

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~4/(atb*tan(d*x+c))”3,x, algorithm="giac")

[Out] 1/8%(3%x(a”7 - 25%a~5*xb~2 + 35%a"3*%b"4 - 3*axb”6)*(d*x + c)/(a”10 + 5%xa”8xb”~

2 + 10*%a"6xb~4 + 10*%a"4*xb~6 + 5*xa”2*b"8 + b~10) - 12%(a"6xb - 5xa~4*b”~3 + 2
*a~2%b75) *log(tan(d*x + c)”2 + 1)/(a”10 + 5*a"8*b~2 + 10%¥a"6*b"4 + 10*a~4+*b
"6 + 5%a"2*b~8 + b710) + 24*(a”6%b~2 - 5*a"4xb~4 + 2*a~2xb~6)*log(abs(b*tan
(d*x + ¢c) + a))/(a”"10*b + 5*xa~8*b~3 + 10*a~6*b~5 + 10*a~4*b~7 + 5xa~2%b~9 +
b~11) - (21*a~5*%b"2*tan(d*x + c)~5 - 66*a~3*b " 4*tan(d*x + c)”5 + 9*axb~6xt
an(d*x + c)”5 + 30*xa~6xbxtan(d*x + c)~4 - 72*xa"4*xb~3xtan(d*x + c)~4 - 6xa”2
*b"5xtan(d*x + c)74 + 5*xa~7*tan(d*x + ¢)”3 + 49*a”bxb"2*xtan(d*x + c)”3 - 13
3*a~3*b"4*xtan(d*x + ¢)~3 + 15*a*b”6*tan(d*x + c)~3 + 70*a~6*b*tan(d*x + c)~
2 - 122%a”4xb"3*xtan(d*x + c)”2 + 2*a"2xb " 5*xtan(d*x + c)”2 + 2*b"7xtan(d*x +
c)”2 + 3*a”7xtan(d*x + c) + 22*xa~b*xb"2xtan(d*x + c) - 73*a~3*b"4xtan(d*x +
c) + 4xaxb”6*xtan(d*x + c) + 38*a~6%b - 56*a”4*b”3 + 2*a"2*xb”"5)/((a”8 + 4*a
“6*%b"2 + 6*a”4*b"4 + 4*a"2*b"6 + b~8)*(b*tan(d*x + c)”3 + axtan(dxx + c¢)"2
+ bxtan(d*x + c) + a)~2))/d
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3 69 f SiIlZ(C+dx)

(a+btan(c+dx))3

Optimal. Leaf size=206

a2b 2ab (az - bz) cos?(c + dx) (a (a2 - 3b2) tan(c +dx) + b (3a2 -

24 (@ +12) (a+btan(c+d)  d(a +1?) (a+btan(c +dx)) 2d (@ + 12)]

[Out] (ax(a”™4 - 14*a~2*b"2 + 9*xb"4)*x)/(2*x(a"2 + b~2)74) + (b*(3*a™4 - 8*xa~2*xb~2
+ b~4)*Logl[a*Cos[c + d*x] + b*Sin[c + d*x]1)/((a”2 + b72)74*d) - (a~2%b)/(2
*(a”2 + b72)"2xd*(a + bxTan[c + d*x])~2) - (2*a*bx(a"2 - b72))/((a"2 + b~2)
~3xd*x(a + bxTan[c + d*x])) - (Coslc + d*x] 2x(b*(3*a”2 - b~2) + ax(a™2 - 3%
b~2)*Tan[c + d*x]))/(2x(a”2 + b~2) " 3*d)

Rubi [A] time = 0.396246, antiderivative size = 206, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 21, e -

0.286, Rules used = {3516, 1647, 1629, 635, 203, 260}

integrand size

a2b 2ab (a2 - bz) cos?(c + dx) (a (a2 - 3b2) tan(c +dx) + b (3112 -

2d (az + b2)2 (a +btan(c +dx))? d (az + b2)3 (a + btan(c + dx)) 2d (az + b2)3

Antiderivative was successfully verified.

[In] Int[Sinl[c + d*x]~2/(a + b*Tan[c + d*x])~3,x]

[Out] (ax(a™4 - 14xa"2*b"2 + 9*b~4)*x)/(2%(a"2 + b"2)74) + (b*(3*a”4 - 8*a~2*b~2
+ b~4)*Logla*Cos[c + d*x] + b*Sin[c + d*x]])/((a"2 + b72)74xd) - (a"2xb)/(2
*(a”2 + b72)"2xd*(a + b*Tan[c + d*x])"2) - (2*a*b*x(a"2 - b72))/((a"2 + b~2)
~3xdx(a + b*Tan[c + d*x])) - (Cos[c + d*x] 2*%(b*(3*a"2 - b~2) + ax(a”™2 - 3%
b~2)*Tan[c + dxx]))/(2+x(a”2 + b~2) " 3*d)

Rule 3516

Int[sinf(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*x(a + x)"n)/(b"2 + x72) " (m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1647

Int[(Pq )*((d_) + (e_.)*x(x_))"(m_.)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol]
> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x72, x], f = Coeff[Pol
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ynomialRemainder[(d + e*x) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial
Remainder [(d + e*x) m*Pq, a + c*xx"2, x], x, 1]}, Simp[((a*xg - cxf*x)*x(a + ¢
*x72)"(p + 1))/ (2xaxcx(p + 1)), x] + Dist[1/(2xa*xcx(p + 1)), Int[(d + e*x)”
m*(a + c*xx”2)"(p + 1)*ExpandToSum[(2*axc*(p + 1)*Q)/(d + exx)™m + (cxf*(2*p
+3))/(d + exx)"m, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[c*d™2 + axe™2, 0] && LtQ[p, -1] && ILtQ[m, 0]

Rule 1629

Int [(Pq_)*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*(x_)"2)"(p_.), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + c*x~2)7p, x], x] /; FreeQ[{a, c,
d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rule 635

Int[((d) + (e_.)*(x))/((a ) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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x2
b Subst f ———dx, x,btan(c + dx)

sin®(c + dx) (a+)3(p2+12)
X =
(a + btan(c + dx))3 d
ﬂ4b2(ﬂ2—3b2) a3b2(3u2+7b2)x
Ty (@)
Subst f
(a+1

cos?(c + dx) (b (3a2 - bz) +a (a2 -~ 3b2) tan(c + dx))
3
2(a2 +12) d

Subst | [[-—222 . 2
uns -
cos?(c + dx) (b (3a% - b?) + a (a® - 3b) tan(c + dx)) (@2 (24

2(2+12) d
b (3a4 — 8a%h? + b4) log(a + btan(c + dx)) a2b
B (@+2)'d 2(@2 +12) d(a+btan(c+dx) (a2 + 12
b (3a4 — 8a%b? + b4) log(a + btan(c + dx)) a2b
B (@ +2)'d 2(@ +12) d(a+btan(c+d0) (a2 + 12
a(a* - 14220 + 9b*)x  b(3a* - 8a2b? + b*) log(cos(c + dx))  b(3a* - 8a2b? + b*) log(
= + +
2(2 +12)’ (@ +2)'d (@ +2)

Mathematica [A] time = 3.95863, size = 316, normalized size = 1.53

u(u2—3b2)(a2+b2) tan~(tan(c+dx)) az(a2+b2)2 4(115—4
b (a+btan(c+dx))2  a+btan

a(a2—3b2) (112+b2) sin(2(c+dx))
2b

+ (3a2 - bz) (az + bz) cos?(c + dx) +

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~2/(a + b*Tan[c + d*x])~3,x]

[Out] -(bx((ax(a"2 - 3*b"2)*(a"2 + b"2)*ArcTan[Tan[c + d*x]])/b + (3*¥a”2 - b~2)*(
a2 + b™2)*Cos[c + d*x]"2 + (3*a”™4 - 8*xa"2*b”2 + b™4 - (a5 - 8*a”"3*b"2 + 3
*xaxb”~4) /Sqrt [-b~2]) *Log[Sqrt [-b~2] - b*Tan[c + d*x]] - 2*x(3*a”™4 - 8*a~2%b"2
+ b~4)*Logla + b*Tan[c + d*x]] + (3*a”4 - 8*a”™2*b~2 + b™4 + (a”5 - 8*a~3*b
~2 + 3%a*b”~4)/Sqrt[-b~2])*Log[Sqrt[-b"2] + b*Tan[c + d*x]] + (ax(a”2 - 3x*b~
2)*x(a”"2 + b~2)*Sin[2*(c + d*x)])/(2xb) + (a"2%(a"2 + b"2)72)/(a + b*Tan[c +



375

d*x])"2 + (4x(a”5 - a*xb”4))/(a + bxTan[c + d*x])))/(2x(a"2 + b~2)~4xd)

Maple [B] time = 0.115, size = 542, normalized size = 2.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c)~2/(a+b*tan(d*x+c)) 3,x)

[Out] -1/2/d/(a"2+b"2)~4/(1+tan(d*x+c) ~2) *tan(d*x+c)*a~5+1/d/(a"2+b"2) "4/ (1+tan(d
*x+c) "2) *tan(d*x+c)*a”3*xb"2+3/2/d/(a"2+b"2) "4/ (1+tan(d*x+c) ~2) xtan (d*x+c) *a
*b~4-3/2/d/(a"2+b"2) "4/ (1+tan(d*x+c) "2) *a~4*xb-1/d/(a"2+b"2) "4/ (1+tan (d*x+c)
~2)*a~2%b"3+1/2/d/(a"2+b"2) "4/ (1+tan(d*x+c) "2)*b~5-3/2/d/(a"2+b"2) “4*x1n(1+t
an(d*x+c) "2)*a~4*xb+4/d/(a"2+b"2) “4*1n(1+tan(d*x+c) ~2)*a~2*xb~3-1/2/d/(a"2+b"
2) “4x1n(1+tan(d*x+c) ~2)*b~5-7/d/(a"2+b"2) "4*arctan(tan(d*x+c))*a~3*b~2+9/2/
d/(a"2+b"2) “4*arctan(tan(d*x+c))*axb~4+1/2/d/(a"2+b~2) “4*xarctan(tan(d*x+c))
*a~5-1/2*a"2*xb/(a"2+b"2) "2/d/ (a+b*tan(d*x+c)) ~2+3/d*b/ (a"2+b"2) “4*1n(a+b*ta
n(d*x+c))*a~4-8/d*b"3/(a"2+b"2) “4*1n(a+bxtan (d*x+c))*a”~2+1/d*b"5/(a"2+b"2) "
4x1n(a+bxtan(d*x+c))-2/d*b*a~3/(a"2+b~2) ~3/ (a+b*tan(d*x+c))+2/d*b~3/(a"2+b~
2) ~3*a/ (a+b*tan(d*x+c))

Maxima [B] time = 1.84901, size = 625, normalized size = 3.03

(a5—14 a3b%+9 ab4)(dx+c) 2 (3 a*h-8 a2b3+b5) log(b tan(dx+c)+a) (3 a*b-8 a2b3+b5) log(tan(dx+c)2+1)
a8+4 a®b2+6 a*b*+4 a2b0+b8 a8+4 abh2+6 a*b*+4 a2po+b3 B a8+4 a%b2+6 a*b*+4 a2b0+18 L 8+3a50243 a4b4+a2b6+(a6b2+3 240

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~2/(atb*tan(d*x+c))”3,x, algorithm="maxima"

[Out] 1/2*((a"5 - 14*a~3*b~2 + 9*a*xb”4)*(d*x + c)/(a"8 + 4*xa~6%b"2 + 6*a"4*xb"4 +
4%a”~2*b"6 + b78) + 2%(3*a”4*b - 8*a"2*%b”3 + b75)*log(bxtan(d*x + ¢c) + a)/(a

"8 + 4%a"6xb"2 + 6xa"4*b"4 + 4*xa~2*%b"6 + b"8) - (3*a"4*b - 8*%a"2%b"3 + b~5)
xlog(tan(d*x + ¢c)72 + 1)/(a"8 + 4*a”6*b~2 + 6*a”4xb”4 + 4*a~2+%b"6 + b~8) -
(8*a~4*b - 4*a”2*b”3 + (5*xa~3*b"2 - T*axb~4)*tan(d*x + c)~3 + (7*a~4xb - 6%
a~2%b"3 - b"5)*tan(d*x + ¢)”2 + (a”5 + 7*a"3*b"2 - 6*axb~4)*tan(d*x + c))/(

a"8 + 3*a”"6xb"2 + 3%a"4*xb"4 + a"2%b”6 + (a"6*b"2 + 3*%a"4*xb"4 + 3*xa"2*b"6 +
b~8)*tan(d*x + c)~4 + 2*%(a”7*b + 3*a~5*xb~3 + 3*%a~3%b”5 + a*b”~7)*tan(d*x + ¢
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)73 + (a8 + 4*%xa”6*b"2 + 6*%xa”"4*b"4 + 4*%xa”"2%b"6 + b"8)*tan(d*x + c)~2 + 2x(a
“7xb + 3*a~5*b~3 + 3*xa”"3x%b”5 + axb”~7)*tan(d*x + c)))/d

Fricas [B] time = 2.48319, size = 1152, normalized size = 5.59

13a*® - 8a%° -7 -2 (a6b +3a*% +3a%0° + b7) cos (dx + o)t +2 (a5b2 ~144%*+9 ab6)dx - (a6b +23a%°% - 21a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c)~2/(atb*tan(d*x+c))”3,x, algorithm="fricas")

[Out] 1/4*(13*a”4*b~3 - 8*a~2*%b"5 - b7 - 2*x(a"6*b + 3*a~4*b~3 + 3*a”~2*b”"5 + b~7)
xcos(d*x + c)74 + 2x(a”5*b"2 - 14%a~3%b"4 + 9*kaxb”6)*dxx - (a~6%b + 23*a"4*
b~3 - 21*%a"2*b"5 - 3*b~7 - 2x(a”7 - 15%a”"5*b"2 + 23*%a"3*%b"4 - 9*xaxb”6)*d*x)
*cos(d*x + c)72 + 2x(3*a"4*xb"3 - 8*a"2%b”5 + b7 + (3*a"6xb - 11%a"4%b"3 +
9%a~2%b"5 - b~ 7)*cos(d*x + ¢)72 + 2%(3*%a”5*b"2 - 8*a~3*b~4 + axb”6)*cos(d*x
+ c)*sin(d*x + c))*log(2xa*b*cos(d*x + c)*sin(d*x + c) + (2”2 - b"2)*cos(d
*Xx + c)”72 + b72) - 2%((a”7 + 3*a”"5*b"2 + 3*a"3*b”"4 + a*b”6)*cos(d*x + c)”3
- 2% (4*a"5*b”2 - 3*a"3*b"4 + 3*axb”6 + (a"6*xb — 14*a~4xb~3 + 9*a~2%b”5)*d*x
Y*cos(d*x + c))*sin(d*x + c))/((a”10 + 3*%a”8*b~2 + 2*xa"6*b"4 - 2*xa~4*b"6 -
3*a”"2*b"8 - b~10)*d*xcos(d*x + c)”2 + 2*x(a”9*%b + 4*a~7*b"3 + 6*a”b*b”5 + 4x*a
~3%b~7 + a*b”9)*d*cos(d*x + c)*sin(d*x + c) + (a78*b"2 + 4*a"6%b"4 + 6*a”4x*
b~6 + 4*xa~2%b"8 + b~10)*d)

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: AttributeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**2/(atb*tan(d*x+c))**3,x)

[Out] Exception raised: AttributeError
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Giac [B] time = 1.23699, size = 651, normalized size = 3.16

(a°-14 232 +9 ab*)(dx+c) (3a%b-8a26%+1°) log(tan(dx+)*+1)  2(3a?-8 a24+b%) log(b tan(dx+c)+al) 3% tan(dx+c)>—8 a2b® tan(dx-+c
AB+4a002+6 atbi+4 26468 a8+4 a%b2+6 a*bt+4 a2b0+b8 + a8b+4 a®b3+6 a*b5+4 a2b7 +17

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~2/(atb*tan(d*x+c))”3,x, algorithm="giac")

[Out] 1/2*((a"5 - 14*a~3*b~2 + 9*a*xb”4)*(d*x + c)/(a"8 + 4*xa~6%b"2 + 6*a”4*xb"4 +
4%xa~2%b”6 + b~8) - (3*a"4xb - 8*%a"2xb~3 + b~5)*log(tan(d*x + c)"2 + 1)/(a"8
+ 4%a”6*b”2 + 6*a~4*b"4 + 4%a"2%b"6 + b”8) + 2% (3*a~4*b"2 - 8%a"2%b"4 + b~
6)*log(abs(bxtan(d*x + c) + a))/(a”8*b + 4*a~6*b~3 + 6*a~4*b~5 + 4*a~2xb~7
+ b79) + (3*a"4xbxtan(d*x + c)~2 - 8*a"2*b"3xtan(d*x + c)~2 + b~ 5xtan(d*x +
c)”2 - a"bxtan(d*x + c) + 2*¥a”~3xb " 2xtan(d*x + c) + 3*axb"4xtan(dxx + c) -
10*a"2%b~3 + 2*%b~5)/((a"8 + 4*a~6xb”~2 + 6*a~4*xb"4 + 4*a~2*xb"6 + b~ 8)*(tan(d
*¥x + ¢c)72 + 1)) - (9%a~4xb"3xtan(d*x + c)”2 - 24*xa"2*xb"bxtan(d*x + ¢c)"2 + 3
*b~7*tan(d*x + c)”2 + 22*xa~5xb " 2*tan(d*x + c) - 48*a~3*b"4xtan(d*x + c) + 2
*axb~6*tan(d*x + c) + 14*a~6xb - 22*¥a"4%b"3)/((a”"8 + 4*a~6*xb~2 + 6*a~4*xb"4
+ 4*a”2*b”"6 + b~8)*(bxtan(d*x + c) + a)~2))/d
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370 f csc?(c+dx)

(a+btan(c+dx))3

Optimal. Leaf size=95

B 2b ~ b B 3blog(tan(c + dx)) N 3blog(a + btan(c + dx)) ~ cot(c + dx)
a3d(a + btan(c + dx)) 2a2d(a + btan(c + dx))? a*d a*d a3d

[Out] -(Cot[c + dxx]/(a"3*d)) - (3*bxLog[Tan[c + dxx]])/(a"4xd) + (3*bxLogl[a + bx*
Tanl[c + d*x]])/(a"4*d) - b/(2*a"2xd*x(a + bxTan[c + d*x])~2) - (2*b)/(a~3*d*
(a + bxTan[c + d*x]))

Rubi [A] time = 0.0774468, antiderivative size = 95, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, e -

integrand size
0.095, Rules used = {3516, 44}

B 2b B b B 3blog(tan(c + dx)) N 3blog(a + btan(c + dx)) ~ cot(c + dx)
a3d(a + btan(c + dx))  2a?d(a + btan(c + dx))? a*d a*d a3d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]"2/(a + bxTan[c + d*x])~3,x]

[Out] -(Cotlc + d*x]/(a"3xd)) - (3*b*Logl[Tan[c + d*x]])/(a"4*xd) + (3xbxLogla + bx
Tan[c + dxx]])/(a~4xd) - b/(2xa~2xd*(a + bxTan[c + d*x])~2) - (2xb)/(a~3*d*
(a + b*xTan[c + d*xx]))

Rule 3516

Int[sin[(e_.) + (£_)*(x_)]1 " (m )*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQl{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 44

Int[((a_) + (b_.)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*d, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rubi steps
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1
csc2(c + dx) B b Subst (f Erpes dx,x,btan(c + dx))

(a + btan(c + dx))3 r= d
1 3 1 2 3
B b Subst (f(@ ~ T Zerr T Ree a4(u+x)) dx, x,btan(c + dx))
- d
cot(c +dx) 3blog(tan(c + dx)) N 3blog(a + btan(c + dx)) b
B a3d a*d a*d 2a%d(a + btan(c + dx)

Mathematica [B] time = 2.58893, size = 241, normalized size = 2.54

b (a2 (—bz) sec?(c + dx) — 2a? (a2 + bz) (-3 log(a cos(c + dx) + bsin(c + dx)) + 3log(sin(c + dx)) + 2) — 2b% tan?(c + ¢

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~2/(a + b*Tan[c + d*x])~3,x]

[Out] (-2*a”3%(a"2 + b~2)*Cot[c + d*x] + b*(-2%¥a"2x(a”2 + b"2)*(2 + 3*Log[Sin[c +
dxx]] - 3*Logla*Cos[c + d*x] + b*Sin[c + d*x]]) - a"2%b”"2xSec[c + d*x]~2 +
2xaxbx(2*a”2 + b72 - 6x(a”2 + b~2)*Logl[Sin[c + d*x]] + 6x(a”2 + b~2)*Logla
*Cos[c + d*x] + b*Sin[c + d*x]])*Tan[c + d*x] - 2*b72x(-3*%a”2 - 2*%b~2 + 3*(

a”2 + b"2)xLog[Sin[c + d*x]] - 3*(a”2 + b~2)*Logla*Cos[c + d*x] + b*Sin[c +
d*x]])*Tan[c + d*x]~2))/(2*a"4*(a"2 + b~2)*dx(a + b*Tan[c + d*x])~2)

Maple [A] time = 0.119, size = 96, normalized size = 1.

i 1 ~ bln(tan(dx+c))_ b +3bln(a+btan(dx+c))_2 b
da® tan (dx + c) a*d 2a2d (a + btan (dx + ¢))* a*d da3 (a + btan (d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)~2/(a+b*tan(d*x+c))~3,x)

[Out] -1/d/a~3/tan(d*x+c)-3*bx1ln(tan(d*x+c))/a~4/d-1/2*b/a~2/d/ (atb*tan(d*x+c)) "2
+3xb*1n(at+b*tan(d*x+c))/a"4/d-2xb/a~3/d/ (a+b*tan(d*x+c))
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Maxima [A] time = 1.14572, size = 146, normalized size = 1.54

6 b? tan(dx+c)2+9 ab tan(dx+c)+2 a2 6 blog(btan(dx+c)+a) n 6 blog(tan(dx+c))
_a%p? tan(dx+c)®+2 a%h tan(dx+c)>+a5 tan(dx-+c) at at

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) "2/ (a+b*tan(d*x+c))~3,x, algorithm="maxima")
g g

[Out] -1/2%((6xb~2*xtan(d*x + c)~2 + 9*xaxbxtan(d*x + c) + 2*a~2)/(a"3*b"2*tan(d*x
+ ¢c)73 + 2%xa"4xbxtan(d*x + c)”2 + a”bxtan(d*x + c)) - 6*bxlog(bxtan(d*x + c
) + a)/a"4 + 6xbxlog(tan(d*x + c))/a"4)/d

Fricas [B] time = 2.4596, size = 1219, normalized size = 12.83

2 (a7 +4a°0* -2a%* -3 ab6) cos (dx + c)3 -2 (2 a°b? - 3a3b* -3 abé) cos(dx+c)+3 (2 (a5b2 +2a%h* + ab6) cos (d>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~2/(atb*tan(d*x+c))~3,x, algorithm="fricas")

[Out] 1/2*(2*(a”7 + 4*a~5xb~2 - 2*a~3*b"4 - 3*a*xb”~6)*cos(d*x + c)~3 - 2*%(2*a”5*xb~
2 - 3*¥a”3*b"4 - 3*axb”6)*cos(d*x + c) + 3*(2x(a”5*b"2 + 2*xa~3*b"4 + axb”6)*
cos(d*xx + ¢c)~3 - 2x(a”5*b"2 + 2*xa~3*%b"4 + ax*b”6)*cos(d*x + c) - (a”4xb"3 +
2%a"2%b"5 + b"7 + (a"6*b + a~4*%b"3 - a"2*b”5 - b~7)*cos(d*x + c¢)"2)*sin(dx*x
+ c))*log(2*xa*xb*cos(d*x + c)*sin(d*x + c) + (a2 - b"™2)*cos(d*x + c)"2 + b
~2) - 3*%(2x(a"5*b"2 + 2*a~3*%b"4 + axb"6)*cos(d*¥x + c)”3 - 2%(a”"5*b"2 + 2x%a”
3*b~4 + axb”6)*cos(d*x + c) - (a"4*xb~3 + 2*xa"2*b"5 + b~7 + (a"6%b + a~4%b”3
- a”2*%b”5 - b~ 7)*cos(d*x + c)"2)*sin(d*x + c))*log(-1/4*cos(d*x + c)"2 + 1
/4) - (5%a”4*b”3 + 3*a~2*xb"5 - 4% (a”6%b + 5*a”"4*xb"3 + 3*xa~2xb"5)*cos(d*x +
c)"2)*sin(d*x + c))/(2x(a”9*b + 2*a~7*b"3 + a~b*b~5)*d*cos(d*x + c)~3 - 2x*(
a~9%b + 2*%a”7*b”3 + a~b5*b~5)*dxcos(d*x + c) - ((a”10 + a“8*b"2 - a"6*%b"4 -
a~4xb~6) *d*xcos(d*x + c)”2 + (a"8%b"2 + 2*%a”"6xb"4 + a~4*b”6)*d)*sin(d*x + c)
)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**2/(atb*tan(d*x+c))**3,x)

[Out] Timed out

Giac [A] time = 1.26987, size = 153, normalized size = 1.61

6 blog(|b tan(dx+c)+al) _ 6 blog(tan(dx+c))) ~ 2(3btan(dx+c)-a) 9 s tan(dx+c)2+22 ab? tan(dx+c)+14 a2b
at at a* tan(dx+c) (btan(dx+c)+a)’a

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2/ (atb*tan(d*x+c))”3,x, algorithm="giac")

[Out] 1/2%(6xbxlog(abs(bxtan(d*x + c) + a))/a"4 - 6*bxlog(abs(tan(d*x + c)))/a"4
+ 2% (3xbxtan(d*x + c) - a)/(a"4*tan(d*x + c)) - (9*b~3*tan(d*x + c)~2 + 22x%
axb~2xtan(d*x + c) + 14*xa~2xb)/((bxtan(d*x + c) + a)”2*%a"4))/d
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371 f csct(c+dx)

(a+Db tan(c+dx))3

Optimal. Leaf size=178

2b (a2 + 2b2) b (a2 + bz) (a2 + 6b2) cot(c+dx) b (3a2 + 1Ob2) log(tan(c + dx)) b (3(12
+

" d%d(a+ btan(c + dx))  2a*d(a + btan(c + dx))2 a5d atd

[Out] -(((a"2 + 6*xb~2)*Cot[c + d*x])/(a”6*xd)) + (3*bxCot[c + d*x]~2)/(2*a"4*xd) -
Cot[c + d*x]~3/(3*a"~3*d) - (b*(3*a”~2 + 10%¥b~2)*Log[Tan[c + d*x]])/(a~6*d) +
(b*x(3*¥a”2 + 10*b~2)*Logla + bxTan[c + d*x]])/(a"6xd) - (b*(a™2 + b72)) /(2%
a~4xd*(a + b*Tan[c + d*x])~"2) - (2%bx(a”2 + 2*b~2))/(a"b*d*x(a + b*Tan[c + d
*x]))

Rubi [A] time = 0.152575, antiderivative size = 178, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, e -

0.095, Rules used = {3516, 894}

integrand size

2b (a? + 207) b(a? +b?) (a2 + 61?) cot(c +dx)  b(3a? +10b?) log(tan(c + dx)) b (34’
+

a%d(a+ btan(c + dx))  2a*d(a+ btan(c + dx))? a>d atd

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]"4/(a + bxTan[c + d*x])~3,x]

[Out] -(((a"2 + 6xb~2)*Cot[c + d*x])/(a"bxd)) + (3*bxCot[c + dxx]~2)/(2%a~4x*d) -
Cotlc + d*x]~3/(3*a”3*d) - (b*(3*a”2 + 10*b~2)*Log[Tan[c + d*x]])/(a"6xd) +
(b*x(3*%a"2 + 10*b~2)*Logla + bxTan[c + d*x]])/(a"6%d) - (b*(a"2 + b~2)) /(2%
a~4xd*(a + b*Tanl[c + d*x])"2) - (2%b*x(a”2 + 2*b~2))/(a"b*d*x(a + b*Tan[c + d
*x]))

Rule 3516

Int[sinl(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 894

Int[((d_.) + (e_.)*(x_))"(m )*((f_.) + (g_.)*x(x_))"(n_)*((a_) + (c_.)*(x_)"
2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
~2)7p, x], x] /; FreeQl[{a, c, d, e, f, g}, x] && NeQlexf - d*xg, 0] && NeQlc
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xd"2 + a*e”2, 0] && IntegerQ[p] && ((EqQ[p, 1] && IntegersQ[m, n]) || (ILtQ
m, 0] && ILtQ[n, 0]))

Rubi steps

P22
cscd(c + dx) B b Subst (f Ao dx,x,btan(c + dx))

(a + btan(c + dx))3 r= d
b Subst ( f (% - % + azﬂ;ﬁfz + _3’1;_;%2 + af;ﬂ:f)3 + 241(5”(2;2;22) + 3:62;?)2) dx, x,btan(
- d
(u2 + 6b2) cot(c+dx) 3bcot?(c+dx) cot’(c+dx) b (3a2 + 10b2) log(tan(c + d
- a>d " 2a4d 3% atd

Mathematica [B] time = 3.22664, size = 456, normalized size = 2.56

b3 sec3(c + dx)(a cos(c + dx) + bsin(c + dx))  sec’(c + dx) (3a2b2 sin(c + dx) + 4b* sin(c + dx)) (acos(c +dx) + bs
2a*d(a + btan(c + dx))3 a®d(a + btan(c + dx))3

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~4/(a + b*Tan[c + d*x])~3,x]

[Out] -(b"3*Sec[c + d*xx]~3*(axCos[c + d*x] + b*Sin[c + d*xx]))/(2%a"4*xdx(a + b*Tan
[c + d*x])~3) - (Csclc + d*x]~3*Sec[c + d*x] 2*(axCos[c + d*x] + b*Sin[c +
d*x])~3)/(3*a"3*xd*(a + b*Tan[c + d*x])~3) - (2x(a~2*Cos[c + d*x] + 9*xb~2*Co
slc + d*x])*Csclc + d*x]*Sec[c + d*x] " 3*(a*Cos[c + d*x] + b*Sin[c + d*x])"3
)/ (3*a~5xd*x(a + bx*Tan[c + d*x])~3) + (3*b*Csc[c + d*x] 2*Sec[c + d*x] 3*(ax
Cos[c + d*x] + b*Sin[c + d*x])~3)/(2*a"4*xd*x(a + bxTan[c + d*x])~3) + ((-3*a
“2xb - 10%b~3)*Log[Sin[c + d*x]]*Sec[c + d*x]~3*(a*Cos[c + d*x] + b*Sin[c +
d*x])~3)/(a"6*d*(a + bxTan[c + d*x])~3) + ((3*a”2%b + 10%*b~3)*Log[axCos[c
+ d*x] + b*Sin[c + d*x]]*Sec[c + d*x] 3*(a*xCos[c + d*x] + b*Sin[c + d*x])~3
)/ (a"6xd*(a + b*Tan[c + d*x])~3) + (Secl[c + d*xx] 3*(axCos[c + d*x] + b*Sin[
c + d*x]) 72+ (3*a"2*b”"2*Sin[c + d*x] + 4*b~4*Sin[c + d*x]))/(a"6xd*(a + b*Ta
nlc + d*xx])~3)

Maple [A] time = 0.13, size = 234, normalized size = 1.3

_ 1 B 1 6 b? N 3b _3bln(tan(dx+c))_10b31n
3dad (tan (dx + ¢))°  dadtan(dx+c) ~daStan(dx+c)  2dat (tan (dx + c))* da
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 4/ (a+bxtan(d*x+c))~3,x)

[Out] -1/3/d/a"3/tan(d*x+c)~3-1/d/a"3/tan(d*x+c)-6/d/a~5/tan(d*x+c)*b"2+3/2/d/a"4
*b/tan(d*x+c) "2-3*bx1n(tan(d*x+c))/a"~4/d-10/d*b~3/a"~6*x1n(tan(d*x+c))+3*b*1ln
(a+b*tan(d*x+c))/a"4/d+10/d*b~3/a"6*1ln(a+b*tan(d*x+c))-1/2*b/a~2/d/ (a+b*tan
(d*x+c))~2-1/2/d*b"3/a"4/ (a+bxtan(d*x+c)) ~2-2*b/a"~3/d/ (a+b*tan (d*x+c))-4/d*
b~3/a"5/ (a+b*tan(d*x+c))

Maxima [A] time = 1.20175, size = 259, normalized size = 1.46

5 a3b tan(dx+c)—-6 (3 a2b2+10 b4) tan(dx+c)4—2 a*-9 (3 a3b+10 ab3) tan(dx+c)3—2 (3 a%+10 a2b2) tan(dx+c)2 6 (3 a2b+10 b3) log(b tan(dx+c)+a) 6 (3 a
+ -
6
a

a2 tan(dx+c)°+2 abb tan(dx+c)*+a7 tan(dx+c)®

6d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 4/ (atb*tan(d*x+c))”3,x, algorithm="maxima")

[Out] 1/6*%((5*a”~3*b*tan(d*x + c) - 6*%(3*a”2*b”"2 + 10*b~4)*tan(d*x + c)"4 - 2*a"4
- 9% (3%a"3*b + 10*a*xb~3)*tan(d*x + c)~3 - 2*(3*a"4 + 10*a~2*b~2)*tan(d*x +
c)"2)/(a"5xb"2xtan(d*x + c)~5 + 2*a~6*b*tan(d*x + c)”4 + a"7xtan(d*x + c)~3

) + 6%(3*%a"2%b + 10%xb~3)*log(b*tan(d*x + c) + a)/a"6 - 6%(3*xa”2*b + 10%*b~3)
xlog(tan(d*x + c))/a”6)/d

Fricas [B] time = 2.59892, size = 1818, normalized size = 10.21

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~4/(atbxtan(d*x+c))~3,x, algorithm="fricas")

[Out] 1/6*%(2x(2*a”7 + 27*a~5%b~2 + a~3*b~4 - 30*a*xb~6)*cos(d*x + c)”5 - 2x(3*a”7
+ 43*%a”5*b"2 - 8*a~3*b"4 - 60*a*b”6)*cos(dxx + ¢)~3 + 6%(5%a”5*b”"2 - 3*a”"3x*
b~4 - 10*axb~6)*cos(d*x + c) + 3*x(2*x(3*a~5xb~2 + 13*a"3*b"4 + 10*a*xb”~6)*cos
(d*x + ¢)75 - 4*%(3*a"b*b"2 + 13*a~3*%b"4 + 10*a*b”6)*cos(d*x + c)~3 + 2%(3*a
“B5xb”"2 + 13*a~3*b”"4 + 10*axb”6)*cos(d*x + c) + (3*a"4*b”3 + 13*xa”"2*b”5 + 10
*b~7 - (3*a”6*b + 10*a~4*b~3 - 3*a"2%b”5 - 10*b~7)*cos(d*x + c)~4 + (3*a~6%
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b + 7*a”4*b~3 - 16%a”2%b~5 - 20%b~7)*cos(d*x + c)”2)*sin(d*x + c))*log(2*ax
b*cos(d*x + c)*sin(d*x + ¢c) + (2”2 - b™2)*cos(d*x + c)”2 + b"2) - 3*(2*(3*a
“B5xb~2 + 13*a”3*b"4 + 10*axb"6)*cos(d*x + c)75 - 4*x(3*a"5*xb"2 + 13*%a~3*b"4
+ 10*a*b”6)*cos(d*x + ¢)~3 + 2*%(3*a”5*b”"2 + 13*a~3*b~4 + 10*a*b”6)*cos(d*x
+ ¢c) + (3*a"4*xb~3 + 13*%a"2%b"5 + 10*b”7 - (3*a"6xb + 10*¥a~4*b~3 - 3*a"2*xb”5
- 10%b~7)*cos(d*x + c)~4 + (3*a~6*b + 7+*a~4*xb~3 - 16*a~2*xb~5 - 20%b~7)*cos
(d*x + c)"2)*sin(d*x + c))*log(-1/4*cos(d*x + c)~2 + 1/4) + (24%a"4*b”3 + 3
0*a”2*b~5 + 4*x(2*xa~6xb + 29*a~4%b~3 + 30*a”~2*b~5)*cos(d*x + c)~4 - 3*(a”6x*b
+ 45%a”4*xb"3 + 50*a”2%b~5)*cos(d*x + c)"2)*sin(d*x + ¢))/(2x(a"9*%b + a”~7*b
~3)*d*cos(d*x + ¢c)75 - 4x(a"9%b + a~7*b"3)*d*cos(d*x + c)~3 + 2*%(a”9*b + a”
7xb~3)*d*xcos(d*x + c) - ((a”10 - a~6*b"4)*d*cos(d*x + c)~4 - (2”10 - a~8*b~
2 - 2%a"6*b"4)*d*cos(d*x + ¢)72 - (a”8%b”2 + a"6*b"4)*d)*sin(dxx + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**4/(atb*tan(d*x+c))**3,x)

[Out] Timed out

Giac [A] time = 1.34649, size = 320, normalized size = 1.8

6 (3 a2b+10 b3) log(tan(dx+c)) 6 (3 a2b%+10 b4) log(|b tan(dx+c)+al) N 3 (9 a3 tan(dx+c)2+30 b tan(dx+c)2+22 432 tan(dx-+c)+68 ab* tan(dx+c)
ab abh (4 tan(dx+c)+a)2a6

6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~4/(atb*tan(d*x+c))”3,x, algorithm="giac")

[Out] -1/6%(6%(3*%a"2xb + 10%¥b~3)*log(abs(tan(d*x + c)))/a"6 - 6%(3*a"2%b"2 + 10%*b
~4)*1log(abs(bxtan(d*x + c) + a))/(a"6%xb) + 3*%(9*%a~2*b"3*tan(d*x + c)~2 + 30
*b~5*xtan(d*x + c)72 + 22*xa"3*b"2*tan(d*x + c) + 68*axb"4xtan(d*x + c) + 14x%
a~4xb + 39*%a~2xb”3)/((b*tan(d*x + c) + a)~2*a"6) - (33*a"2xbxtan(d*x + c)~3

+ 110*b~3*tan(d*x + ¢)~3 - 6*a”3*tan(d*x + c¢)~2 - 36*a*b " 2*xtan(d*x + c)~2

+ 9xa~2%b*tan(d*x + c) - 2*a”3)/(a"6*tan(d*x + c¢)~3))/d
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379 f csc®(c+dx)

(a+btan(c+dx))3

Optimal. Leaf size=265

2b (a? + 1) (a? + 307) b(a? + b2)2 2(a? +3b%) cot®(c +dx) b (3a% +5b2) cot?(c + dx) (124212
“d7d(a + btan(c + dx))  2abd(a + btan(c + dx))2 3a°d " abd -

[Out] -(((a™4 + 12*a"2*b"2 + 15%b~4)*Cot[c + d*x])/(a"7*d)) + (b*(3*xa”"2 + 5*b~2)*
Cot[c + d*x]"2)/(a"6*d) - (2x(a”2 + 3*b~2)*Cot[c + d*x]~3)/(3*a~5xd) + (3*b
*Cot[c + d*x]~4)/(4*xa"~4*d) - Cotl[c + d*x]~5/(5xa"3*d) - (b*x(3*a~4 + 20*a”2%
b~2 + 21xb~4)*Log[Tan[c + d*x]])/(a"8*d) + (bx(3*a”4 + 20*a~2*b~2 + 21*b~4)
*xLogl[a + bxTan[c + d*x]])/(a"8*d) - (b*(a”2 + b~2)72)/(2*a"6*d*(a + b*Tan[c

+ dxx])72) - (2*xb*x(a”2 + b72)*(a"2 + 3*b~2))/(a"7xd*x(a + b*Tan[c + d*x]))

Rubi [A] time = 0.239401, antiderivative size = 265, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, i L

integrand size
0.095, Rules used = {3516, 894}

2b (a? + 1) (a? + 307) b(a? + 192)2 2(a? +3b%) cot>(c +dx) b (3a% +5b2) cot?(c + dx) (124212
“d7d(a + btan(c + dx))  2abd(a + btan(c + dx))2 3a5d " ad -

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~6/(a + bxTan[c + d*x])~3,x]

[Out] -(((a™4 + 12*a"2*b"2 + 15%b~4)*Cot[c + d*x])/(a"7*d)) + (b*(3*xa”"2 + 5*b~2)*
Cotl[c + d*x]"2)/(a"6*d) - (2x(a”2 + 3*b~2)*Cot[c + d*x]~3)/(3*a~5xd) + (3*b
*Cot [c + d*x]~4)/(4*xa~4*d) - Cotl[c + d*x]~5/(5xa"3*d) - (b*x(3*a~4 + 20*a”2%
b~2 + 21xb~4)*Log[Tanl[c + d*x]])/(a"8*d) + (bx(3*a”4 + 20*a~2*b~2 + 21*b~4)
*xLogl[a + bxTan[c + d*x]])/(a"8*d) - (b*(a”2 + b~2)72)/(2*a"6*d*(a + b*Tan[c

+ dxx])72) - (2xbx(a”2 + b72)*(a"2 + 3*b”2))/(a"7xd*x(a + b*Tan[c + d*x]))

Rule 3516

Int[sin[(e_.) + (£_)*(x )] " (m )*x((a_) + (b_.)*tan[(e_.) + (f_)*(x)1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*x(a + x)"n)/(b"2 + x72) " (m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 894
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Int[((d_.) + (e_.)*x(x_)) " (m_)*x((f_.) + (g_.)*(x_))"(n_)*((a_) + (c_.)*(x_)"
2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + ex*x) m*(f + g*x) nx(a + c*x
~2)7p, x1, x] /; FreeQl{a, c, d, e, £, g}, x] && NeQ[exf - d*g, 0] && NeQlc
xd~2 + a*e”2, 0] && IntegerQ[p] && ((EqQ[p, 1] && IntegersQ[m, n]) || (ILtQ
[m, 0] && ILtQ[n, 01))

Rubi steps
psubst| [ g x bt d
cscb(c + dx) ubst | [ g dxx btan(e +dx)
(a + btan(c + dx))3 r= d
bt 3t 202(a?+307)  2(3a20P+50%) 4412220241504 -3a%-20a202-210%  (a%-
bSubst| [ | a5~ sis * —d 7 > 7
- d
(a* +12a202 +15b%) cot(c +dx) b (3a% + 5b%) cot®(c + dx) 2 (a? + 302) cot®(c + d
= - + —
a’d atd 3a5d

Mathematica [A] time = 4.67453, size = 494, normalized size = 1.86

csc®(c + dx) (5 sec(c + dx) (—317 (89a4b2 + 345a%b* + 8a° + 210b6) tan(c + dx) — 27a°b* — 42a%b* + 4047 + 135ab6) -

Antiderivative was successfully verified.

[In] Integrate[Csc[c + d*x]~6/(a + b*Tan[c + d*x])~3,x]

[Out] -(Csclc + d*x]"5*(Seclc + d*x] " 2*((8*a”7 + 567*a~5*%b~2 + 630*a”3*b"4 - 1215
*axb”~6) *Cos [3*x(c + d*x)] - (24*a”7 + 619*a"5*%b"2 + 630*a"3*b~4 - 675*a*xb~6)
*xCos [6%(c + d*x)] + 8*%a~7*Cos[7*(c + d*x)] + 187*a”~5%b~2xCos[7*(c + d*x)] +
210*a"3*b"4*Cos [7T*(c + d*x)] - 135*a*b”6*Cos[7*(c + d*x)] - 126*a”6*b*Sin[
3x(c + d*x)] + 1665*xa~4*b~3*3in[3*(c + d*x)] + 4635*a~2*xb~5+3in[3*(c + d*x)
] + 1890*b~7*Sin[3*(c + d*x)] + 10*a”6xb*Sin[5*(c + d*x)] - 1215*%a”4*b~3*Si
n[b*x(c + d*x)] - 2565*a”2*%b"5xSin[b*(c + d*x)] - 630*%b~7*Sin[5x(c + d*x)] +
16*%a”~6*xb*Sin[7*(c + d*x)] + 345*%a~4*b~3*Sin[7*(c + d*x)] + 585%a~2*b~5*Sin
[7x(c + d*x)] + 90*b~7*xSin[7*(c + d*x)]) + 960*b*x(3*a~4 + 20*a~2%b~2 + 21x*b
~4)x(Log[Sin[c + d*x]] - Logla*Cos[c + d*x] + b*Sin[c + d*x]])*Sin[c + dxx]
“5x(a + b*Tan[c + d*x])~2 + 5xSec[c + d*x]*(40*a”7 — 27*a~5xb~2 - 42%a~3*b”
4 + 135*a*xb”6 - 3*b*(8*a”6 + 89*%a~4*xb"2 + 345%a~2%b"4 + 210*b”"6)*Tan[c + d*
x1)))/(960*a~8*d*(a + b*Tan[c + d*x])~2)
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Maple [A] time = 0.137, size = 410, normalized size = 1.6

1 2 12 1 2
- - ) - ~12 ~15
5dad (tan (dx + ¢))°  3dad (tan(dx +¢))°  da’ (tan (dx +¢))°  dad tan (dx + c) da® tan (dx + c) da” t

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 6/ (a+b*tan(d*x+c)) 3,x)

[Out] -1/5/d/a"3/tan(d*x+c)~5-2/3/d/a"3/tan(d*x+c)~3-2/d/a"5/tan(d*x+c) "3*b~2-1/d
/a~3/tan(d*x+c)-12/d/a"5/tan(d*x+c) *b~2-15/d/a"7/tan(d*x+c) *b~4+3/4/d/a"4x*b
/tan(d*x+c) "4+3/d/a"4*xb/tan(d*x+c) "2+5/d*b"3/a"6/tan (d*x+c) ~2-3*b*1n (tan (d*
x+c))/a~4/d-20/d*b"3/a"6*x1n(tan(d*x+c))-21/d*b~5/a"8*1ln(tan (d*x+c) ) +3*b*x1n(
a+bxtan(d*x+c))/a~4/d+20/d*b~3/a"6*1ln(a+b*tan (d*x+c))+21/d*b~5/a"8*1ln (a+b*t
an(d*x+c))-1/2xb/a~2/d/ (a+tb*tan(d*x+c)) ~2-1/d*b~3/a"~4/(a+b*tan(d*x+c)) ~2-1/
2/d*b~5/a"6/ (a+bxtan(d*x+c)) ~2-2*b/a~3/d/ (a+b*tan(d*x+c) )-8/d*b~3/a~5/ (a+b*
tan(d*x+c))-6/d*b~5/a"7/ (a+b*xtan(d*x+c))

Maxima [A] time = 1.21861, size = 379, normalized size = 1.43

21a°b tan(dx+c)—60 (3 a*b2+20 a2b4+21 b6) tan(dx+c)6—12 a%-90 (3 a5h+20 33 +21 ab5) tan(dx+c)5—20 (3 a%+20 a4h?+21 a2b4) tan(dx+c)4+5 (20 a5b+21 a°

a7h2 tan(dx+c)’ +2 a8b tan(dx+c)®+a9 tan(dx+c)’

60d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6/ (a+b*tan(d*x+c))~3,x, algorithm="maxima")
g g

[Out] 1/60*%((21*a”~5xbxtan(d*x + c) - 60*(3*a~4*xb~2 + 20*a~2%b~4 + 21*b~6)*tan(d*x
+ ¢c)76 - 12*xa”6 - 90*(3*a"b*b + 20*a”"3*b"3 + 21xaxb~5)*tan(d*x + c)”5 - 20
*(3*%a”6 + 20*%a"4*b"2 + 21*a~2*%b~4)*tan(d*x + c)”4 + 5x(20*a~5xb + 21*a”3*b”
3)*xtan(d*x + ¢)~3 - 2*x(20%a”6 + 21*a~4xb~2)xtan(d*x + c)~2)/(a~7*b~2*xtan(dx*

X + ¢c)77 + 2*xa~8kbxtan(d*x + c)”6 + a~9xtan(d*x + c)~5) + 60*(3*a~4*xb + 20%
a"2xb”3 + 21%b75)*log(bxtan(d*x + c) + a)/a"8 - 60*(3*xa~4*xb + 20*%a~2*b~3 +
21%b~5)*log(tan(d*x + c))/a~8)/d

Fricas [B] time = 3.01524, size = 2344, normalized size = 8.85

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6/ (atb*tan(d*x+c))”3,x, algorithm="fricas")

[Out] 1/60*%(4*(8*a”~7 + 187*a~5*%b~2 + 120*%a”3*b"4 - 315*xa*xb~6)*cos(d*x + c)~7 - 4x*
(20%a”~7 + 482%a”5*b”"2 + 255*xa~3*b~4 - 945*axb”6)*cos(d*x + c)”5 + 10x(6%a”7
+ 157*a”5*b”"2 + 60*a~3*b~4 - 378*a*b”6)*cos(d*x + ¢)~3 - 30%(13*a"5*b"2 +
2%a"3*%b"4 - 42*%axb”6)*cos(d*x + c) + 30*(2*x(3*a~5xb"2 + 20%a~3*b~4 + 21*axb
“B)*cos(d*x + c)77 - 6x(3*a"5*%b"2 + 20*%a”3*b"4 + 21*axb~6)*cos(d*x + c)”5 +
6% (3*%a”"5*b"2 + 20*a~3*b~4 + 21*a*b”6)*cos(d*x + c)~3 - 2% (3*a”5*b"2 + 20%*a
“3*b74 + 21*axb”6)*cos(d*x + c) - (3*a~4%b”3 + 20*a"2%b”5 + 21*b~7 + (3*a"6
*b + 17*a”4%b"3 + a”2%b~5 - 21*b~7)*cos(d*x + c)76 - (6*¥a”6xb + 31*a~4xb~3
- 18%a"2%b”5 - 63*b~7)*cos(d*x + c)~4 + (3*a”6*b + 11*a~4*xb~3 - 39*a~2%b”~5
- 63*b~7)*cos(d*x + c)~2)*sin(d*x + c))*log(2*a*bxcos(d*x + c)*sin(d*x + c)
+ (272 - b™2)*cos(d*x + ¢)72 + b72) - 30*x(2*x(3*a~5xb"2 + 20*a"3*b"4 + 21x*a
*b~6)*xcos(d*x + c)~7 - 6x(3*a”"5*b"2 + 20*%a”"3*b"4 + 21*ax*b”6)*cos(d*x + c)”5
+ 6*%(3*a”5*b"2 + 20*%a~3%b"4 + 21xaxb”6)*cos(d*x + c)~3 - 2%x(3*%a”5%b"2 + 20
*a"3%b~4 + 21*a*xb"6)*cos(d*x + c) - (3*a"4*b”3 + 20%a"2*xb"5 + 21%b~7 + (3*a
“6%b + 17*a"4*b”3 + a"2*xb"5 - 21%b~7)*cos(d*x + c)”"6 - (6*xa"6xb + 31¥xa~4*b”
3 - 18*a”"2*b"5 - 63*b"7)*cos(d*x + c)”4 + (3*a"6xb + 11*¥a~4*b~3 - 39*a”2*b~
5 - 63*b~7)*cos(d*x + c)”2)*sin(d*x + c))*log(-1/4*cos(d*x + c)"2 + 1/4) -
(285*%a~4%b~3 + 630*a"2*b"5 - 8*(8*a~6xb + 195%a~4*b~3 + 315xa~2*b~5)*cos (d*
X + ¢c)76 + 10%(7*a"6xb + 330*a~4*b~3 + 567*a"2*b~5)*cos(d*x + c)”4 + 15x(a”
6*%b - 135*a”4*b~3 - 252*a~2xb~5)*cos(d*x + c) " 2)*sin(d*x + c))/(2*a”9*b*d*c
os(d*x + c)77 - 6*xa~9*bxdxcos(d*x + c)~5 + 6xa”9*bxd*cos(d*x + c)~3 - 2*xa”9
xbxd*xcos(d*xx + c) - (a”8*xb"2xd + (2”10 - a~8xb~2)*d*cos(d*x + c)~6 - (2*a"1
0 - 3*a”8*b~2)*d*xcos(d*x + c)”4 + (2”10 - 3*a~8*b~2)*d*cos(d*x + c)~2)*sin(
d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**6/(atb*tan(d*x+c))**3,x)

[Out] Timed out
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Giac [A] time = 1.23827, size = 516, normalized size = 1.95

60 (3 a*p+20 226> +21b°) log(tan(dx+c)) 60 (3a*b?+20 a%b*+21b°) log(|b tan(dx-+c)+al) m@%ﬁmmmﬂfmw%%muﬁahwwmmwﬂ
- +
a8 a8b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~6/(atb*tan(d*x+c))”3,x, algorithm="giac")

[Out] -1/60%(60%*(3*a~4*b + 20*%a~2%b~3 + 21*b~5)*log(abs(tan(d*x + c)))/a~8 - 60%*(
3*a”"4*b72 + 20%a"2xb~4 + 21*b76)*log(abs(b*tan(d*x + c) + a))/(a"8*b) + 30%
(9*%a~4xb~3*xtan(d*x + c)”2 + 60*a"2*%b " 5xtan(d*x + c)”~2 + 63*b~7*tan(d*x + c)

"2 + 22%a”b*b"2*xtan(d*x + c¢) + 136*a”3*b"4*xtan(d*x + c) + 138*axb”6*tan(d*x

+ c) + 14*a"6xb + 78%a"4xb”3 + 76%a”2xb”5)/((b*xtan(d*x + c) + a)~2%a”8) -
(411*a~4*b*tan(d*x + c)75 + 2740*a"2*b~3xtan(d*x + c)~5 + 2877*b ~5xtan(d*x

+ ¢c)75 - 60*a~bxtan(d*x + c)~4 - 720*a”3*b"2xtan(d*x + c)~4 - 900*a*b”4x*xtan

(d*x + c)"4 + 180*a~4xbxtan(d*x + c)~3 + 300*a~2*b~3xtan(d*x + c)~3 - 40%*a”
S5xtan(d*x + c)72 - 120*a~3*b"2*tan(d*x + c)~2 + 45*a”4xbxtan(d*x + c) - 12%
a~5)/(a"8*tan(d*x + c)~5))/d
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373 f sin4(c+dx)

(a+Db tan(c+dx))?

Optimal. Leaf size=366

a4b a3b (az - 2b2) 3a2b (—5a2b2 +a* + 2b4) cos*(c + da
- - - +
34 (@ +12) (a+btan(c+d)®  d(a2+1?) (a+btanc+dv)P  d(a+2) (a+btan(c +dv)

[Out] ((3*a"8 - 132*a”6xb~2 + 370*a"4*xb~4 - 132*%a"2*%b"6 + 3*b~8)*x)/(8*x(a"2 + b~2
)76) + (4xaxbx(a”2 - b~2)*(a”4 - 8*a"2%b”2 + b~4)*LoglaxCos[c + dxx] + b*Si
nlc + dxx]])/((a"2 + b"2)76*xd) - (a"4*b)/(3*(a”2 + b~2) " 3*d*(a + b*Tan[c +
d*x])~3) - (a"3*bx(a”2 - 2%b"2))/((a"2 + b~2)"4xd*(a + b*Tan[c + d*x])"2) -
(3*xa~2%b*x(a”4 - 5*a”™2xb”"2 + 2*xb~4))/((a”2 + b~2)"5xd*x(a + b*Tan[c + d*x]))

+ (Cos[c + d*x] " 4*x(4*a*xb*x(a”2 - b™2) + (a"4 - 6*a”2*xb”™2 + b~ 4)*Tan[c + d*x
1))/ (4*x(a"2 + b~2)74xd) - (Coslc + d*x] 2x(16*xaxbx(2*xa~4 - 5%a~2%b"2 + b~4)

+ (5*%a”6 — 65*%a~4%b”2 + 55%a"2%b"4 - 3*%b~6)*Tanl[c + d*x]))/(8x(a"2 + b~2)"
5%d)

Rubi [A] time = 1.37025, antiderivative size = 366, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 21, e -

integrand size
0.286, Rules used = {3516, 1647, 1629, 635, 203, 260}
atb a3b (az - 2b2) 3a2b (—5a2b2 +a* + 2b4) cos*(c + da
- - - +
3 4 5
3d (a2 +12) (a+btan(c+dx)y d(a2+12) (a+btan(c+dx)? d(a®+b2) (a+btan(c + dx))

Antiderivative was successfully verified.

[In] Int[Sinl[c + d*x]~4/(a + bxTan[c + d*x])~4,x]

[Out] ((3*a”8 - 132%a”6xb~2 + 370%a"4*xb~4 - 132*%a"2*%b"6 + 3*b~8)*x)/(8*x(a"2 + b~2
)76) + (4xaxbx(a”2 - b~2)*(a"4 - 8*a"2%b”2 + b~4)*LoglaxCos[c + dxx] + b*Si
nlc + dxx]])/((a"2 + b"2)76*xd) - (a"4*b)/(3*(a”2 + b~2) " 3*d*(a + b*Tan[c +
d*x])~3) - (a"3*bx(a"2 - 2%b"2))/((a"2 + b~2)"4xd*(a + b*Tan[c + d*x])"2) -
(3*a”2xb*x(a”4 - 5*a™2%b"2 + 2%¥b74))/((a"2 + b~2) 5*d*x(a + b*Tan[c + d*x]))

+ (Cos[c + d*xx] 4x(4xaxb*x(a”2 - b™2) + (a™4 - 6*xa~2*xb"2 + b~ 4)*Tan[c + d*x
1))/ (4x(a"2 + b~2)74xd) - (Cosl[c + d*xx] 2x(16*axbx(2*xa~4 - 5%a~2%b"2 + b~4)

+ (5*%a”6 — 65*%a~4%b”2 + 55%a~2%b"4 - 3*%b~6)*Tanl[c + d*x]))/(8x(a"2 + b~2)"
5xd)

Rule 3516
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Int[sin[(e_.) + (f£_)*(x_ )] " (m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x)])"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x"2)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1647

Int [(Pq_)*((d_) + (e_.)*x(x_))"(m_.)*x((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :
> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x72, x], f = Coeff[Pol
ynomialRemainder [(d + e*x) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial
Remainder[(d + e*x) mxPq, a + c*xx"2, x], x, 11}, Simp[((axg - c*f*x)*(a + ¢
*x72)"(p + 1))/ (2xaxcx(p + 1)), x] + Dist[1/(2xa*xcx(p + 1)), Int[(d + e*x)”
m*(a + c*x72) " (p + 1)*ExpandToSum[(2*a*xc*(p + 1)*Q)/(d + exx)™m + (cxf*(2xp
+ 3))/(d + exx)"m, x], x], x]] /; FreeQl{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[c*d™2 + axe”2, 0] && LtQlp, -1] &% ILtQ[m, O]

Rule 1629

Int[(Pg_)*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*x(x_)"2)"(p_.), x_Symbol]
:> Int[ExpandIntegrand[(d + exx) m*Pqx(a + c*x~2)7p, x], x] /; FreeQ[{a, c,
d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rule 635

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[-(a*c)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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4
bSubst | [ ——— dx, x, btan(c + dx
sin4(c + dx) v (f (a+x)4(b2+x2)3 ( ))

(a+btan(c +dx))* ~ d

vt (114 —6ﬂ2h2+b4) 4

(a2+12)*

Subst f
cos(c + dx) (4ab (az - bz) + (a4 — 6a%b? + b4) tan(c + dx))

(@ +1?) d

cos*(c + dx) (4ab (az - bz) + (a4 — 6a%b? + b4) tan(c + dx)) cos?(c + dx) (16ab (2a4 -

a(@+12) d

cos*(c + dx) (4ab (a2 - bz) + (a4 - 6a%b* + b4) tan(c + dx)) cos?(c + dx) (16ab (2a4 -

(@ +12) d
_ dab (a2 - 1?) (a* - 8a2b? + b*) log(a + b tan(c + dx)) 24D
(az + b2)6 d 3 (a2 + b2)3 d(a + btan(c + dx))*
_ dab (a2 - 1?) (a* - 8a2b? + b*) log(a + b tan(c + dx)) o
(a2 + b2)6 d 3 (a2 + b2)3 d(a + btan(c + dx))*
(3a8 —132a°0? + 370a*b* - 1324%1° + 3b8) x 4ab (a2 - bz) (a4 - 8a%b? + b4) log(cos(c
= +
8 (a2 +12)° (@+2)d

Mathematica [A] time = 5.41854, size = 564, normalized size = 1.54

120%(a2+12)(-10a2b%+a%+5b%) sin(2(c+dx))
b

— 24a(a - b)(a + b) (a® + 192)2 cost(c + dx) + 48a (a + b?) (-5a2b? + 2a* + b*)

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~4/(a + b*Tan[c + d*x])~4,x]

[Out] -(bx((24*%a~2x(a"2 + b"2)*x(a”~4 - 10%a~2*b"2 + b*b~4)*ArcTan[Tan[c + d*x]])/b
+ 48*%a*x(a”2 + b"2)*(2*%a"4 - 5*xa~2*xb"2 + b"4)*Cos[c + d*x]"2 - 24xax(a - b)
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*(a + b)*(a"2 + b™2)"2xCos[c + d*x]~4 + 12*ax(4*a”~6 - 36*xa~4*b~2 + 36*xa~2*b
T4 - 4xb76 + (-a”7 + 24*%a”bxb"2 - 45%xa”3*%b~4 + 10*a*b”6)/Sqrt[-b~2])*Logl[Sq
rt[-b~2] - b*Tan[c + d*x]] - 96%a*(a — b)*(a + b)*x(a™4 - 8*a™2*xb~2 + b~4)*L
ogla + b*Tan[c + d*x]] + 12*%ax(4*a”6 - 36*%a~4*b”"2 + 36*%a~2*b"4 - 4xb~6 + (a
~7 - 24%a”b*b~2 + 45%a”3*b~4 - 10*a*b”6)/Sqrt[-b~2])*Log[Sqrt[-b~2] + b*Tan
[c + d*x]] - (6x(a"2 + b"2)"2%x(a"4 - 6*a”2*b"2 + b~4)*Cos[c + d*x] " 3*Sinl[c

+ d*x])/b + (12xa"2%x(a"2 + b~2)*(a"4 - 10*xa~2*b~2 + 5xb~4)*Sin[2*x(c + d*x)]
)/b — (9%(a"2 + b72)72%(a"4 - 6*xa"2%b”"2 + b"4)*(2xArcTan[Tan[c + d*x]] + Si
n[2x(c + d*x)]1))/(2%b) + (8*a"4*x(a"2 + b~2)"3)/(a + b*Tan[c + d*x])~"3 + (24
*¥a"3*%(a”"2 - 2*xb"2)*(a"2 + b"2)"2)/(a + b*Tan[c + d*x])"2 + (72*a"2*%(a"2 + b
~2)*x(a”4 - 5%a”2*b”2 + 2*xb~4))/(a + bxTan[c + d*x])))/(24*x(a~2 + b~2) " 6%*d)

Maple [B] time = 0.123, size = 1215, normalized size = 3.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 4/ (a+bxtan(d*x+c))~4,x)

[Out] -3/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) "2*xa*b~7+4/d*b*a”7/(a”2+b”2) "6*1n(a+b*tan(
d*x+c))-36/d*b~3*xa"5/(a"2+b"2) “6*x1n(a+tb*tan(d*x+c))+36/d*b~5*a~3/(a"2+b"2) "~
6*1n(a+b*tan(d*x+c))-4/d*xb~7*a/(a”2+b~2) “6*1n(a+b*tan(d*x+c))-3/d*b*a~6/(a”
2+b~2) "5/ (a+b*tan(d*x+c) )-1/3*a~4*b/(a"2+b"2) "3/d/ (a+b*tan(d*x+c)) ~3-5/4/4/
(a™2+b72) "6/ (1+tan(d*x+c) ~2) "2xtan (d*x+c) *a~4*b"4-3/8/d/(a"2+b"2) "6/ (1+tan(
d*x+c)~2) "2*tan(d*x+c)*a~8+15/d*b"3*a~4/(a"2+b"2) "5/ (a+b*tan (d*x+c) ) -6/d*b~
5xa~2/(a"2+b~2) "5/ (at+b*tan(d*x+c))-1/d*xa”~5*xb/(a”2+b~2) "4/ (a+tbxtan(d*x+c)) "2
+2/d*a”~3*b"3/(a"2+b"2) "4/ (a+b*tan(d*x+c) ) "2-2/d/(a"2+b"2) "6*1ln(1+tan(d*x+c)
~2)*a~7*b+18/d/(a"2+b"2) “6*1ln(1+tan(d*x+c) "2)*a"5xb~3-18/d/(a"2+b"2) "6x1n(1
+tan(d*xx+c) "2)*a~3*b~5+2/d/(a”2+b"2) “6*x1n(1+tan(d*x+c) ~2) xa*xb~7-33/2/d/(a"2
+b~2) “6*xarctan(tan(d*x+c))*a”~6*%b"2+185/4/d/(a"2+b"2) “6*arctan (tan(d*x+c))*a
“4xb~4-33/2/d/(a”"2+b”2) “6*arctan (tan(d*x+c))*a"2*xb~6-5/8/d/ (a"2+b"2) "6/ (1+t
an(d*x+c) ~2) “2xtan(d*x+c) “3*a~8+3/8/d/(a"2+b~2) "6/ (1+tan(d*x+c) ~2) "2*tan (d*
x+c) "3*b~8+5/8/d/ (a”2+b"2) "6/ (1+tan(d*x+c) ~2) “2*tan (d*x+c) *b~8-3/d/(a"2+b"2
)76/ (1+tan(d*xx+c) ~2) "2*%a”~ 7xb+7/d/ (a”2+b"2) "6/ (1+tan(d*x+c) ~2) "2xb~3*a~5+7/d
/(a”2+b72) "6/ (1+tan(d*x+c) ~2) "2*a~3*b~5+3/8/d/ (a"2+b"2) “6*arctan (tan (d*x+c)
)*¥b~8+3/8/d/(a"2+b”2) “6*arctan(tan(d*x+c))*a~8+15/2/d/(a"2+b~2) "6/ (1+tan(d*
x+c) "2) "2*xtan(d*x+c) “3*a”~6*xb"2+5/4/d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) “2xtan (d*x
+c) "3*%a"4*xb~4-13/2/d/ (a”2+b"2) "6/ (1+tan(d*x+c) ~2) “2*tan (d*x+c) "3*a”~2*xb~6-4/
d/(a"2+b"2) "6/ (1+tan(d*x+c) ~2) "2*tan (d*x+c) "2*xa”~7*b+6/d/ (a”2+b"2) "6/ (1+tan(
d*x+c) "2) "2*xtan(d*x+c) "2*a~5%b"3+8/d/(a"2+b"2) "6/ (1+tan (d*x+c) "2) "2*tan (d*x
+c) "2*a”3*xb"5-2/d/ (a"2+b"2) "6/ (1+tan(d*x+c) “2) “2xtan (d*x+c) "2*a*b~7+13/2/d/
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(a™2+b"2) "6/ (1+tan(d*x+c) ~2) "2xtan(d*x+c) *a~6xb~2-15/2/d/(a"2+b"2) "6/ (1+tan
(d*x+c) ~2) "2*xtan(d*x+c) *a~2*¥b~6

Maxima [B] time = 1.89595, size = 1346, normalized size = 3.68

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~4/(atb*tan(d*x+c))”4,x, algorithm="maxima"

[Out] 1/24*%(3*(3*a"8 - 132%a~6*b"2 + 370*a"4*b"4 - 132%a~2*%b"6 + 3*b~8)*(d*x + c)
/(a”12 + 6*xa~10*b~2 + 15%a~8*b~4 + 20*a~6*b"6 + 15%a~4*b~8 + 6*a~2%b"10 + b
~12) + 96%(a”7*xb - 9%a”b*b~3 + 9*a”3*b”5 - ax*b~7)*log(b*tan(d*x + c) + a)/(
a~12 + 6xa~10*%b"2 + 15%a"8*b"4 + 20*%a”"6*b”"6 + 15%a~4*xb"8 + 6*a”2%b”"10 + b1
2) - 48x(a”7*b - 9*%a~5*b”"3 + 9*a~3*b~5 - axb”7)*log(tan(d*x + c)”2 + 1)/(a”
12 + 6%a~10%b”"2 + 15%a~8*b~4 + 20*%a~6*b”"6 + 15%xa~4*b”8 + 6*a~2*%b"10 + b~12)
- (176*a"8*b - 608*a”6*xb~3 + 176*a”4*xb~5 + 3% (29*a~6%b~3 - 185*a~4*b”5 + 1
03*%a~2%b~7 - 3*b"9)*tan(d*x + c)”6 + 3*%(71*xa”7*b"2 - 411*xa~5xb~4 + 165%a~3x*
b~6 + 7*xaxb~8)*tan(d*x + c)”5 + (149%a"8*b - 512*xa~6*b~3 - 1006*a"4*xb~5 + 6
00*a~2*b~7 — 15*xb~9)*tan(d*x + c)”4 + 3*(5xa”9 + 152*xa~7+b"2 - 822*a"5*xb"4
+ 320*%a"3*b”"6 + 9*axb~8)*tan(d*x + c)”3 + (331*a"8xb - 1183*a"6%b"3 - 239*a
“4*xb”5 + 315%a”2*b"7)*tan(d*x + c)”2 + 3*%(3*a”9 + 73*%a”~7*b"2 - 423*%a"5*xb"4
+ 147*xa"3*b"6)*tan(d*x + c))/(a"13 + 5xa"11*b"2 + 10*a”~9*b~4 + 10*a"7*b"6 +
5%a~5%b”"8 + a”"3*b~10 + (a~10*b~3 + 5%xa~8*b”"5 + 10*a~6*b”7 + 10*a~4*b"9 + 5
*a"2%b"11 + b713)*tan(d*x + ¢)77 + 3*x(a”11*%b"2 + 5*a”9*b"4 + 10*a~7*b"6 + 1
0*a”5*b”"8 + b5*a~3*b~10 + a*b~12)*tan(d*x + c)”6 + (3*a~12%b + 17*a”~10*b"3 +
40*a~8*b~5 + 50*%a”6*b”~7 + 35*xa~4*b”9 + 13*a"2*b"11 + 2*b~13)*tan(d*x + c)~
5+ (a”13 + 11*%a”11%b"2 + 40*a”~9%b"4 + 70*a”~7*b~6 + 65*%a~5*%b”"8 + 31*a~3%b"1
0 + 6*xaxb~12)*tan(d*x + c)~4 + (6*a”12*b + 31*a~10%b~3 + 65*%a”8*b”5 + 70*a~
6%b”7 + 40*%a~4%b”9 + 11*xa~2%b"11 + b~13)*tan(d*x + c)”3 + (2*%a”~13 + 13xa~11
*b”"2 + 35%a”9%b"4 + 50*a”7*b"6 + 40*%a"5*b"8 + 17*a"3x*b~10 + 3*axb~12)*tan(d
*X + ¢)72 + 3%(a”12%b + 5%a”~10*b~3 + 10*%a”~8*b~5 + 10%a~6*xb~7 + 5xa~4*xb~9 +
a~2%b~11)*tan(d*x + c)))/d

Fricas [B] time = 4.00481, size = 2412, normalized size = 6.59

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c)~4/(atb*tan(d*x+c))”4,x, algorithm="fricas")

[Out] 1/24*(6%(a~10%b + 5*a~8*b~3 + 10*a"6*b~5 + 10*a~4*b~7 + 5%xa~2%b”"9 + b~ 11)x*c
os(d*x + ¢)77 - 3*(11*a~10*b + 45%a~8%b"3 + 70*a”~6*b~5 + 50*a~4*b~7 + 15%a”
2%b~9 + b~11)*cos(d*x + ¢c)~5 - (6*a”10%b + 342*a”~8*b~3 - 1830*a~6%b"5 + 614
*a"4*xb~7 - 216*a”"2*%b”9 + 12%b”711 - 3*(3%a”11 - 141*%a~9%b~2 + 766*xa~7*b"4 -
1242%a”5*%b~6 + 399*a”~3*%b”8 — 9*ax*b~10)*d*x)*cos(d*x + c)~3 + 3*%(114*xa~8*b~3
- 381%a"6xb~5 + 187*a”4*xb~7 - 67*a”"2*xb”9 + 3xb~11 + 3*(3*a”9*b"2 - 132*a”7
*b~4 + 370*%a”5*b"6 — 132*%a~3*b"8 + 3*axb”10)*d*x)*cos(d*x + c) + 48+ ((a”10%
b - 12*%a"8*b~3 + 36*a”6*b"5 - 28*a~4*b”"7 + 3*a"2*¥b"9)*cos(d*x + c)~3 + 3x(a
“8%b~3 - 9*%a”6*b”5 + 9*a~4xb"7 - a"2%b"9)*cos(d*x + c) + (a~7*b"4 - 9*a~b*b
"6 + 9%a"3*b"8 - axb”10 + (3*a"9*%b"2 - 28*%a”"7*b"4 + 36*a"5*b"6 - 12*%a”~3*b"8
+ a*b”10)*cos(d*x + c)”2)*sin(d*x + c))*log(2*axb*cos(d*x + c)*sin(d*x + ¢
) + (272 - b™2)*cos(d*x + ¢c)72 + b"2) + (143*%a~7*b"4 - 537*xa"5*b"6 + 105%a”
3*xb~8 + 33xaxb”10 + 6x(a~11 + 5*%a”9*xb~2 + 10*a"7*b~4 + 10*a"5*b~6 + 5*%a~3*b
“8 + a*b”10)*cos(d*x + c)76 - 15x(a”11 + 3*a~9%b~2 + 2*a”7*b"4 - 2*¥a"5*b”6
- 3*a~3%b”"8 - ax*b~10)*cos(d*x + c)”4 + 3*(3*a"8*b"3 - 132*xa~6*b"5 + 370%a"4
*b~7 - 132*%a”2*b”9 + 3*b"11)xd*x + (216*a”9*b"2 - 734*a”~7*b~4 + 1590*a”5*b”
6 — 522%a”3*b"8 - b4xaxb~10 + 3*x(9*%a~10*b - 399*%a”8xb"3 + 1242*a~6*%b"5 - 76
6*%a~4*b”7 + 141*%a”2*b"9 - 3*b~11)*d*x)*cos(d*x + c) " 2)*sin(d*x + ¢))/((a"156
+ 3%a”13%b"2 - 3*%a"11xb"4 - 25*%a”"9xb"6 - 45%a”"7xb"8 - 39%a"5xb"10 - 17*a”3
*b~12 - 3*a*b”14)*d*cos(d*x + ¢)~3 + 3*%(a”13*b"2 + 6*a~11*b~4 + 15%a~9%b”~6
+ 20*%a”7*b"8 + 15*xa~5xb~10 + 6*a”3*b”12 + ax*b~14)*dxcos(d*x + c) + ((3*a"14
*b + 17%a”12xb"3 + 39%xa~10*%b~5 + 45*%a”8*b~7 + 25%a~6*xb"9 + 3*xa~4%b"11 - 3*a
“2%b~13 - b~15)*d*cos(d*x + c)”2 + (a"12%b"3 + 6*%a~10%b"5 + 15%xa~8*xb"7 + 20
*a"6%b"9 + 15%a”4*b"11 + 6*xa~2*%b~13 + b~ 15)*d)*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**4/(atb*tan(d*x+c))**4,x)

[Out] Timed out

Giac [B] time = 1.34998, size = 1218, normalized size = 3.33

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~4/(atb*tan(d*x+c))”4,x, algorithm="giac")

[Out] 1/24*%(3*(3*a"8 - 132%a~6%b"2 + 370*a"4*b"4 - 132%a~2*%b"6 + 3*b~8)*(d*x + c)
/(a”12 + 6*xa~10*b"2 + 15%a~8*b~4 + 20*a~6*b"6 + 15%a~4*b~8 + 6*a~2%b”"10 + b
712) - 48%(a”7*b - 9*%a"b*b”3 + 9%a”3%b”5 - axb~7)xlog(tan(d*x + c)72 + 1)/(
a~12 + 6xa~10*%b"2 + 15*%a"8*b"4 + 20*%a”"6*b"6 + 15%a”~4*xb"8 + 6*%a”2%b”"10 + b1
2) + 96%(a”7*b”"2 - 9%a~b*b~4 + 9*a”3xb”6 - ax*b~8)*log(abs(b*tan(d*x + c) +
a))/(a”12*%b + 6*a~10*b~3 + 15%a~8*b~5 + 20*%a”6*b”7 + 15*xa”~4*b~9 + 6%a~2%b"1
1 + b713) + 3*(24*a”7*xb*tan(d*x + c)~4 - 216*a”5xb " 3*tan(d*x + c)~4 + 216x*a
“3*%b~5*tan(d*x + c)”"4 - 24xaxb~T+tan(d*x + c)”4 - 5*xa~8xtan(d*x + c)~3 + 60
*¥a"6xb " 2xtan(d*x + ¢)”3 + 10*a"4xb"4xtan(d*x + c)”3 - 52*xa"2*b " 6xtan(d*x +
c)"3 + 3*b~8*tan(d*x + c)”3 + 16*a~Txb*tan(d*x + c)~2 - 384*a~5xb~3xtan(d*x
+ ¢)72 + 496*a”3xb"5xtan(d*x + c)”2 - 64*xaxb”7xtan(d*x + c)”2 - 3*a”~8xtan(
d*x + c) + 52*a”"6xb " 2*xtan(d*x + c) - 10*a"4xb~4*xtan(d*x + c) - 60*a”2*xb~6*t
an(d*x + c) + 5*b"8*tan(d*x + c) - 160*a"5*b~3 + 272*a”~3*b~5 - 48*a*xb~7)/((
a~12 + 6xa”10*b”"2 + 15*%a"8*b"4 + 20*%a”"6*b"6 + 15%a”"4*xb"8 + 6*%a”2%b”"10 + b~1
) *x(tan(d*x + ¢c)72 + 1)72) - 8%x(22*%a”7xb"4xtan(d*x + c)~3 — 198*a~5*b~6*xtan
(d*x + ¢)~3 + 198*a”3*b~8*tan(d*x + c¢)~3 - 22*a*b”10*tan(d*x + ¢)~3 + 75*a”
8*b~3*tan(d*x + c¢)~2 - 630*a”6*b " 5*xtan(d*x + c)~2 + 567*a"4*b"7*tan(d*x + c
)72 - 48%a”2%b"9*tan(d*x + c)~2 + 87*a"9*b " 2*tan(d*x + c) - 666xa"7*b"4*tan
(d*x + c) + b31*a b5*b~6*xtan(d*x + c) - 36*a”3*b~8*tan(d*x + c) + 35%a~10%*b
- 231%a"8*b"3 + 165%a”6*xb~5 - 9*xa~4xb”7)/((a"12 + 6*xa”~10*b~2 + 15%a”8*xb~4 +
20*%a"6*b”"6 + 15*a”~4*b~8 + 6*a”2*%b~10 + b~12)*(b*tan(d*x + ¢c) + a)~3))/d
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3 74 f SiIlZ(C+dx)

(a+btan(c+dx))?

Optimal. Leaf size=264

a®b ab (az - bZ) b (—8a2b2 +3a* + b4) cos?(c + dx)

3d (a2 + b2)2 (a +btan(c +dx))® d (a2 + bZ)S (a +btan(c +dx))? d (az + b2)4 (a + btan(c + dx))

[Out] ((a”6 - 25*xa”~4*b~2 + 35%a”2%b"4 - 3*xb”6)*x)/(2*x(a”2 + b~"2)"5) + (4*xa*xbx(a~4
- 5%a”2*b"2 + 2xb~4)*Logla*xCos[c + d*x] + b*Sin[c + d*x]])/((a”2 + b~2) 5%

d) - (a™2*b)/(3*x(a"2 + b~2) " 2xd*(a + bxTan[c + d*x])~3) - (axb*x(a”™2 - b~2))
/((a”2 + b"2)"3*xd*x(a + bxTan[c + d*x])~2) - (b*(3*xa~4 - 8*xa"2*b"2 + b™4))/(

(a”2 + b™2)"4*d*x(a + bxTan[c + d*x])) - (Cos[c + d*x] 2% (4*xa*xb*x(a”2 - b~2)

+ (a4 - 6*xa"2*xb"2 + b~ 4)*Tan[c + d*x]))/(2*x(a”2 + b~2)"4xd)

Rubi [A] time = 0.570884, antiderivative size = 264, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 21, e =

0.286, Rules used = {3516, 1647, 1629, 635, 203, 260}

integrand size

a%b ab (az - bz) b (—8112192 +3a* + b4) cos?(c + dx)

3d (uz + bz)z (a +btan(c +dx))® d (a2 + b2)3 (a +btan(c +dx))? d (az + b2)4 (a + btan(c + dx))

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]~2/(a + bxTan[c + dx*x])"4,x]

[Out] ((a"6 - 25%xa~4%b~"2 + 35%xa~2%b"4 - 3*xb~6)*x)/(2*x(a"2 + b"2)75) + (4*axbx(a"4
- B5%a”2xb"2 + 2xb~4)*Logla*Cos[c + d*x] + b*Sin[c + d*x]])/((a"2 + b~2) b*

d) - (a”2%b)/(3*%(a”2 + b~2)"2%d*(a + b*Tan[c + d*x])~3) - (a*bx(a”2 - b~2))
/((@a”2 + b~2)"3*d*(a + bxTan[c + d*x])"2) - (b*x(3*a”4 - 8*xa"2*xb”2 + b~4))/(

(a™2 + b~2)"4xd*(a + bxTan[c + d*x])) - (Cosl[c + d*xx] 2*(4*xaxb*(a"2 - b~2)

+ (a4 - 6*xa"2*xb"2 + b~ 4)*Tan[c + d*x]))/(2*x(a"2 + b~2)"4x*d)

Rule 3516

Int[sinl(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1647
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Int[(Pq )*((d_) + (e_.)*(x_)) " (m_.)*x((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :
> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + c*x72, x], f = Coeff[Pol
ynomialRemainder [(d + e*x) m*Pq, a + c*x~2, x], x, 0], g = Coeff[Polynomial
Remainder[(d + e*x) mxPq, a + c*xx"2, x], x, 11}, Simp[((a*xg - c*f*x)*(a + ¢
*x72)"(p + 1))/ (2xaxcx(p + 1)), x] + Dist[1/(2xa*xcx(p + 1)), Int[(d + e*x)”
m*(a + c*x”2)"(p + 1)*ExpandToSum[(2*a*c*(p + 1)*Q)/(d + e*x)"m + (c*xf*(2%p
+ 3))/(d + exx)"m, x], x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[Pq, x] &
& NeQ[cxd~2 + axe”2, 0] && LtQ[p, -1] && ILtQ[m, O]

Rule 1629

Int[(Pq )*((d_) + (e_.)*(x_)) " (m_.)*((a_) + (c_.)*(x_)"2)"(p_.), x_Symbol]
:> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + c*x~2)7p, x], x] /; FreeQ[{a, c,
d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rule 635

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(axc)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQlb, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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2
bSubst| [ ——— dx, x, btan(c + dx
sin?(c + dx) (f (@+04(22)” ( ))

(a + btan(c + dx))* r= d

4?2 (a4—6a2b2+b4) ‘
(2+12)*

Subst f
cos?(c + dx) (4ab (a? - b?) + (a* — 6a2b% + b*) tan(c + dx))

2(w2 +12) d

21,2
subst [ [[-—222
(a2+b2)2(11+x)4

cos?(c + dx) (4ab (az - bz) + (a4 - 6a%b* + b4) tan(c + dx))

) 2(2 +17) d
_ 4ab (a4 — 5a%b% + 2b4) log(a + btan(c + dx)) B a2b )
(@+2) d 3(w +12) d(a +btan(c +d)® (a2 +
_ 4ab (a4 — 5a%b% + 2b4) log(a + btan(c + dx)) B a2b )
(@+2) d 3(w +12) d(a +btan(c +d)® (a2 +
(a6 - 25a*b? + 35a%b* - 3b6) x 4ab (u4 - 5a%b? + 2b4) log(cos(c + dx))  4ab (a4 - 542l
= + +
2 (@ +12) (@+12)d

Mathematica [A] time = 3.59427, size = 395, normalized size = 1.5

3(—6a2b2+a4+b4)(a2+b2) tan_l(tan(c+dx)) 242

3(—6a22 +a%+b4)(a2+b2) sin(2(c+d
(a+M—W+)muﬁ@H4M@_mm+mﬁhwﬂm§@+ﬂﬂ- b "

2b

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~2/(a + b*Tan[c + d*x])~4,x]

[Out] -(b*((3*(a”2 + b~2)*(a”4 - 6*a”~2*b~2 + b~4)*ArcTan[Tan[c + d*x]])/b + 12*ax
(a - b)*(a + b)*x(a"2 + b~2)*Cos[c + d*x]~2 + 3*(4*a”5 - 20*%a~3*b~2 + 8xa*b~
4 + (-a”6 + 15%a”4xb”2 - 165%a”2xb"4 + b~6)/Sqrt[-b~2])*Log[Sqrt[-b~2] - bxT
anl[c + d*x]] - 24xax(a”4 - 5*a”2%b”2 + 2xb~4)x*Logla + bxTan[c + d*x]] + 3%(
4%a”5 - 20%a”3%b”2 + 8*axb”4 + (2”6 - 15*%a”4xb”2 + 15*%a"2%b”"4 - b~6)/Sqrt[-
b~2])*Log[Sqrt [-b~2] + bxTan[c + d*x]] + (3*%(a”2 + b72)*(a"4 - 6%a”2*%b~2 +
b~4)*Sin[2*(c + d*x)])/(2%b) + (2*a~2+(a"2 + b™2)"3)/(a + bxTan[c + d*x])"3
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+ (6*xax(a - b)*(a + b)*(a"2 + b"2)"2)/(a + bxTan[c + d*x])"2 + (6x(a”2 + b
~2)%(3%a"4 - 8%a”~2%b"2 + b~4))/(a + bxTan[c + d*x])))/(6x(a~2 + b~2) " 5%d)

Maple [B] time = 0.12, size = 668, normalized size = 2.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c)~2/(at+b*tan(d*x+c))"4,x)

[Out] -1/2/d/(a"2+b~2) "5/ (1+tan(d*x+c) ~2)*tan(d*x+c)*a~6+5/2/d/(a"2+b"2) "5/ (1+tan
(d*x+c) ~2) *tan(d*x+c)*a”~4xb~2+5/2/d/(a"2+b"2) "5/ (1+tan (d*x+c) ~2) *tan (d*x+c)
*a"2xb~4-1/2/4/(a"2+b"2) "5/ (1+tan(d*x+c) ~2) *tan(d*x+c) *b"6-2/d/(a~2+b"2) "5/
(1+tan(d*x+c) ~2) *a~5*b+2/d/(a"2+b~2) °5/ (1+tan (d*x+c) ~2) *xa*xb~5-2/d/ (a"2+b"2)
“5*1ln(1+tan(d*x+c) ~2)*a~5xb+10/d/(a”2+b"2) "5*x1n(1+tan(d*x+c) ~2)*a~3%b~3-4/d
/(@a”2+b~2) “5x1ln(1+tan(d*x+c) ~2) *a*b~5-25/2/d/ (a”~2+b~2) “5*arctan (tan (d*x+c))
*a~4xb"2+35/2/d/(a"2+b"2) “5*arctan (tan(d*x+c) ) *a~2*xb~4-3/2/d/ (a”2+b~2) “5*ar
ctan(tan(d*x+c))*b"6+1/2/d/(a”"2+b~2) “5xarctan(tan(d*x+c))*a~6-1/3*a"2*xb/(a”
2+b~2)"2/d/ (a+b*tan(d*x+c)) ~3-3/d*b/(a"2+b"2) "4/ (a+b*tan(d*x+c) ) *a~4+8/dxb~
3/(a~2+b"2) "4/ (a+b*tan(d*x+c))*a~2-1/d*b"5/(a"2+b"2) "4/ (a+b*tan(d*x+c) )+4/d
*a~5*b/(a”~2+b~2) “5*1ln(atb*tan(d*x+c))-20/d*a"3*b~3/(a"2+b~2) “5*1n(a+b*tan(d
*x+c))+8/d*a*xb~5/(a"2+b~2) “5*x1n(a+tb*tan(d*x+c))-1/d*xb*a~3/(a~2+b~2) "3/ (at+bx*
tan(d*x+c)) "2+1/d*b"3*xa/(a"2+b"2) "3/ (a+b*tan (d*x+c)) "2

Maxima [B] time = 1.71198, size = 894, normalized size = 3.39

3 (a®-25 a1 +35 a?b*-3 b° ) (dx-+c) 24 (a5b-5a3b%+2 ab°) log(b tan(dx-+c)+a) 12(u5b—5u3b3+2ab5)log(tan(dx+1jz+1)
+ —_ —
a10+5a8p2+10 a4 +10 a4b6+5a2b8+b10 ~ 4104548b2+10 a®b%+10 a%b0+5 a2b8+b10 a10+5a8p2+10 a4 +10 a4b6+5a2b8+b10 ;1144 194246 47p

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~2/(atb*tan(d*x+c))”4,x, algorithm="maxima")

[Out] 1/6%(3*x(a”6 - 25*a~4xb~2 + 35*%a~2*b~4 - 3xb~6)*x(d*x + c)/(a"10 + 5xa~8%b~2
+ 10*%a"6*b~4 + 10*%a~4%b”"6 + 5*a~2*xb~8 + b~10) + 24*(a"5*b - 5*a~3*b~3 + 2xa
*b~5)*xlog(b*tan(d*x + c) + a)/(a”10 + 5xa”8%b~2 + 10*a~6xb~4 + 10*a~4*b~6 +
5%a”2*%b"8 + b~10) - 12*%(a”"b*b - 5%a”3*b~3 + 2*axb~5)*log(tan(d*x + c)~2 +
1)/(a”10 + 5%a”8%b"2 + 10*a"6*b~4 + 10%¥a~4%b~6 + 5%a”2%b~8 + b~10) - (38xa”
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6*%b - 56*a”4*b”3 + 2%a~2xb~5 + 3% (7*a"4*b”3 - 22*%a”"2*b"5 + 3%b~7)*tan(d*x +
c)”4 + 3%(17*a"5*b”"2 - 46*a~3*b"4 + axb~6)*tan(d*x + c)~3 + (35%xa"6%b - 44
*a"4%b"3 - 73*a”"2*b”"5 + 6*b"7)*tan(d*x + c)72 + 3*(a”7 + 20*%a~5%b"2 - 43*a”
3*b74 + 2*axb”"6)*tan(d*x + c))/(a”11 + 4*a~9*b”"2 + 6*xa~7+*b"4 + 4*a”5*xb”"6 +

a~3*%b"8 + (a"8*b”"3 + 4*a~6xb"5 + 6*a”4*b”7 + 4*a"2*xb"9 + b~ 11)*tan(d*x + c)
"5 + 3%(a”9*%b"2 + 4%a"7*b"4 + 6*xa”5*b"6 + 4*a~3*%b”"8 + ax*b~10)*tan(d*x + c)”
4 + (3*a~10*b + 13*a”~8%b~3 + 22*a”"6x%b”5 + 18*%a~4xb~7 + T*a"2*b"9 + b~11)*ta
n(d*x + ¢c)73 + (a”11 + 7*a”~9*b"2 + 18*a”7*b"4 + 22%a”5*xb"6 + 13*%a”"3*b~8 + 3
*axb~10) *tan(d*x + c)”2 + 3*x(a”10%b + 4*a”8*b"3 + 6*a"6*b"5 + 4*xa~4*b”7 + a
~2%b~9)*tan(d*x + c)))/d

Fricas [B] time = 3.00205, size = 1789, normalized size = 6.78

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~2/(atb*tan(d*x+c))~4,x, algorithm="fricas")

[Out] -1/6*%(3*(a"8*b + 4*xa~6%b~3 + 6*a”4*b”5 + 4*a~2*b”~7 + b~9)*cos(d*x + c)”5 +
(3%a”8xb + 111*a"6xb~3 - 231*a"4*xb~5 + 65*%a”2xb~7 - 12%b~"9 - 3*x(a~9 - 28*a”
7¥b~2 + 110*a~5%b~4 - 108*a~3*b~6 + 9*axb~8)*d*x)*cos(d*x + c)~3 - 3*x(25%a”
6*b~3 - 51%a~4xb”"5 + 25%xa”2*xb”7 - 3*%b”9 + 3*%(a”7*b"2 - 25*%a~5*%b"4 + 35*%a” 3%
b"6 - 3*a*xb”8)*d*x)*cos(d*x + c) - 12%((a"8*b - 8*a~6xb~3 + 17*a~4*xb”5 - 6%
a"2xb~7)*cos(d*x + c)”3 + 3*%(a"6%b"3 - 5*a”4*xb”5 + 2%a”2*b~7)*cos(d*x + c)
+ (a”b*%b"4 - 5*a~3%b"6 + 2*axb~8 + (3*%a"7*b"2 - 16%a”"5xb~4 + 11%a"3*xb"6 - 2
*xa*xb~8)*cos(d*xx + c)"2)*sin(d*x + c))*log(2*a*xb*xcos(d*x + c)*sin(d*x + c) +

(a”2 - b™2)*cos(d*x + ¢c)”2 + b"2) - (32%xa”5*xb"4 - 66*a"3*b"6 + 6xaxb”8 - 3
*(a”9 + 4*a”T7xb"2 + 6%a”5xb"4 + 4*a~3*b"6 + a*b~8)*cos(d*x + c)"4 + 3*x(a"6x*
b~3 - 25%xa~4*b"5 + 35%a”2*b”7 - 3*b~9)*kd*x + (45%a”T7*b"2 - 143%a"5*xb"4 + 21
9%a~3*%b"6 — 9*axb”8 + 3*x(3*%a”"8*b - 76%a~6%b"3 + 130%a"4*b"5 - 44xa~2*xb”7 +
3*b79) *d*x) *cos(d*x + ¢) 2)*sin(d*x + c))/((a"13 + 2*¥a~11%b"2 - 5*a~9*b"4 -
20%a"7*b”"6 - 25*xa~b*b~8 - 14%a~3*%b~10 - 3*axb~12)*d*cos(d*x + ¢)~3 + 3*(a”
11%b"2 + 5%a”~9*%b"4 + 10*a”7*b"6 + 10*a"5%b~8 + 5*a”3*b~10 + a*b~12)*d*cos(d
*x + c) + ((3*a”12*%b + 14*a~10%b~3 + 25%a”8*b~5 + 20*a~6*b~7 + 5xa~4%b~9 -
2%a”"2xb"11 - b~13)*d*cos(d*x + c)~2 + (a~10*b~3 + 5*xa~8*b~5 + 10*a"6*b~7 +
10*%a~4*b~9 + 5%a”2+%b~11 + b~13)*d)*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**2/(atb*tan(d*x+c))**4,x)

[Out] Timed out

Giac [B] time = 1.32387, size = 867, normalized size = 3.28

3 (a6—25 a*h?+35 a4 -3 b6)(dx+c) 12 (a5b—5 a’r3+2 ab5) log(tan(dx+c)2+l) 24 (a5b2—5 aBh4+2 ab6) log(|b tan(dx+c)+al) 3 (4 adbtan(dx+
1945 852410 aSbA+10 a%b6+5 a2b8+b10 21045 2862410 a6b4+10 ath6+5 4268 +10 a10b+5 a8b3+10 a6b5+10 a4b7 +5 a2b%+b11

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)~2/(atb*tan(d*x+c))”4,x, algorithm="giac")

[Out] 1/6*%(3*(a"6 — 25*xa~4%b~2 + 35*%a”2*b"4 - 3*b"6)*(d*x + c)/(a"10 + 5*a”~8*b~2
+ 10%a"6xb~4 + 10*%a"4*xb~6 + 5%xa~2*%b"8 + b~10) - 12x(a"5*b - 5%a~3*%b~3 + 2x*a
*b~5)*log(tan(d*x + c)72 + 1)/(a”10 + 5xa”8%b”2 + 10*%a”6%b~4 + 10*a~4*b~6 +
5%a”2*%b"8 + b~10) + 24*(a”"5*b"2 - b5*a~3%b”"4 + 2%axb”6)*log(abs(b*tan(d*x +
c) + a))/(a"10*b + 5*a”~8*b~3 + 10*a"6*b~5 + 10*a"4*b”7 + 5xa~2*xb~9 + b~11)
+ 3% (4*a”~bxbxtan(d*x + c)”2 - 20*a”"3*b"3*tan(d*x + c)~2 + 8*axb 5xtan(d*x
+ ¢c)72 - a“6xtan(d*x + c) + 5*%xa~4xb"2xtan(d*x + c) + 5*xa~2xb"4xtan(d*x + c)
- b"6*tan(d*x + c) - 20*%a~3%b~3 + 12*a*b”5)/((a"10 + 5*xa~8xb~2 + 10*a~6*b~
4 + 10*%a~4xb"6 + 5%a”2%b”8 + b~10)*(tan(d*x + c)72 + 1)) - 2*x(22*a~bxb~4xta
n(d*x + c)~3 - 110*a”3*b"6*xtan(d*x + c)~3 + 44*xaxb~8xtan(d*x + c)~3 + 75*a”
6%b"3xtan(d*x + c)~2 - 345%a"4*xb~5xtan(d*x + c)”2 + 111*a~2%b " 7xtan(d*x + ¢
)72 + 3*%b79xtan(d*x + c)”2 + 87*xa"7xb"2xtan(d*x + c) - 357*a"b5xb"4xtan(d*x
+ c) + 87*xa"3*b"6xtan(d*x + c) + 3*axb~8*tan(d*x + c) + 35%a”"8*b - 119%a~6x*
b~3 + 23*xa”4*b”5 + a”2*b”7)/((a”10 + 5*a”8xb"2 + 10*a~6xb"4 + 10*a~4*b”6 +
5%¥a”2xb~8 + b~ 10)*(b*tan(d*x + c) + a)~3))/d
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375 f csc?(c+dx)

(a+btan(c+dx))?

Optimal. Leaf size=116

B 3b ~ b _ b B 4blog(tan(c + dx)) N 4blog(a + btan
a*d(a + btan(c + dx)) a3d(a + btan(c + dx))?  3a2d(a + btan(c + dx))3 a>d a®d

[Out] -(Cot[c + dxx]/(a"4*d)) - (4xbxLog[Tan[c + d*x]])/(a"6xd) + (4*bxLogla + bx*
Tanl[c + d*x]])/(a"5*xd) - b/(3*a"2xd*(a + b*Tan[c + d*x])~3) - b/(a"3xdx(a +
bxTan[c + d*x])~2) - (3%b)/(a"4*d*x(a + bxTan[c + dx*x]))

Rubi [A] time = 0.0884231, antiderivative size = 116, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, e -

integrand size
0.095, Rules used = {3516, 44}

B 3b B b ~ b B 4blog(tan(c + dx)) N 4blog(a + btan
a*d(a + btan(c + dx)) a3d(a + btan(c + dx))?  3a2d(a + btan(c + dx))3 a>d a®d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]"2/(a + bxTan[c + d*x])~4,x]

[Out] -(Cotlc + d*x]/(a"4xd)) - (4*b*Logl[Tan[c + d*x]])/(a"6*d) + (4xbxLogla + bx
Tan[c + d*x]])/(a"b*xd) - b/(3*a"2*xd*(a + b*Tan[c + d*x])~3) - b/(a"3xd*(a +
b*Tan[c + d*x])~2) - (3%b)/(a"4xd*(a + bxTan[c + d*xx]))

Rule 3516

Int[sin[(e_.) + (£_)*(x_)]1 " (m )*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQl{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 44

Int[((a_) + (b_.)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*d, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rubi steps
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1
csc2(c + dx) b Subst (f prmer dx, x,btan(c + dx))
(a + btan(c + dx))* r= d
1 4 1 2 3 4
B b Subst (I(W ~ w5 et T Perr T A a5(a+x)) dx, x,btan(c + dx))
d
_cot(c+dx) 4blog(tan(c + dx)) N 4blog(a + btan(c + dx)) b

- a*d a>d a>d ~ 3a2d(a + btan(c + dx,

Mathematica [B] time = 2.06357, size = 259, normalized size = 2.23

a2b* tan(c+dx) 2u2b3(3a2+2b2)(u+b tan(c+dx)) + b2(23u2b2+18u4+9b4) tan(c+dx)(a cos(c+

sec3(c + dx)(a cos(c + dx) + bsin(c + dx)) e ] (@a12)
a’+ a+

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~2/(a + b*Tan[c + d*x])~4,x]

[Out] (Seclc + d*x]~3x(a*Cos[c + d*x] + b*Sin[c + d*x])*(-3*a*x(b + a*Cot[c + d*x]
)73%Sin[c + d*x]72 + (a"2*b"4xTan[c + d*x])/(a"2 + b72) + (b~2*(18*a"4 + 23
*a"2%b"2 + 9xb~4)x(axCos[c + d*x] + bxSin[c + d*x]) 2+Tan[c + d*x])/(a"2 +
b"2)72 - (2*%a”"2xb"3*(3*%a"2 + 2x¥b"2)*(a + b*Tan[c + d*x]))/(a"2 + b™2)"2 - 1
2xbxCos [c + dxx]~2*Log[Sin[c + d*x]]x*(a + bxTan[c + d*x])~3 + 12*bxCos[c +

d*x] ~2*Log[a*Cos[c + d*x] + b*Sin[c + d*x]]*(a + b*Tan[c + d*x])"3))/(3xa"5
xd*(a + bxTan[c + d*x])~4)

Maple [A] time = 0.131, size = 117, normalized size = 1.

1 bln (tan (dx + c)) b bln(a + btan (dx + ¢)) b
- —4 - +4 -3
da* tan (dx + ¢) asd 3a2d (a + btan (dx + ¢))° asd da* (a + btan (d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 2/ (at+b*tan(d*x+c))"4,x)

[Out] -1/d/a"4/tan(d*x+c)-4*xb*x1n(tan(d*x+c))/a~5/d-1/3*b/a"~2/d/ (a+bxtan(d*x+c))"3
+4xbx1n(a+bxtan(d*x+c))/a~5/d-3*%b/a"4/d/ (a+tbxtan(d*x+c))-b/a~3/d/(a+bxtan(d
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*x+C)) "2

Maxima [A] time = 1.14022, size = 189, normalized size = 1.63

1263 tan(dx+c)3+30 ab? tan(dx+c)2+22 a2b tan(dx+c)+3 a3 12 blog(b tan(dx+c)+a) + 12 blog(tan(dx+c))
a*b3 tan(dx+c)4+3 asb? tan(dx+c)3+3 abh tan(dx+c)2+a7 tan(dx+c) a> a>

3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2/ (atb*tan(d*x+c))”4,x, algorithm="maxima")

[Out] -1/3*((12*b~3*tan(d*x + c)~3 + 30*axb™2*xtan(d*x + c¢)~2 + 22*a”2*xb*tan(d*x +
c) + 3*a~3)/(a"4xb"3*tan(d*x + c)~4 + 3*a”5*xb " 2xtan(d*x + c)~3 + 3*a 6xbxt
an(d*x + c)72 + a"7xtan(d*x + c)) - 12*bxlog(bxtan(d*x + c) + a)/a"b + 12*b
xlog(tan(d*x + c))/a"b)/d

Fricas [B] time = 2.84577, size = 1901, normalized size = 16.39

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~2/(atb*tan(d*x+c))”4,x, algorithm="fricas")

[Out] -1/3*(13*a"6x%b"4 + 15*%a~4*b~6 + 6*a”2*xb~8 - (3*a”~10 + 18*a~8*b~2 - 49*a”~6%*b
~4 - 84%3"4xb"6 - 36*a”2*%b"8)*cos(d*x + c)"4 + (9*%a"8*%b"2 - 71*xa~6*b"4 - 10
2%a~4*b”6 - 42*a”2*xb"8)*cos(d*x + ¢c)72 + 6*%(a"6*b"4 + 3*a"4xb"6 + 3*a”~2*b”8
+ b710 - (3*a"8*b"2 + 8*a"6*%b"4 + 6*a”"4*b"6 - b~10)*cos(d*x + c)"4 + (3*xa”
8*b~2 + 7*a"6*xb"4 + 3*a~4*b"6 - 3*%a"2*b"8 - 2*xb~10)*cos(d*x + ¢c)”2 + ((a"9*
b - 6*%a”5%b”5 - 8*a”~3*b~7 - 3%ax*b”9)*cos(d*x + c)”3 + 3*%(a~7*b"3 + 3*a”~5*xb”
5 + 3*a”3*b~7 + a*b”9)*cos(d*x + c))x*sin(d*x + c))*log(2xa*b*cos(d*x + c)*s
in(d*x + ¢) + (a™2 - b™2)*cos(d*x + ¢c)”2 + b™2) - 6*%(a”6*%b"4 + 3*a~4*xb"6 +
3*a"2%b”"8 + b"10 - (3*a"8*%b"2 + 8*a"6*%b"4 + 6*%a”"4*b”6 - b~10)*cos(dxx + c)”
4 + (3*%a”8*%b"2 + T*a"6%b"4 + 3*a"4*b"6 — 3*xa"2*%b"8 - 2%b~10)*cos(d*x + c)~2
+ ((a”9*b - 6*a~5*xb"5 - 8*a~3*b”~7 - 3*a*b~9)*cos(d*x + c)”3 + 3*x(a~7*b"3 +
3*%a”5*b”~5 + 3%xa”3*b”7 + axb~9)*cos(d*x + c))*sin(d*x + c))*log(-1/4*cos(d*
X + ¢c)72 + 1/4) - ((9%a~9*b + 78*a”~7*b~3 + 69*a~5xb”5 + 4%a”~3%b”7 - 12%axb”
9 *cos(d*x + ¢)”3 - 3%(9*a~7*b"3 + 3*xa~5*xb”"5 - 6*a~3*%b”7 — 4*axb~9)*cos(d*x
+ c))*sin(d*x + ¢))/((3*a”13*b + 8*a~11*b~3 + 6*xa~9*b~5 - a~5*b~9)*d*cos(d
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*x + ¢c)74 - (3*a”13*%b + 7*xa~11%b~3 + 3*a”9*b”5 - 3*a~7*b~7 - 2*xa~5*b~9) *d*c
os(d*x + ¢c)72 - (a”11*b"3 + 3*a~9*b~5 + 3*a”7*b~7 + a~5*%b"9)*xd - ((a”14 - 6
*a~10%b"4 - 8*%a”"8*b"6 - 3*a~6%xb~8)*d*cos(d*x + c)”3 + 3*x(a~12%¥b"2 + 3*a~10%
b"4 + 3*a"8*b"6 + a~6%b”8)*d*cos(d*x + c))*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**2/(a+b*tan(d*x+c))**4,x)

[Out] Timed out

Giac [A] time = 1.2252, size = 174, normalized size = 1.5

12blog(btan(dx+c)+al)  12blog(tan(dx+c)) ~ 3(4btan(dx+c)-a)  22b* tan(dx+c)>+75 ab3 tan(dx+c)>+87 a2b? tan(dx+c)+35 a3b
ad a° a% tan(dx-+c) (b tan(dx+c)+a)3a5
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2/ (at+b*tan(d*x+c)) 4,x, algorithm="giac")

[Out] 1/3%(12*bxlog(abs(bxtan(d*x + c) + a))/a”5 - 12xbxlog(abs(tan(d*x + c)))/a”
5 + 3*x(4*b*xtan(d*x + c) - a)/(a"b*tan(d*x + c)) - (22*b~4xtan(d*x + c)~3 +
75*xa*xb™3*tan(d*x + c¢)~2 + 87+a"2*b"2*xtan(d*x + c) + 35*xa~3+*b)/((b*tan(d*x +

c) + a)~3%a”b))/d
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376 f csct(c+dx)

(a+b tan(c+dx))?

Optimal. Leaf size=205

b (3a% +100?) b(a? +2b%) b(a? +1?) (a2 +1002) cot(c +dx) ~ 4b (a® + 5b2)
" a%d(a + btan(c + dx))  abd(a+ btan(c + dx))2  3a*d(a + btan(c + dx))® a°d -

[Out] -(((a”2 + 10%b~2)*Cot[c + d*x])/(a"6*d)) + (2xb*Cotl[c + d*x]~2)/(a"5*d) - C
ot[c + dxx]"3/(3%¥a"4*xd) - (4xbx(a”2 + 5*b~2)*Log[Tan[c + d*x]])/(a~7xd) + (

4xb* (a2 + 5*b~2)*Logla + bxTan[c + d*x]])/(a"7xd) - (b*x(a"2 + b72))/(3*a"4
*d*(a + b*Tan[c + d*x])~3) - (b*x(a”2 + 2+%b"2))/(a"b*xd*x(a + bxTan[c + d*x])~

2) - (b*(3*a”2 + 10*xb~2))/(a"6*d*(a + b*Tan[c + d*x]))

Rubi [A] time = 0.173254, antiderivative size = 205, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 21, e -

0.095, Rules used = {3516, 894}

integrand size

b(3a% +100?) b(a? +20?) b(a? +b?) (a2 +10b%) cot(c +dx)  4b(a? + 50
afd(a+ btan(c +dx)) add(a + btan(c +dx))2  3a*d(a + btan(c + dx))® atd -

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]"4/(a + bxTan[c + d*x])~4,x]

[Out] -(((a"2 + 10*b~2)*Cot[c + d*x])/(a"6%d)) + (2*b*Cot[c + d*x]"2)/(a"6%d) - C
ot[c + d*x]~3/(3*a"4*xd) - (4*bx(a”2 + 5xb~2)*Log[Tanlc + d*x]])/(a”7*d) + (

4xb* (a2 + 5*b~2)*Logla + bxTan[c + d*x]])/(a"7xd) - (b*x(a"2 + b~2))/(3*a"4
*d*(a + b*Tan[c + d*x])~3) - (b*x(a”2 + 2*%b"2))/(a"b*xd*x(a + bxTan[c + d*x])~

2) - (bx(3*a”2 + 10*xb~2))/(a"6*d*(a + b*Tan[c + d*x]))

Rule 3516

Int[sinl(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 894

Int[((d_.) + (e_.)*(x_))"(m )*((f_.) + (g_.)*x(x_))"(n_)*((a_) + (c_.)*(x_)"
2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
~2)7p, x], x] /; FreeQl[{a, c, d, e, f, g}, x] && NeQlexf - d*xg, 0] && NeQlc
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xd"2 + a*e”2, 0] && IntegerQ[p] && ((EqQ[p, 1] && IntegersQ[m, n]) || (ILtQ
m, 0] && ILtQ[n, 0]))

Rubi steps

P2 +x?
cscd(c + dx) B b Subst (f et dx,x,btan(c + dx))

(a + btan(c + dx))* r= d
2 2 2 2 2 2
L N
- d
(u2 + 1Ob2) cot(c+dx) 2bcot?(c+dx) cot’(c+dx) 4b (a2 + 5b2) log(tan(c + d
- atd " a>d © 3a%d a’d

Mathematica [B] time = 2.03439, size = 528, normalized size = 2.58

sec*(c + dx)(a cos(c + dx) + bsin(c + dx)) (—192b (a2 + 5b2) log(sin(c + dx))(a cos(c + dx) + bsin(c + dx))® +192b (a

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~4/(a + b*Tan[c + d*x])~4,x]

[Out] (Secl[c + d*x]~4*(axCos[c + d*x] + b*Sin[c + d*x])*(-192%b*(a~2 + 5%b~2)*Log
[Sin[c + d*x]]*(a*xCos[c + d*x] + b*Sin[c + d*x])~3 + 192*bx(a”~2 + 5*b~2)*Lo
glaxCos[c + d*x] + b*Sin[c + d*x]]*(a*Cos[c + d*x] + bxSin[c + d*x])~3 - (C
sclc + d*x] 3*(8*%a”"8 - 4*a~6xb~2 - 50*a"4*b"4 - 190*a~2*b"6 - 150%b~8 + 3*(
3*a”8 + 10*a”"6*b~2 + 45%a~4xb~4 + 115%a”2*b”"6 + 75xb"8)*Cos[2*(c + d*x)] +
6x(2*xa”~6*%b~2 - 17*a"4%b~4 - 35*a”2%b"6 - 15*%b~8)*Cos[4*(c + d*x)] - a~8xCos
[6%(c + d*x)] - 22*a~6xb~2*Cos[6*(c + d*x)] + 17*a~4*xb~4*Cos[6*(c + d*x)] +
55%a~2xb~6*Cos [6*(c + d*x)] + 15*%b~8*Cos[6*(c + d*x)] - 3*a”~7*b*Sin[2*x(c +
d*x)] + 3*a~5xb~3*Sin[2*(c + d*x)] - 75*a~3*b~5xSin[2*(c + d*x)] - 75*axb”
7*Sin[2*(c + d*x)] - 6*a~7+b*xSin[4*(c + d*x)] + 84*a~5xb~3*Sin[4*(c + d*x)]
+ 156*%a”~3*b"5*xSin[4*(c + d*x)] + 60*a*xb~7*Sin[4*(c + d*x)] - 3*a”~7*b*Sin[6
*(c + d*x)] - 65%a”bxb~3*Sin[6*(c + d*x)] - 79*a”3*b"5*xSin[6*(c + d*x)] - 1
5xa*xb~7*Sin[6*x(c + d*x)]))/(a"2 + b~2)))/(48*a~7*d*(a + b*Tan[c + d*x]) 4)




410

Maple [A] time = 0.198, size = 278, normalized size = 1.4

_ 1 B 1 10 b? P b _4b1n(tan(dx+c)) 20 b3 In
3da* (tan (dx +¢))° da*tan(dx+c) — daftan(dx+c)  daS (tan (dx + o)) da®

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 4/ (a+bxtan(d*x+c))~4,x)

[Out] -1/3/d/a"4/tan(d*x+c)~3-1/d/a"4/tan(d*x+c)-10/d/a~6/tan(d*x+c)*b"2+2/d/a"5*
b/tan (d*x+c) "2-4*bx1n(tan(d*x+c))/a~5/d-20/d*b~3/a"7*1n(tan(d*x+c))-3*b/a"4

/d/ (a+b*tan(d*x+c))-10/d*b~3/a~6/ (a+b*tan(d*x+c))-1/3*b/a~2/d/ (a+b*tan (d*x+
c))~3-1/3/d*b"3/a"4/(a+bxtan(d*x+c)) ~3-b/a"~3/d/ (a+b*tan(d*x+c)) ~2-2/d*b"3/a

~5/ (a+b*tan(d*x+c)) ~“2+4*xbx1n (a+b*tan(d*x+c))/a~5/d+20/d*b~3/a~7*1n (a+b*tan(
d*xx+c))

Maxima [A] time = 1.12349, size = 308, normalized size = 1.5

3 a%b tan(dx+c)-12 (u2b3+5 b5) tan(dx+c)5—a5—30 (a3b2+5 ub4) tan(dx+c)4—22 (a4b+5 a2b3) tan(dx+c)3—3 (u5+5 a3b2) tan(dx+c)2 12 (a2b+5 b3) log(b ta
+
7
a

613 tan(dx+c)°+3 a7 tan(dx+c)® +3 a8b tan(dx+c)*+a9 tan(dx+c)®

3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~4/(atb*tan(d*x+c))”4,x, algorithm="maxima"

[Out] 1/3*((3*a~4*bxtan(d*x + c) - 12*(a"2*b"3 + 5*b~5)*tan(d*x + ¢c)”5 - a”5 - 30
*(a”3*%b"2 + Bkxaxb~4)*tan(dx*x + c)~4 - 22*%(a"4*b + 5*xa~2*xb~3)*tan(d*x + c)”3

- 3*%(a”5 + 5*a”3*b"2)xtan(d*x + c¢)~2)/(a"6*b"3*tan(d*x + c)~6 + 3*xa~T7*b”2*
tan(d*x + c)75 + 3*a"8xb*xtan(d*x + c)”4 + a”9*xtan(d*x + ¢)”3) + 12x(a"2*b +
5%b~3) *log(b*tan(d*x + c) + a)/a”7 - 12%(a"2*b + 5xb~3)*log(tan(d*x + c))/
a~7)/d

Fricas [B] time = 3.25469, size = 2732, normalized size = 13.33

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~4/(atb*tan(d*x+c))”4,x, algorithm="fricas")
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[Out] 1/3*(19*%a”6*b~4 + 51%a~4%b~6 + 30*a”2*b~8 + 2x(a~10 + 23*%a"8*b~2 - 22*a”6*b
4 - 138*a"4*b”6 - 90*a"2*b"8)*cos(d*x + c)”6 - 3*(a"10 + 25%xa"8%b"2 - 46*a
“6%b~4 - 206*a”4*b"6 - 130*%a"2*¥b"8)*cos(d*x + c)”4 + 3*x(9*a~8xb"2 - 38*a"6*
b~4 - 131*a~4%b"6 - 80*a"2*b"8)*cos(d*x + ¢)~2 + 6*x(a"6*%b"4 + 7*a"4*xb"6 + 1
1%a~2%b~8 + 5%xb~10 + (3*%a”~8*b~2 + 20*a"~6xb~4 + 26%a"4*xb~6 + 4*xa~2*xb"8 - 5x*b
“10)*cos(d*x + c)76 - 3*(2%¥a”~8*b~2 + 13%a"6*b~4 + 15%a"4*b"6 - a~2%b~8 - 5%
b~10)*cos(d*x + c)~4 + 3*(a"8*b”2 + 6*a~6xb~4 + 4*xa~4%b”6 - 6*a”"2*b"8 - 5xb
“10)*cos(d*x + ¢c)”2 - ((a”9%b + 4*a~7*b~3 - 10*a”~5*xb~5 - 28*a~3%b~7 - 15*ax
b~9)*cos(d*x + c)”5 - (a”9*%b + a”~7*b~3 - 31*%a"5%xb~5 - 61%a”3*xb~7 - 30*axb”9
Yxcos(d*x + ¢)73 - 3*(a”"7*b"3 + T*xa~5*%b~5 + 11%a”3*b”7 + b*axb~9)*cos(d*x +
c))*sin(d*x + c))*log(2*xa*xb*xcos(d*x + c)*sin(d*x + c) + (a2 - b~2)*cos(dx
X+ ¢c)72 + Db72) - 6%(a”6*%b”4 + 7T*a"4*b"6 + 11xa"2%b~8 + 5%b~10 + (3*a~8*b”2
+ 20*%a”6*b"4 + 26*a"4*b"6 + 4*a”2%b”8 - 5*b"10)*cos(d*x + c)76 - 3*(2*a”8*
b~2 + 13*a”6*b"4 + 15%a~4*b"6 - a"2xb"8 — 5xb~10)*cos(d*x + c)~4 + 3x(a”8*b
"2 + 6*%a”6*%b"4 + 4*xa”~4*xb"6 - 6%a”2%b"8 - 5xb"10)*cos(d*x + ¢)”2 - ((a”9*b +
4*xa"7*b"3 - 10*a~5*%b~5 - 28%a”3*b”7 - 1b5*a*b~9)*cos(d*x + c)”5 - (a"9*b +
a~7*b"3 - 31%a"5*b”"5 - 61*xa~3*b”7 - 30*a*b”9)*cos(d*x + ¢c)”3 - 3*(a"7*b"3 +
7*a~B*b~5 + 11%a~3%b~7 + b*axb~9)*cos(d*x + c))*sin(d*x + c))*log(-1/4*cos
(d*x + ¢)72 + 1/4) + (2x(3*a”9*b + 77*a"7+*b~3 + 142*a”5*xb~5 + 34*a~3*b~7 -
30*a*xb~9)*cos(d*x + ¢)~5 - (3*a”9*b + 193*a”7*b~3 + 350*a~5%b~5 + 26*a”~3*b~
7 - 120*a*b”"9)*cos(d*x + c)~3 + 3*(15%a”~7*b"3 + 23*a~5*%b"5 - 14*a”3*b"7 - 2
Oxa*xb~9)*cos(d*x + c))*sin(d*x + c))/((3*a”13*b + 5*%a~11%b"3 + a~9*b"5 - a~
T*b~7)*d*cos(d*x + ¢)76 - 3*%(2*a”13*b + 3*a~11*b~3 - a~7*b~7)*d*cos(d*x + c
)74 + 3%(a”13%b + a~11%b”"3 - a"9*%b"5 - a~T7*b"7)*d*cos(d*x + c)”2 + (a"11%b”
3 + 2%a”"9%b"5 + a~7xb"7)*xd - ((a”14 - a"12*%b"2 - 5*xa"10*b~4 - 3%a”8*b”6) kdx*
cos(d*xx + ¢c)7b - (a”14 - 4*xa~12*xb"2 - 11xa”10*b~4 - 6*xa~8*b~6)*d*xcos (d*x +
c)”3 - 3*%(a”12%b"2 + 2*¥a”~10%b"4 + a~8*b"6)*d*cos(d*x + c))*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**4/(atb*tan(d*x+c))**4,x)

[Out] Timed out
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Giac [A] time = 1.33433, size = 300, normalized size = 1.46

12 (ﬂ2b+5 ba) log(ltan(dx+c)) 12 (ﬂzb2+5 b4) log(Ib tan(dx+c)+al) + 12 223 tan(dx+c)° +60 b° tan(dx+c)°+30 a3b? tan(dx+c)*+150 ab tan(dx-+c)t+2:
7 - 7
a a’b (b tan(d

- 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~4/(atb*tan(d*x+c))”4,x, algorithm="giac")

[Out] -1/3*(12x(a”2*b + 5*b~3)*log(abs(tan(d*x + c)))/a”7 - 12x(a”2%b"2 + 5*b~4)*
log(abs(b*tan(d*x + c) + a))/(a~7*b) + (12*a~2*b~3*tan(d*x + c)~5 + 60*b~5x
tan(d*x + c)”5 + 30*a~3xb"2xtan(d*x + c)~4 + 150*a*b”4xtan(d*x + c)~4 + 22x%
a~4xbxtan(d*x + c)”3 + 110*a"2*b"3*tan(d*x + c)~3 + 3*a~bxtan(d*x + c)~2 +
15%a”~3*b"2*%tan(d*x + c)~2 - 3xa"4xbxtan(d*x + c) + a”5)/((b*tan(d*x + c)~2

+ axtan(d*x + c))~3*a~6))/d
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377 f csc®(c+dx)

(a+btan(c+dx))?

Optimal. Leaf size=300

212 4 4 2 12\ (2 2 2, 12\ 2 2\ 3 2
b(20a20% + 3a* +21b%)  b(a? + b?) (a® + 3b) b(a? +b?) 2 (a? + 5b%) cot (c+dx)+2b(2a

 8d(a+btan(c +dx))  a’d(a+btan(c +dx))2  3abd(a + btan(c + dx))® 3atd

[Out] -(((a”4 + 20*%a"2*b"2 + 35%b~4)*Cot[c + d*x])/(a"8*d)) + (2xb*x(2*a”2 + 5%b~2
Y*¥Cot[c + d*x]~2)/(a~7*d) - (2x(a”2 + 5*xb"2)*Cot[c + d*x]~3)/(3*a"6*d) + (b
*Cot[c + d*x]~4)/(a"b*d) - Cotl[c + d*x]~5/(5xa"4*xd) - (4*xbx(a~4 + 10*a~2*b~

2 + 14*%b~4)*Log[Tan[c + d*x]])/(a"9*%d) + (4*b*x(a™4 + 10*%a"2xb~2 + 14xb~4)*L

ogla + bxTan[c + d*x]]1)/(a”9*d) - (bx(a”2 + b~2)72)/(3*a"6*d*(a + b*Tan[c +
d*x])7"3) - (b*x(a”2 + b™2)*(a"2 + 3*b~2))/(a"7*d*(a + bxTan[c + dxx])~2) -
(b*x(3*a~4 + 20*a"2*b~2 + 21*b~4))/(a"8+d*(a + b*Tan[c + d*xx]))

Rubi [A] time = 0.271243, antiderivative size = 300, normalized size of antiderivative
1., number of steps used = 3, number of rules used = 2, integrand size = 21, number of rules_

integrand size
0.095, Rules used = {3516, 894}

b(20a26% + 3a* +21b%)  b(a? + b?) (a® + 3b) b(a? + b2)2 2(a? +5b%) cot(c + dx)  2b (242
+

" a®d(a+btan(c +dx))  a’d(a+ btan(c +dx))2  3ad(a + btan(c + dx))® 3atd

Antiderivative was successfully verified.

[In] Int[Csclc + d*x]~6/(a + bxTan[c + d*x])~4,x]

[Out] -(((a”™4 + 20*a~2xb~2 + 35%b~4)*Cot[c + d*x])/(a"8xd)) + (2*b*(2*a”2 + 5*xb~2
Y*Cot[c + d*x]"2)/(a"7*xd) - (2*x(a"2 + 5%b~2)*Cot[c + d*x]~3)/(3*a"6*d) + (b
*Cot[c + d*x]~4)/(a"b*d) - Cotl[c + d*x]"5/(5xa"4*xd) - (4*xbx(a~4 + 10*a~2*b”

2 + 14xb~4)*Log[Tan[c + d*x]])/(a”9%d) + (4xbx(a”4 + 10*a"2xb~2 + 14%b~4)x*L

ogla + b*Tan[c + d*x]])/(a”9*d) - (b*x(a”2 + b~2)72)/(3*a~6*d*(a + b*Tan[c +
d*x])"3) - (bx(a”2 + b™2)*(a"2 + 3*b"2))/(a"7*d*x(a + b*Tan[c + d*x])~2) -
(b*x(3*a~4 + 20*a"2*b”2 + 21*b~4))/(a"8+d*(a + b*Tan[c + d*x]))

Rule 3516

Int[sinl(e_.) + (£_)*(x_)]1 " (m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]
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Rule 894

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*x(x_)) " (m_)*x((a_) + (c_.)*(x_)"
2)~(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*(f + g*x) nx(a + c*x
“2)7p, x1, x] /; FreeQl{a, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && NeQl[c
*d~2 + a*e”2, 0] && IntegerQlp] && ((EqQlp, 1] && IntegersQ[m, n]) || (ILtQ
[m, 0] && ILtQ[n, 0]))

Rubi steps
b Subst f(bz”z)z dx, x, btan(c +d
escb(c + ) ubs Bt % an(c + dx)
a + btan(c + dx))* r= d
(
b apt 20%(aP+50%)  4(2020245b%) 440042243504 4(at+102%02+140%) (a2t
bSubst (f [% s + abx% a a’x3 + a8x2 B ax + ab(a+
d
(u4 +20a%b? + 35b4) cot(c +dx) 2b (2a2 + 5b2) cot?(c +dx) 2 (u2 + 5b2) cot>(c +d
= — + —
add a’d 3atd

Mathematica [B] time = 1.63369, size = 673, normalized size = 2.24

sec*(c + dx)(a cos(c + dx) + bsin(c + dx)) (—768017 (1Oa2b2 +a*+ 14b4) log(sin(c + dx))(a cos(c + dx) + bsin(c + dx))

Antiderivative was successfully verified.

[In] Integrate[Csc[c + d*x]~6/(a + b*Tan[c + d*x])~4,x]

[Out] (Seclc + d*x] 4*x(axCos[c + d*x] + b*Sinl[c + d*x])*(-7680*b*(a"4 + 10*a~2*b"~
2 + 14%b~4)*Log[Sin[c + d*x]]x(axCos[c + d*x] + b*Sin[c + d*x])~3 + 7680*bx
(a™4 + 10%a™2%b"2 + 14*b~4)*LoglaxCos[c + d*x] + b*Sin[c + d*x]]*(a*Cos[c +
d*x] + b*Sin[c + d*x])~3 + Csclc + d*x] 5*x(-200*xa~8 + 380*a~6*b~2 + 3070x*a
“4xb~4 + 11375%a"2*%b"6 + 11025%b~8 - 4x(52*a~8 + 194*a”6xb~2 + 1510*a”4xb"4
+ 5705%a"2%b"6 + 4410*%b~8)*Cos[2*(c + d*xx)] + 4*x(4*%a”™8 - 16*a~6*%b”"2 + 1010
*a~4*b"4 + 4585*%a”"2*xb"6 + 2205%b~8)*Cos[4*(c + d*x)] + 16*a~8*Cos[6*(c + d*
x)] + 776*xa~6xb"2*Cos[6*%(c + d*x)] - 1000*a~4*b~4*Cos[6*(c + d*x)] - 8540*a
~2xb~6*Cos[6*(c + d*x)] - 2520%b~8*Cos[6*(c + d*x)] - 8*a~8*Cos[8*(c + d*x)
] - 316*a”"6*%b"2*Cos[8*(c + d*x)] - 70xa"4xb~4*Cos[8*(c + d*x)] + 1645*%a~2*b
“6xCos [8%(c + d*x)] + 315%b"8*Cos[8*(c + d*xx)] + 264*a”7*xb*xSin[2*(c + d*x)]
+ 372*%a”"5xb~3*Sin[2*(c + d*x)] + 4830*%a”~3*b~5xSin[2*(c + d*x)] + 1470*a*xb”
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7*Sin[2*(c + d*x)] + 144%a~7+b*Sin[4*(c + d*x)] - 2476%a~5+%b~3*Sin[4*x(c + d
*x)] - 9730*%a”3*b"5*Sin[4*x(c + d*x)] - 1470*a*xb”7*Sin[4*(c + d*x)] - 24*a”7
*b*x3in[6*(c + d*x)] + 2756*a~5xb~3*3in[6*(c + d*x)] + 7670*a~3*b~5+3in[6*(c
+ d*x)] + 630*axb~7*Sin[6*(c + d*x)] - 24*a”~7xbxSin[8*(c + d*x)] - 922*a”5
*b~3*%3in[8*(c + d*x)] - 2095*a~3*b~5+3in[8*(c + d*x)] - 105*a*xb~7xSin[8*(c

+ d*x)])))/(1920*a"9*d*(a + b*Tan[c + d*x])~4)

Maple [A] time = 0.165, size = 476, normalized size = 1.6

1 2 10 b2 1 20 b2 35
5da* (tan (dx + ¢))°  3da* (tan (dx +¢))°  3dab (tan (dx + ¢))°  da*tan (dx + c) da® tan (dx + c) da’

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)~6/(atbxtan(d*x+c)) ~4,x)

[Out] -1/5/d/a"4/tan(d*x+c)~5-2/3/d/a"4/tan(d*x+c)~3-10/3/d/a"6/tan(d*x+c) ~3*b~2-
1/d/a"4/tan(d*x+c)-20/d/a"6/tan(d*x+c)*b~2-35/d/a"8/tan(d*x+c)*b~4+1/d/a~5*
b/tan(d*x+c) “4+4/d/a"5%b/tan(d*x+c) ~2+10/d*b~3/a~7/tan(d*x+c) ~2-4*b*1n (tan(
d*x+c))/a"5/d-40/d*b~3/a"7*1n(tan(d*x+c))-56/d*b~5/a~9*1n(tan(d*x+c))-3*b/a

~4/d/ (a+b*tan(d*x+c))-20/d*b~3/a~6/ (a+b*tan(d*x+c))-21/d*b~5/a~8/ (a+b*tan(d
*x+c))-1/3*b/a"2/d/ (a+b*tan(d*x+c)) ~3-2/3/d*b~3/a"4/ (a+bxtan(d*x+c)) ~3-1/3/
d*b~5/a"6/ (a+bxtan(d*x+c)) ~3-b/a"~3/d/(a+b*tan(d*x+c)) ~2-4/d*b"3/a"5/ (a+b*ta
n(d*xx+c))~2-3/d*b~5/a"7/ (a+b*tan(d*x+c) ) “2+4xbx1n (a+b*tan(d*x+c))/a~5/d+40/
d*b~3/a”7*1n(atbxtan(d*x+c))+56/d*b~5/a~9*1n (a+b*tan (d*x+c))

Maxima [A] time = 1.23988, size = 439, normalized size = 1.46

6 a8b tan(dx+c)-60 (a4h3+10 a2b°+14 b7) tan(dx+c)7—3 a’-150 (a5b2+10 a3bt+14 abé) tan(dx+c)6—110 (a6b+10 a*b3+14 a2b5) tan(dx+c)5—15 (a7+10 b2

883 tan(dx+c)®+3 a982 tan(dx+c)’ +3 al0b tan(dx+c)®+all tan(dx+c)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~6/(atb*tan(d*x+c)) 4,x, algorithm="maxima")

[Out] 1/15%((6*a”6xbxtan(d*x + c) - 60*%(a"4*b”~3 + 10*a~2*b~5 + 14*b~7)*tan(d*x +
)77 - 3*%a”7 - 150%(a”5*b”"2 + 10*a~3*%b~4 + 14*ax*b”6)*tan(d*x + c)”6 - 110%*(
a~6xb + 10*a~4*b~3 + 14*xa~2xb~5)*tan(d*x + c)”5 - 15%x(a~7 + 10*a"5*b"2 + 14
*a~3%b"4)*tan(d*x + c)"4 + 6x(5*xa”6%b + T*a"4*b”~3)*tan(d*x + ¢)~3 - 2*(5*a”
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7 + Txa"b*xb~2)*tan(d*x + ¢)~2)/(a"8*b"3xtan(d*x + c)~8 + 3*a~9xb~2*tan(d*x
+ ¢c)77 + 3*a~10*bxtan(d*x + c)”6 + a"1llxtan(d*x + c)~5) + 60*x(a"4*b + 10*a”
2¥b~3 + 14xb~5)*log(b*tan(d*x + c) + a)/a”9 - 60*(a"4*xb + 10*%a~2*b~3 + 14x*b
“5)xlog(tan(d*x + c))/a~9)/d

Fricas [B] time = 4.43096, size = 3507, normalized size = 11.69

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~6/(atb*tan(d*x+c))~4,x, algorithm="fricas")

[Out] -1/15%(110*a~6*%b~"4 + 510*a~4*b~6 + 420*%a"2*b"8 - 4*x(2*¥a”~10 + 81*%a~8*b"2 + 2
9%a”~6xb"4 — 660*a"4*b"6 — 630*a"2*%b"8)*cos(d*x + c)~8 + 2x(10*%a~10 + 423%a”
8*b~2 - 47xa"6*b~4 - 4320%a"4*xb"6 - 3990*a~2*b"8)*cos(d*x + c)~6 - 15x(a”10
+ 47*%a”"8*b"2 - 44%a~6*%b"4 - 658*a”4*b"6 — 588*a~2*%b"8)*cos(d*x + c)"4 + 20
*(9*%a~8%b”2 - 28*%a"6*%b”"4 - 219*a~4*b"6 - 189*a~2*b"8)*cos(d*x + c)”2 + 30%*(
a~6xb~4 + 11xa~4*xb"6 + 24*xa~2*b"8 + 14*xb~10 - (3*a~8*%b~2 + 32*%a”"6xb"4 + 61%
a~4*xb~6 + 18%a"2*b~8 - 14xb~10)*cos(d*x + c)~8 + (9*%a~8*b~2 + 95*xa~6*b"4 +
172*a~4*b~6 + 30*a"2%b"8 - 56*%b"10)*cos(d*x + c)~6 - 3*(3*a"8*b"2 + 31*xa~6%
b"4 + 50*a~4*%b"6 - 6*a”2*%b”"8 - 28*b"10)*cos(d*x + c)"4 + (3*a"8*b"2 + 29%a”
6*%b~4 + 28*a~4%b”"6 - 54*a~2%b"8 - 56*b~10)*cos(d*x + c)”2 + ((a”9%b + 8*xa”7
*b~3 - 9*a”5*b”5 - 58*a~3*b~7 - 42%axb”9)*cos(d*x + c)77 - (2*%a"9%b + 13*a”
7*b"3 - 51*a”5*b~5 - 188%a~3*b~7 - 126*a*xb”9)*cos(d*x + c)”5 + (a"9*b + 2x*a
“7T*b~3 - 75%xa”5*xb~5 - 202%a"3*b~7 - 126%a*b”9)*cos(d*x + c)~3 + 3*%(a”"7*b"3
+ 11*%a”6xb~5 + 24%a”3*%b”7 + 14*xaxb~9)*cos(d*x + c))*sin(d*x + c))*log(2xax*b
*cos(d*x + c)*sin(d*x + c) + (2”2 - b™2)*cos(d*x + c)”2 + b™2) - 30*x(a”~6*b~
4 + 11*%a”~4%b"6 + 24*a”~2%b”8 + 14*b~10 - (3*%a”8*b"2 + 32%¥a”6*xb~4 + 61xa”4x*xb”
6 + 18*%a”2*b~8 - 14%b~10)*cos(d*x + c)~8 + (9%a~8*b~2 + 95*xa~6*b~4 + 172%a”
4*b~6 + 30*a"2%b"8 - 56*b~10)*cos(d*x + c)76 - 3*%(3*a”"8*b"2 + 31*a"6xb~4 +
50%a"4%b"6 - 6*a"2*xb"8 — 28*b~10)*cos(d*x + c)”4 + (3*a"8*b"2 + 29*a~6%b"4
+ 28%a"4*b"6 - 54%a"2*b"8 - 56%b~10)*cos(d*x + c)”2 + ((a”9*b + 8*a”~7*b"3 -
9%a~b*b”"5 - 58*%a~3*b”~7 - 42%axb”9)*cos(d*x + c)77 - (2*¥a”9%b + 13*a”~7*b”3
- 51%a”b*b”5 - 188*%a”~3*b~7 - 126*a*b”9)*cos(d*x + c)75 + (a”9%b + 2*a”7*b"3
— 75%a"5*xb~5 - 202%a"3*b~7 - 126%a*b”9)*cos(d*x + c)~3 + 3*%(a”"7*b"3 + 11xa
“5*b”5 + 24*%a~3*b”7 + 14*axb”9)*cos(d*x + c))*sin(d*x + c))*log(-1/4*cos(dx*
X +c)"2 + 1/4) - 2+%(2%(6*%a”9*b + 259*%a”~7*b"3 + 783*a~5%b"5 + 340*a”~3*b"7 -
210*a*xb”~9) *cos(d*x + ¢)~7 - (15%a”~9%b + 1141*a"7*b~3 + 3546*a”5*xb~5 + 1270
*a"3%b”7 - 1260*a*b”9)*cos(d*x + c)~5 + 5x(151*a”~7*b~3 + 483*a~5%b~5 + 100%
a"3*b~7 - 252%axb”9)*cos(d*¥x + c)”3 - 15%(9*%a~7*b"3 + 29*a~5xb"5 - 6*%a”~3%b”
7 - 28*axb”9)*cos(d*x + c))*sin(d*x + c))/((3*a~13%b + 2*a~11*%b"3 - a~9*b”5
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Yxdxcos(d*x + ¢c)78 - (9*%a”13*b + 5xa~11%b~3 - 4*a~9*b~5)*d*cos(d*x + ¢c)76 +

3*%(3*a”13*b + a~11*b~3 - 2*a~9*b~5)*d*cos(d*x + c)~4 - (3*a~13%b - a~11%b~
3 — 4%a”9*b~5)*d*xcos(d*x + c)”2 - (a"11*%b"3 + a"9*b"5)*d - ((a"14 - 2*xa~12x*
b~2 - 3*a~10*b"4)*d*xcos(d*x + c)”7 - (2*a~14 - 7*a~12*b~2 - 9*a~10*b~4)*dx*c
os(d*x + ¢c)75 + (a”14 - 8*xa~12*b~2 - 9*a~10*b~4)*d*cos(d*x + c)~3 + 3*x(a~12
*b"2 + a~10*b~4)*d*cos(d*x + c))*sin(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**6/(atb*tan(d*x+c))**4,x)

[Out] Timed out

Giac [A] time = 1.36148, size = 578, normalized size = 1.93

60 (114b+10 a2b3+14 b5) log(tan(dx+c)|) 60 (a4b2+10 a2b*+14 b6) log(|b tan(dx+c)+al) 5 (22 a*pt tan(dx+c)3+220 a2p® tan(dx+c)3+308 b8 tan(dx+
- +
a® ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 6/ (atb*tan(d*x+c))”4,x, algorithm="giac")

[Out] -1/15%(60*(a"4*b + 10%*a~2*b~3 + 14xb~5)*log(abs(tan(d*x + c)))/a"9 - 60*(a”
4xb~2 + 10*a”2%b"4 + 14xb~6)*log(abs(b*tan(d*x + c) + a))/(a”9%b) + 5*x(22*a
“4xb~4*tan(d*x + c)”3 + 220*xa"2*b"6*tan(d*x + c)”~3 + 308*b~8*tan(d*x + c)”3
+ 75%a”5*xb~3xtan(d*x + c)~2 + 720*a”3*b"5xtan(d*x + c)”2 + 987*axb”7*xtan(d
*¥X + ¢)72 + 87*a”"6xb " 2xtan(d*x + c) + 792*a"4xb"4xtan(d*x + c) + 1059*%a~2x*b
“6xtan(d*x + c) + 35%a”7*xb + 294%a”~5%b”3 + 381*a”3*b~5)/((b*tan(d*x + c) +
a)”~3*xa~9) - (137*a~4xb*tan(d*x + c)”5 + 1370*a"2*b~3xtan(d*x + c)~5 + 1918%
b~5*xtan(d*x + ¢)~5 - 15*a"b*tan(d*x + c)~4 - 300%a~3*b~2*tan(d*x + ¢c)”4 - 5
25*xaxb~4*tan(d*x + c)~4 + 60*a~4*b¥tan(d*x + c)”3 + 150*a~2xb~3*tan(d*x + c
)73 - 10*a"5*xtan(d*x + c)”2 - 50*a~3*b"2xtan(d*x + c)~2 + 1b5xa"4xbxtan(d*x
+ ¢c) - 3xa~b5)/(a"9*tan(d*x + c)~5))/d
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378 [ 29 gy

1+tan(x)

Optimal. Leaf size=26

—1 { cos(x)-sin(x)
tanh (—\/E )

V2

[Out] -ArcTanh[Cos[x]] + ArcTanh[(Cos[x] - Sin[x])/Sqrt[2]]/Sqrt[2]

- tanh_l(cos(x))

Rubi [A] time = 0.0744782, antiderivative size = 26, normalized size of antiderivative =
number of rules

1., number of steps used = 6, number of rules used = 5, integrand size = 9,
0.556, Rules used = {3518, 3110, 3770, 3074, 206}
—1 { cos(x)—sin(x)
tanh (—\/E )
V2

Antiderivative was successfully verified.

integrand size

- tanh_l(cos(x))

[In] Int[Csc[x]/(1 + Tan[x]),x]
[Out] -ArcTanh[Cos[x]] + ArcTanh[(Cos[x] - Sin([x])/Sqrt[2]]/Sqrt[2]

Rule 3518

Int[sinl(e_.) + (£_)*(x_)]1"(m_.)*((a_) + (b_.)*tan[(e_.) + ({_.)*(x_)]1)"(n
_.), x_Symbol] :> Int[(Sin[e + f*x] m*(axCos[e + f*x] + b*Sin[e + f*x])"n)/
Cosle + f*x]°n, x] /; FreeQ[{a, b, e, f}, x] && IntegerQ[(m - 1)/2] && ILtQ
[n, 0] && ((LtQ[m, 5] && GtQ[n, -41) || (EqQ[m, 5] && EqQ[n, -11))

Rule 3110

Int[(cos[(c_.) + (d_)*(x )] (m_.)*sin[(c_.) + (d_.)*(x_ )] (n_.))/(cos[(c_.
) + (d_D)*x(x_)I*x(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Int[Ex
pandTrig[(cos[c + d*x] m*sin[c + d*x]"n)/(a*xcos[c + d*x] + bxsin[c + d*x]),
x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && IntegersQ[m, n]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]
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Rule 3074

Int[(cos[(c_.) + (d_.)*(x_)I*(a_.) + (b_.)*sin[(c_.) + (d_)*x)D1)"(-1), x
_Symbol] :> -Dist[d~(-1), Subst[Int[1/(a"2 + b"2 - x72), x], x, b*Cos[c + d
*xx] - a*Sin[c + d*x]], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

Rubi steps

csc(x) cot(x)
= [

1 + tan(x) *= cos(x) + sin(x)

1
- f(csc(x) T oSt — sin(x)) .

1
= chC(X) dx + f — cos(x) — sin(x) dx

=— tanh_l(cos(x)) — Subst (f 5 L

Y

—1 [ —cos(x)+sin(x)
tanh ( 7 )

V2

dx, x, — cos(x) + sin(x))

=— tanh_l(cos(x)) -

Mathematica [C] time = 0.0413579, size = 41, normalized size = 1.58

log (sin (;—C)) ~log (cos (;—C)) + (1 + ) (-1)¥* tanh ™ [
Antiderivative was successfully verified.
[In] Integratel[Csc[x]/(1 + Tan[x]),x]

[Out] (1 + I)*(-1)~(3/4)*ArcTanh[(-1 + Tan[x/2])/Sqrt[2]] - Logl[Cos[x/2]] + LoglS
in[x/2]]
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Maple [A] time = 0.025, size = 26, normalized size = 1.

~V2Artanh [% (2 tan (x/2) - 2)) +1n (tan (32_6))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)/(1+tan(x)),x)

[Out] -27(1/2)*arctanh(1/4*(2xtan(1/2*x)-2)*2~(1/2))+1n(tan(1/2*x))

Maxima [B] time = 1.85027, size = 68, normalized size = 2.62

5 sin(x) 41 ( )

1 T cos(x)+1 sin (x

2 \/Elog [_ V2 + sin® 4 +log cos (x) +1
cos(x)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(1l+tan(x)),x, algorithm="maxima")

[Out] 1/2*sqrt(2)*log(-(sqrt(2) - sin(x)/(cos(x) + 1) + 1)/(sqrt(2) + sin(x)/(cos
(x) + 1) - 1)) + log(sin(x)/(cos(x) + 1))

Fricas [B] time = 2.35363, size = 203, normalized size = 7.81

(\/E + cos (x)) sin (x) - 2 \/zcos (x) - 3) 1 1 1 1 1 1
( ) + = log (—— cos (x) + —)

__1 _ + —
2 cos () sin (x) + 1 5 108(5 cos@+3]+3 2 2

1 2
~\2 log

4
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(x)/(1+tan(x)),x, algorithm="fricas")

[Out] 1/4*sqrt(2)*log((2x(sqrt(2) + cos(x))*sin(x) - 2*sqrt(2)*cos(x) - 3)/(2*cos
(x)*sin(x) + 1)) - 1/2xlog(1/2*cos(x) + 1/2) + 1/2*%log(-1/2*xcos(x) + 1/2)
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Sympy [F] time = 0., size = 0, normalized size = 0.

csc (x)
tan (x) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(1+tan(x)),x)

[Out] Integral(csc(x)/(tan(x) + 1), x)

Giac [A] time = 1.29647, size = 59, normalized size = 2.27

|—2xf2+2tan(%x)_2| tan(%x))

[2v2+2 tan (3 x) - 2|
Verification of antiderivative is not currently implemented for this CAS.

1
3 \/Elog

+log(

[In] integrate(csc(x)/(1+tan(x)),x, algorithm="giac")

[Out] 1/2*sqrt(2)*log(abs(-2*sqrt(2) + 2xtan(1/2*x) - 2)/abs(2*sqrt(2) + 2*xtan(1l/
2xx) - 2)) + log(abs(tan(1/2*x)))



422

3.79  [sin™(c+dx)(a+ btan(c + dx))® dx

Optimal. Leaf size=229

m+2 m+4 1 m+1 m+3

3a2bsin™*?(c + dx) ,F; ( -5 —sin 2(c+ dx)) a3 cos(c + dx) sin™ (¢ + dx) ,F; ( ;=5 sin 2(c + dx)) 3a
+ + —

d(m + 2) d(m + 1)+/cos?(c + dx)

[Out] (a”3*Cos[c + dxx]*Hypergeometric2F1[1/2, (1 + m)/2, (3 + m)/2, Sin[c + dx*x]
~2]xSinf[c + d*x]~(1 + m))/(d*(1 + m)*Sqrt[Cos[c + d*x]~2]) + (3*a~2*bxHyper
geometric2F1[1, (2 + m)/2, (4 + m)/2, Sin[c + d*x]72]*Sin[c + d*x]~(2 + m))
/(d*(2 + m)) + (3%axb~2%Sqrt[Cos[c + d*x] 2] +*Hypergeometric2F1[3/2, (3 + m)

/2, (5 + m)/2, Sin[c + d*x] 2]*Sec[c + d*x]*Sin[c + d*x]~(3 + m))/(d*(3 + m

)) + (b~ 3xHypergeometric2F1[2, (4 + m)/2, (6 + m)/2, Sin[c + d*x]~2]*Sin[c

+ d*xx]7(4 + m))/(d*(4 + m))

Rubi [A] time = 0.449863, antiderivative size = 229, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 5, integrand size = 21, number of rules _

integrand size
0.238, Rules used = {4401, 2643, 2564, 364, 2577}

m+2 m+4 1 m+l m+3

3a2bsin™*?(c + dx) ,F; ( = —sin 2(c+ dx)) a3 cos(c + dx) sin™ (¢ + dx) ,F; ( =5 sin 2(c + dx)) 3a
+ + —

d(m + 2) d(m + 1)+/cos?(c + dx)

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x] "mx(a + bx*Tan[c + dx*x])~3,x]

[Out] (a~3*Cos[c + dxx]*Hypergeometric2F1[1/2, (1 + m)/2, (3 + m)/2, Sin[c + d*x]
“21*Sinfc + d*x]"(1 + m))/(a*(1 + m)*Sqrt[Coslc + d*x]"2]) + (3a2+bxHyper
geometric2F1[1, (2 + m)/2, (4 + m)/2, Sinl[c + d*x]72]*Sin[c + d*x]7(2 + m))
/(d*(2 + m)) + (3*xaxb~2xSqrt[Cos[c + d*x]~2]*Hypergeometric2F1[3/2, (3 + m)

/2, (5 + m)/2, Sinl[c + d*x]~2]*Sec[c + d*x]*Sin[c + d*x]~(3 + m))/(d*(3 + m

)) + (b~ 3xHypergeometric2F1[2, (4 + m)/2, (6 + m)/2, Sin[c + d*x]~2]*Sinl[c

+ d*xx]~(4 + m))/(d*x(4 + m))

Rule 4401

Int[u_, x_Symbol]l :> With[{v = ExpandTriglu, x]1}, Int[v, x] /; SumQ[v]] /;
IInertTrigFreeQ[u]

Rule 2643
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Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(Cos[c + d*x]*(
b*Sin[c + d*x])~(n + 1)+*Hypergeometric2F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c
+ d*x]~2])/(b*d*(n + 1)*Sqrt[Cos[c + d*x]~2]1), x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2*n]

Rule 2564

Int[cos[(e_.) + (f_)*(x_ )] (n_.)*((a_.)*sinl(e_.) + (f£_D)*x)DD)"(m_.), x_
Symbol] :> Dist[1/(axf), Subst[Int[x"m*(1 - x72/a"2) " ((n - 1)/2), x], x, a*
Sin[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] && !'(In
tegerQ[(m - 1)/2] && LtQ[0, m, n])

Rule 364

Int[((c_)*(x ))"(m_.)*x((a_) + (b_.)*x(x_ )" (n_))"(p_), x_Symbol] :> Simp[(a~
p*(c*x) ~(m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 0])

Rule 2577

Int[(cos[(e_.) + (f£_.)*(x_)1*(b_.)) " (n_)*((a_.)*sin[(e_.) + (f£_.)*(x_)]1)"(m
_), x_Symbol] :> Simp[(b~(2*IntPart[(n - 1)/2] + 1)*(b*Cos[e + f*x])~(2*Fra
cPart[(n - 1)/2])*(a*Sin[e + f*x])~(m + 1)x*Hypergeometric2F1[(1 + m)/2, (1
-n)/2, (3 +m)/2, Sinl[e + f*xx]~2])/(axf*x(m + 1)*(Cosl[e + f*x]~2) FracPart[
(n - 1)/21), x] /; FreeQ[{a, b, e, f, m, n}, x]

Rubi steps

f sin™(c + dx)(a + b tan(c + dx))? dx = f (a sin™ (c + dx) + 3a%b sec(c + dx) sin " (c + dx) + 3ab? sec?(c + dx) sin'

=43 f sin™(c + dx) dx + (311219) f sec(c + dx) sin™*"(c + dx) dx + (Babz) f s¢

a3 cos(c + dx) ,F; (%, HTm; 3+Tm; sin®(c + dx)) sin'*(c +dx)  3ab?yJcos?(c
= +

d(1 + m)+/cos?(c + dx)

a3 cos(c + dx) ,F; (%, HTm; 3+Tm; sin®(c + dx)) sin'*(c + dx)  3a2b,F; (1, z
= +

d(1 + m)+/cos?(c + dx)
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Mathematica [A] time = 2.51971, size = 205, normalized size = 0.9

1, m—+2 mzj sin (c+dx)) 3a+/cos2(c+dx) tan(c+dx) 21—"1(§ m—+3 L+5 ;sin (c+dx)) bsinz(c+dx) 2F1(2

. m+1 : 3a 2F1(
sin™ " (c + dx) | bsin(c + dx) — +b — +

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x] m*(a + b*Tan[c + d*x])~3,x]

[Out] (Sin[c + d*x]~(1 + m)*((a~3*Sqrt[Cos[c + d*x]~2]*Hypergeometric2F1[1/2, (1
+m)/2, (3 +m)/2, Sin[c + d*x]~2]*Sec[c + d*x])/(1 + m) + b*Sin[c + dkx]*(
(3*a~2xHypergeometric2F1[1, (2 + m)/2, (4 + m)/2, Sin[c + d*x]~2])/(2 + m)

+ b*x((bxHypergeometric2F1[2, (4 + m)/2, (6 + m)/2, Sin[c + d*x]~2]*Sin[c +
d*x]~2)/(4 + m) + (3xaxSqrt[Cos[c + d*x]~2]*Hypergeometric2F1[3/2, (3 + m)/

2, (6 + m)/2, Sin[c + d*x]~2]*Tan[c + d*x])/(3 + m)))))/d

Maple [F] time = 0.392, size = 0, normalized size = 0.

f (sin (dx + 0))" (a + btan (dx + ¢))° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) m*(a+b*tan(d*x+c))~3,x)

[Out] int(sin(d*x+c) “m*(a+b*tan(d*x+c))~3,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (btan (dx + ¢) + a)® sin (dx + o)™ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) “m* (a+b*tan(d*x+c))~3,x, algorithm="maxima")
g g

[Out] integrate((b*tan(d*x + c) + a) 3*sin(d*x + c)"m, x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((b3 tan (dx + ¢)° + 3ab? tan (dx + ¢)* + 3 a®b tan (dx + ¢) + a3) sin (dx +¢)", x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) “m*(at+b*tan(d*x+c))”3,x, algorithm="fricas")

[Out] integral((b~3*tan(d*x + c)~3 + 3*axb~2xtan(d*x + c)72 + 3*a”2*xb*tan(d*x + ¢

) + a”3)*sin(d*x + ¢c)"m, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**m* (a+b*tan(d*x+c))**3,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (btan (dx + ¢) + a)® sin (dx + o)™ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) “m*(atb*tan(d*x+c))~3,x, algorithm="giac")

[Out] integrate((b*tan(d*x + c) + a) 3*sin(d*x + c)”m, x)
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3.80  [sin"(c+dx)(a+ btan(c + dx))? dx

Optimal. Leaf size=179

L mil mi3, 2 (c+dx)) 2absinm+2(c+dx)2F1( mT+2, m;4,sm (c+dX)) b

2’2
+ + —

d(m + 1)+/cos?(c + dx) d(m + 2)

[Out] (a”2xCos[c + dxx]*Hypergeometric2F1[1/2, (1 + m)/2, (3 + m)/2, Sinl[c + dx*x]
~2]*Sin[c + d*x]~(1 + m))/(d*(1 + m)*Sqrt[Cos[c + d*x]~2]) + (2*a*b*Hyperge
ometric2F1[1, (2 + m)/2, (4 + m)/2, Sin[c + d*x]~2]*Sin[c + d*x]~(2 + m))/(

dx(2 + m)) + (b"2xSqrt[Cos[c + d*x]~2]*Hypergeometric2F1[3/2, (3 + m)/2, (b

+ m)/2, Sin[c + d*xx] 2]*Sec[c + d*x]*Sin[c + d*x]"(3 + m))/(d*x(3 + m))

a2 cos(c + dx) sin™* (¢ + dx) ,F; (

Rubi [A] time = 0.268018, antiderivative size = 179, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 5, integrand size = 21, number of rules_

integrand size
0.238, Rules used = {4401, 2643, 2564, 364, 2577}

1 m+l m+3 .sin (c+dx)) 2absinm+2(C+dx)2P1( ,mTJ'Z,mTH sin (c+dx)) bz\/

2’2 "2 7
+ + —

d(m + 1)v/cos2(c + dx) d(m +2)

Antiderivative was successfully verified.

a2 cos(c + dx) sin™ (¢ + dx) ,F; (

[In] Int[Sin[c + d*x] m*x(a + b*xTan[c + d*x])~2,x]

[Out] (a”2xCos[c + dxx]*Hypergeometric2F1[1/2, (1 + m)/2, (3 + m)/2, Sin[c + dx*x]
~2]*Sin[c + d*x]~(1 + m))/(d*(1 + m)*Sqrt[Cos[c + d*x]~2]) + (2*a*b*Hyperge
ometric2F1[1, (2 + m)/2, (4 + m)/2, Sin[c + d*x]~2]*Sin[c + d*x]~(2 + m))/(

dx(2 + m)) + (b"2xSqrt[Cos[c + d*x]~2]*Hypergeometric2F1[3/2, (3 + m)/2, (b

+ m)/2, Sin[c + d*x] " 2]*Secl[c + d*x]*Sinf[c + d*x]~(3 + m))/(d*(3 + m))

Rule 4401

Int[u_, x_Symbol] :> With[{v = ExpandTrigl[u, x1}, Int[v, x] /; SumQ[v]] /;
ITnertTrigFreeQ[u]

Rule 2643

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(Cos[c + d*x]*(
b*Sin[c + d*x])~(n + 1)#*Hypergeometric2F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c
+ d*x]72])/(b*xd*(n + 1)*Sqrt[Cos[c + d*x]~21), x] /; FreeQ[{b, c, d, n}, x]
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&& !'IntegerQ[2+n]

Rule 2564

Int[cos[(e_.) + (f_)*x )] (n_.)*((a_.)*sinl[(e_.) + (f_D)*x)D])"(m_.), x
Symbol] :> Dist[1/(axf), Subst[Int[x"mx(1 - x72/a"2)"((n - 1)/2), x], x
Sinl[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] && !'(In
tegerQ[(m - 1)/2] &% LtQ[O, m, n])

Rule 364

Int[((c_)*(x))"(@_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a”
p*(c*x) ~(m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 01 |l GtQla, 0])

Rule 2577

Int[(cosl(e_.) + (£_)*(x_)1*(b_.)) " (n_)*((a_.)*sinl(e_.) + (£_.)*(x_)])"(m
), x_Symbol] :> Simp[(b~(2*IntPart[(n - 1)/2] + 1)*(b*Cos[e + f*x])~ (2*Fra
cPart[(n - 1)/2])*(a*Sin[e + f*x])~(m + 1)*Hypergeometric2F1[(1 + m)/2, (1
-n)/2, (3 +m)/2, Sinl[e + f*x]~2])/(axf*(m + 1)*(Cosl[e + f*x]~2) FracPart[
(n-1)/21), x]1 /; FreeQl{a, b, e, £, m, n}, x]

Rubi steps

f sin™(c + dx)(a + btan(c + dx))? dx = f (az sin™(c + dx) + 2absec(c + dx) sin' ™ (c + dx) + b sec?(c + dx) sin*™|

a? f sin™(c + dx) dx + (2ab) f sec(c + dx) sin'™™(c + dx) dx + b? f sec?(c -

11
a? cos(c + dx) ,F; (2, +2m, 3":", sin®(c + dx)) sin”™™(c +dx)  b2Jcos2(c + ¢
= +

d(1 + m)+/cos?(c + dx)

a® cos(c + dx) ,F; (;, 1+2m, 3;"1, sin?(c + dx)) sin'™(c +dx)  2ab,F; (1, 2—;

= +

d(1 + m)+/cos?(c + dx)

Mathematica [A] time = 1.19385, size = 166, normalized size = 0.93

a1 12+/cos?(c+dx) sec(c+dx) 21—”1(1 %ﬂ "%3 ;sin (c+dx)) bsm(c+dx)(2a(m+3) 2F1(1 mi2, %H sin (c+dx))+b(m+2) cos2(c+dx) tar
sin”" " (c + dx) +
m+1 (m+2)(m+3)
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Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x] m*(a + b*Tan[c + d*x])~2,x]

[Out] (Sin[c + d*x]~(1 + m)*((a"2*xSqrt[Cos[c + d*x]~2]*Hypergeometric2F1[1/2, (1
+m)/2, (3 +m)/2, Sin[c + d*x]~2]*Seclc + d*x])/(1 + m) + (b*Sin[c + d*x]*
(2%a* (3 + m)*Hypergeometric2F1[1, (2 + m)/2, (4 + m)/2, Sin[c + d*x]"2] + b

*x(2 + m)*Sqrt[Cos[c + d*x]~2]*Hypergeometric2F1[3/2, (3 + m)/2, (5 + m)/2,

Sin[c + d*x]~2]*Tan[c + d*x]))/((2 + m)*(3 + m))))/d

Maple [F] time = 0.248, size = 0, normalized size = 0.

f (sin (dx + 0))" (a + b tan (dx + ¢))? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) m*(a+b*tan(d*x+c))~2,x)

[Out] int(sin(d*x+c) “m*(a+b*tan(d*x+c))~2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (btan (dx + ¢) + ) sin (dx + 0" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) “m*(atb*tan(d*x+c))”2,x, algorithm="maxima"

[Out] integrate((bxtan(d*x + c) + a) 2*xsin(d*x + c)"m, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (b2 tan (dx + )* + 2 abtan (dx + ¢) + a?) sin (dx + 0)" , x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c) “m*(atb*tan(d*x+c))”2,x, algorithm="fricas")

[Out] integral((b~2*tan(d*x + c)~2 + 2*axb*tan(d*x + c) + a~2)*sin(d*x + c)"m, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**m*(a+b*tan(d*x+c))**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)* sin (dx + ¢)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) m*(atb*tan(d*x+c))”2,x, algorithm="giac")

[Out] integrate((b*tan(d*x + c) + a) 2*sin(d*x + c)"m, x)



430

381  [sin"(c+dx)(a+btan(c +dx))dx

Optimal. Leaf size=109

a cos(c + dx) sin™ (¢ + dx) ,F4 (1 mil M3, Gin 2(c + dx)) bsin™*?(c + dx) ,F; ( m2, mid

2’2 2’2
+

d(m + 1)+/cos?(c + dx) d(m + 2)

[Out] (a*Cos[c + d*x]*Hypergeometric2F1[1/2, (1 + m)/2, (3 + m)/2, Sinl[c + d*x]~2
1*Sin[c + d*x]~(1 + m))/(d*(1 + m)*Sqrt[Cos[c + d*x]~2]) + (b*Hypergeometri
c2F1[1, (2 + m)/2, (4 + m)/2, Sin[c + d*x]"2]*Sin[c + d*x]~(2 + m))/(d*(2 +

m))

;sin?(c + dx))

Rubi [A] time = 0.14461, antiderivative size = 109, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 4, integrand size = 19, number of rules _

integrand size
0.21, Rules used = {4401, 2643, 2564, 364}

1 m+1 m+3

a cos(c + dx) sin™ (¢ + dx) ,F4 ( =5 sin 2(c + dx)) bsin™*?(c + dx) ,F; ( m7+2 mTH sin®(c + dx))
+

d(m + 1)+/cos?(c + dx) d(m + 2)

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x] "mx(a + bxTan[c + d*x]),x]

[Out] (a*Cos[c + d*x]*Hypergeometric2F1[1/2, (1 + m)/2, (3 + m)/2, Sinl[c + d*x]~2
1*Sin[c + d*x]~(1 + m))/(d*(1 + m)*Sqrt[Cos[c + d*x]~2]) + (b*Hypergeometri
c2F1[1, (2 + m)/2, (4 + m)/2, Sin[c + d*x]"2]*Sin[c + d*x]~(2 + m))/(d*(2 +

m) )

Rule 4401

Int[u_, x_Symbol] :> With[{v = ExpandTrigl[u, x]}, Int[v, x] /; SumQ[v]] /;
IInertTrigFreeQ[u]

Rule 2643

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(Cos[c + d*x]*(
b*Sin[c + d*x])~(n + 1)*Hypergeometric2F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c
+ d*x]"2])/(b*d*(n + 1)*Sqrt[Cos[c + d*x]~2]1), x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2*n]
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Rule 2564

Int[cos[(e_.) + (f_)*(x_ )] (n_.)*((a_.)*sinl(e_.) + (f_D)*x)D])"(m_.), x
Symbol] :> Dist[1/(axf), Subst[Int[x"m*x(1 - x72/a"2) " ((n - 1)/2), x], x
Sin[e + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2] && '(In
tegerQ[(m - 1)/2] && LtQ[0, m, nl])

Rule 364

Int[((c_)*(x D))" (m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(a~
p*(c*x) ~(m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rubi steps

fsinm(c + dx)(a + btan(c + dx)) dx = f (a sin™(c + dx) + bsec(c + dx) sin’ (¢ + dx)) dx

a fsinm(c +dx)dx+Db fsec(c + dx) sin'*™(c + dx) dx
1
acos(c + dx) ,F; (;, 1;"1, 3?", sin®(c + dx)) sin*™(c +dx)  bSubst (f %
= +

d(1 + m)+/cos?(c + dx)

1 1+m 3+m
acos(c+dx)2F1(2, RN

= +

d(1 + m)+/cos?(c + dx)

sinf(c+ ) sin' e+ ) boF (1,555

Mathematica [A] time = 0.257188, size = 109, normalized size = 1.

. 1 m+l m+3 : 2 m+d
a+Jcos?(c + dx) sec(c + dx) sin™ 1 (c + dx) ,Fy (2, m; ; m; ;sin?(c + dx)) bsin™*?(c + dx) ,F; ( , m; ; m; ; sin?(c +
+

d(m +1) d(m +2)

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x] m*(a + b*Tan[c + d*x]),x]

[Out] (a*xSqrt[Cos[c + dxx]~2]*Hypergeometric2F1[1/2, (1 + m)/2, (3 + m)/2, Sin[c
+ dxx]"2]*Sec[c + d*x]*Sin[c + d*x]~(1 + m))/(d*x(1 + m)) + (b*Hypergeometri
c2F1[1, (2 + m)/2, (4 + m)/2, Sin[c + d*x]"2]*Sin[c + d*x]~(2 + m))/(d*(2 +

m))
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Maple [F] time = 0.488, size = 0, normalized size = 0.

f (sin (dx + ¢))" (a + btan (dx + ¢)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) m*(at+b*tan(d*x+c)),x)

[Out] int(sin(d*x+c) “m*(a+bxtan(d*x+c)),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (btan (dx + ¢) + a) sin (dx + 0)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) “m*(at+bxtan(d*x+c)),x, algorithm="maxima"

[Out] integrate((b*tan(d*x + c) + a)*sin(d*x + c)"m, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((b tan (dx + ¢) + a) sin (dx + )" ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) m*(at+b*tan(d*x+c)),x, algorithm="fricas")

[Out] integral((bxtan(d*x + c) + a)*sin(d*x + c)"m, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + btan (c + dx)) sin”™ (c + dx) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**m*(a+b*tan(d*x+c)),x)

[Out] Integral((a + b*tan(c + d*x))*sin(c + d*x)**m, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (btan (dx + ¢) + a) sin (dx + 0)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dxx+c) “m*(a+bxtan(d*x+c)),x, algorithm="giac")

[Out] integrate((b*tan(d*x + c) + a)*sin(d*x + c)"m, x)
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3.89 f sin” (c+dx)

a+b tan(c+dx)

Optimal. Leaf size=765

result too large to display

[Out] (2°(1 + m)#*Hypergeometric2F1[(1 + m)/2, 1 + m, (3 + m)/2, -Tan[(c + d*x)/2]
~2]1*Tan[(c + d*x)/2]*(Tan[(c + d*x)/2]/(1 + Tan[(c + d*x)/2]72)) " m*(1 + Tan
[(c + d*x)/2]72)"m)/(a*d*(1 + m)) + (27(1 + m)*b*AppellF1[(2 + m)/2, 1 + m,
1, (4 + m)/2, -Tan[(c + d*x)/2]172, (a~2*Tan[(c + d*x)/2]72)/(b - Sqrt[a~2
+ b72])"2]*Tan[(c + d*x)/2] " 2*(Tan[(c + d*x)/2]/(1 + Tan[(c + d*x)/2]72))"m
*(1 + Tan[(c + d*x)/2]72)"m)/(Sqrt[a”2 + b~"2]*(b - Sqrt[a™2 + b~2])*d*(2 +
m)) - (27(1 + m)*b*xAppellF1[(2 + m)/2, 1 + m, 1, (4 + m)/2, -Tan[(c + d*x)/
2172, (a"2xTan[(c + d*x)/2]172)/(b + Sqrt[a”2 + b~2])"2]*Tan[(c + d*x)/2] 2%
(Tan[(c + d*x)/2]/(1 + Tan[(c + d*x)/2]172)) "m*x(1 + Tan[(c + d*x)/2]172)"m)/(
Sqrt[a”2 + b™2]*(b + Sqrt[a™2 + b~2])*d*(2 + m)) + (27(1 + m)*axb*AppellF1[
(83+m/2,1+m, 1, (6 +m/2, -Tan[(c + d*x)/2]72, (a"2*xTan[(c + d*x)/2]"
2)/(b - Sqrt[a”2 + b~2])"2]*Tan[(c + d*x)/2]"3*(Tan[(c + d*x)/2]/(1 + Tan[(
c + d*x)/2]72))"mx(1 + Tan[(c + d*x)/2]72)"m)/(Sqrt[a”2 + b"2]*(b - Sqrt[a”
2 + b72])72%xd*(3 + m)) - (27(1 + m)*axb*AppellF1[(3 + m)/2, 1 + m, 1, (5 +
m)/2, -Tan[(c + d*x)/2]72, (a"2*Tan[(c + d*x)/2]72)/(b + Sqrt[a”2 + b~2])"2
I*Tan[(c + d*x)/2]"3*(Tan[(c + d*x)/2]/(1 + Tan[(c + d*x)/2]72)) m*(1 + Tan
[(c + d*x)/2]72)"m)/(Sqrt[a”2 + b~2]*(b + Sqrt[a”2 + b~2])"2%d*(3 + m))

Rubi [A] time = 4.17316, antiderivative size = 765, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 6, integrand size = 21, e .

integrand size
0.286, Rules used = {12, 6719, 6728, 364, 959, 510}

tan l(c+dx) " m 2% tan? l(c-
ab2"+ tan® (%(c + dx)) [M) (tan2 (%(c + dx)) + 1) Fy mT+3,_ m+1,1; m—+5; —tan? (%(C + dx)) , (2

tanz(%(c+dx))+l 2 (b—m

d(m + 3V + 12 (b N+ b2)2

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x] m/(a + bxTan[c + d*x]),x]

[Out] (27(1 + m)*Hypergeometric2F1[(1 + m)/2, 1 + m, (3 + m)/2, -Tan[(c + d*x)/2]
“2]1*Tan[(c + d*x)/2]*(Tan[(c + d*x)/2]/(1 + Tan[(c + d*x)/2]72))"m*(1 + Tan
[(c + d*x)/2]72)"m)/(a*d*x(1 + m)) + (27(1 + m)*b*AppellF1[(2 + m)/2, 1 + m,
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1, (4 + m)/2, -Tan[(c + d*x)/2]72, (a"2*Tan[(c + d*x)/2]72)/(b - Sqrt[a~2
+ b~2]) 2] *Tan[(c + d*x)/2] 2x(Tan[(c + d*x)/2]/(1 + Tan[(c + d*x)/2]172))"m
x(1 + Tan[(c + d*x)/2]72)"m)/(Sqrt[a”2 + b~"2]*(b - Sqrt[a™2 + b~2])*d*(2 +
m)) - (2°(1 + m)*b*AppellF1[(2 + m)/2, 1 + m, 1, (4 + m)/2, -Tan[(c + d*x)/
2172, (a"2xTan[(c + d*x)/2]172)/(b + Sqrt[a”2 + b~2])"2]*Tan[(c + d*x)/2] 2%
(Tan[(c + d*x)/2]/(1 + Tan[(c + d*x)/2]172))"m*x(1 + Tan[(c + d*x)/2]172)"m)/(
Sqrt[a”2 + b™2]*(b + Sqrt[a™2 + b~2])*d*(2 + m)) + (27(1 + m)*axb*AppellF1[
3+m)/2, 1 +m, 1, (6 +m)/2, -Tan[(c + d*x)/2]"2, (a"2xTan[(c + d*x)/2]"
2)/(b - Sqrt[a”2 + b~2]) " 2]*Tan[(c + d*x)/2]73*(Tan[(c + d*x)/2]/(1 + Tan[(
c + d*xx)/2]72))"mx(1 + Tan[(c + d*x)/2]172)"m)/(Sqrt[a~2 + b~2]*(b - Sqrt[a”
2 + b72])72%d*x(3 + m)) - (2°(1 + m)*a*b*xAppellF1[(3 + m)/2, 1 + m, 1, (5 +
m)/2, -Tan[(c + d*x)/2]72, (a"2*Tan[(c + d*x)/2]72)/(b + Sqrt[a~2 + b~2])"2
I*Tan[(c + d*xx)/2]"3*(Tan[(c + d*x)/2]/(1 + Tan[(c + d*x)/2]72)) m*(1 + Tan
[(c + d*x)/2]72)"m)/(Sqrt[a”2 + b~ 2]*(b + Sqrt[a”2 + b~2])"2%d*(3 + m))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6719

Int[(u_.)*((a_.)*x(v_)"(m_.)*(w_)"(n_.))"(p_), x_Symbol] :> Dist[(a"IntPart[
pl*(a*xv m*w™n) “FracPart [p])/ (v~ (m*FracPart [p] ) *w™ (n*xFracPart [p])), Int[u*xv™
(m*p) *w” (n*xp), x], x] /; FreeQ[{a, m, n, p}, x] && !'IntegerQlp] && !FreeQ
[v, x] & !FreeQ[w, x]

Rule 6728

Int[(u)/((a_.) + (b_)*xx)"(m_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
{v = RationalFunctionExpand[u/(a + b*x"n + c*x~(2*n)), x]}, Int[v, x] /; Su
mQ[v]] /; FreeQ[{a, b, c}, x] && EqQ[n2, 2+*n] && IGtQ[n, O]

Rule 364

Int[((c_.)*(x ))"(m_.)*x((a_) + (b_.)*x(x_ )" (n_))"(p_), x_Symbol] :> Simp[(a~
px(c*xx)~(m + 1)+*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(cx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rule 959

Int[(((g_)*(x_D))"(n_.)*x((a_) + (c_)*xx_D"2)"(p_))/((d) + (e_.)*(x_)), x_
Symbol] :> Dist[(d*(g*x)"n)/x"n, Int[(x"n*(a + c*x"2)7p)/(d"2 - e72%x72), x
1, x] - Dist[(ex(g*xx)"n)/x"n, Int[(x"(n + 1)*(a + c*xx"2)7p)/(d"2 - e72%x"2)
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, x], x] /; FreeQ[{a, ¢, d, e, g, n, p}, x] && NeQ[cxd~2 + axe”2, 0] && !I
ntegerQ[p] && !'IntegersQ[n, 2xp]

Rule 510

Int[(Ce_.)*x(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*x(x_)"(n_
))~(q_), x_Symbol] :> Simp[(a"p*c”g*(e*x)”(m + 1)*AppellFi[(m + 1)/n, -p, -
q, 1 + (m + 1)/n, -((b*x"n)/a), -((d*x"n)/c)])/(ex(m + 1)), x] /; FreeQ[{a,
b, ¢, d, e, m, n, p, qt, x] && NeQ[b*c - axd, 0] && NeQ[m, -1] && NeQ[m, n
- 1] && (IntegerQ[p] || GtQla, 0]) && (IntegerQlql || GtQlc, 0])

Rubi steps



f sin”(c + dx)

a + btan(c + dx)

Mathematica [F]

1+m
2(1-7)( 5

x(a+2bx—ax2)

2 Subst [ f

dx, x, tan (%(c + dx))]

d

( 2)( X )1+m
1-x
21+m Quhst [f T A gy x tan (%(c + dx))]

x(a+2bx—ax2)

d

tan(%(c+dx)) "

21 g™ (l c+dx ) _—
2( ) 1+tan2(%(c+dx))

(1 + tan® (%(c + dx)))m
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xm(l—xz)(1+x2)-

a+2bx—ax?

Subst f

d

tan 1(C+dx) "
214 tan ™" (l(c + dx)) #
2 1+tan2(§(c+dx))

(1 + tan? (%(c + dx)))m

-1-m

XM x2
s (2

a

tan 1(c+dx) "
214 tan™" (%(c + dx)) (2 )

1+tan2(% (c+dx))

(1 + tan? (%(c + dx)))m

d

Subst (fxm (1 + xz)_l

ad

1+m

ol F, (7,1 oy 22— gan? (%(c + dx))) tan (%(c ; dx))

m

tan 1(c+dx)
(2 ) (1 + tan?|

1+tan2(%(c+dx))

ad(l + m)

1+m

2l+m F, (T’l +m; 3+Tm; —tan? (%(C + dx))) tan (%(c + dx))

m

1
tan( = (c+dx)
(2 ) (1 + tan?

1+tan2(% (C+dx))

ad(l + m)

1+m

lem 34m 2 (1 1
21, Fy (T’l +m; —; - tan (E(c+dx)))tan(5(c+dx))[

tan(%(c+dx)) 9
1+tan2(%(c+dx))J (1 + tan ‘

ad(l + m)

1+m

1+m L 3+m 2(1 1
24 2F1 (T,1+m,7,—tan (E(c+dx)))tan(5(c+dx))[

tan(%(c+dx)) 9
1+tan2(%(c+dx))J (1 + tan ‘

ad(l + m)

time = 12.7916, size = 0, normalized size = 0.

f sin”(c + dx)

a + btan(c + dx)
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Verification is Not applicable to the result.

[In] Integrate[Sin[c + d*x]°m/(a + b*Tan[c + d*x]),x]

[Out] Integrate[Sin[c + d*x]"m/(a + bxTan[c + dx*x]), x]

Maple [F] time = 0.164, size = 0, normalized size = 0.

(sin (dx + ¢))"
a+btan(dx +c)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) m/(at+b*tan(d*x+c)),x)

[Out] int(sin(d*x+c) m/(a+b*tan(d*x+c)),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

sin (dx + ¢)"
btan(dx+c)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) m/(at+b*tan(d*x+c)),x, algorithm="maxima")

[Out] integrate(sin(d*x + c)"m/(b*tan(d*x + c) + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

sin (dx + ¢)" )

int 1 ,
wniegta (btan (dx+c)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) m/(atb*tan(d*x+c)),x, algorithm="fricas")
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[Out] integral(sin(d*x + c)"m/(b*tan(d*x + c) + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f sin™ (c + dx)

a+ btan(c + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**m/(atb*tan(d*x+c)),x)

[Out] Integral(sin(c + d*x)**m/(a + bxtan(c + d*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

sin (dx + )"
btan(dx+c)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) m/(at+b*tan(d*x+c)),x, algorithm="giac")

[Out] integrate(sin(d*x + c¢) m/(b*tan(d*x + c) + a), x)
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3.83  [sin™(c+dx)(a+ btan(c + dx))" dx

Optimal. Leaf size=23

CannotlIntegrate (sinm(c + dx)(a + btan(c + dx))", x)

[Out] CannotIntegrate[Sin[c + d*x] m*(a + b*Tan[c + d*x])~"n, x]

Rubi [A] time = 2.46307, antiderivative size = 0, normalized size of antiderivative = 0.,

. . ber of rul
number of steps used = 0, number of rules used = 0, integrand size = 0, e o e

Rules used = {}

integrand size ”

fsinm(c + dx)(a + btan(c + dx))" dx

Verification is Not applicable to the result.

[In] Int[Sin[c + d*x]"m*(a + b*Tan[c + d*x]) n,x]
[Out] Defer[Int] [Sin[c + d*x] m*x(a + b*Tan[c + d*x])"n, x]

Rubi steps

fsinm(c + dx)(a + btan(c + dx))" dx = fsinm(c + dx)(a + btan(c + dx))" dx

Mathematica [A] time = 3.18417, size = 0, normalized size = 0.

fsinm(c + dx)(a + btan(c + dx))" dx

Verification is Not applicable to the result.

[In] Integrate[Sin[c + d*x] m*(a + b*Tan[c + d*x]) n,x]

[Out] Integrate[Sin[c + d*x] m*(a + bxTan[c + d*x])"n, x]
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Maple [A] time = 0.644, size = 0, normalized size = 0.

f(sin (dx +¢))" (a + btan (dx + c))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) “m*(a+bx*tan(d*x+c)) "n,x)

[Out] int(sin(d*x+c) m*x(a+bx*tan(d*x+c)) n,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)" sin (dx + ¢)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) “m*(atb*tan(d*x+c)) n,x, algorithm="maxima")

[Out] integrate((b*tan(d*x + c) + a) n*sin(d*x + c)"m, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((b tan (dx + ¢) + a)" sin (dx + ¢)", x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) "m*(atb*tan(d*x+c)) n,x, algorithm="fricas")

[Out] integral((b*tan(d*x + c) + a)"nxsin(d*x + c)”m, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c)**m*(atb*tan(d*x+c))**n,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) “m*(at+b*tan(d*x+c)) n,x, algorithm="giac")

[Out] Exception raised: TypeError
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3.84  [sin*(c+dx)(a+ btan(c + dx))" dx

Optimal. Leaf size=435

(«/—_bZ (a20% (<2 + 61 +6) + 3a% + b* (n? + 4n + 3)) + ab®n (5a2 + b2(2n + 3))) (a + btan(c + dx))™1 ,F, (1, n+1

16bd(n +1) (2 + 17)° (a - \/—_bZ)

[Out] -((a*xb™2*n*(5*a”2 + b~2%(3 + 2#n)) + Sqrt[-b~2]*(3*a"4 + a"2*b"2%(6 + 6*n -
n~2) + b~4*(3 + 4*n + n~2)))*Hypergeometric2F1[1, 1 + n, 2 + n, (a + bxTan

[c + dxx])/(a - Sqrt[-b~2])]1*(a + bxTan[c + d*x])~(1 + n))/(16xbx(a”2 + b~2
)72%(a - Sqrt[-b~2])*d*(1 + n)) - ((a*b™2*n*x(5%xa”2 + b™2%(3 + 2*n)) - Sqrt[
-b"2]*(3*%a"4 + a”2*b"2%(6 + 6%n - n"2) + b~4*x(3 + 4*n + n~2)))*Hypergeometr
ic2F1[1, 1 + n, 2 + n, (a + bxTan[c + d*x])/(a + Sqrt[-b"2])]*(a + bxTanl[c

+ d*x])7(1 + n))/(16%b*(a"2 + b~2)72%(a + Sqrt[-b~2])*d*(1 + n)) + (Cos[c +

d*x] “4%(b + a*Tan[c + d*x])*(a + bxTan[c + d*x])~(1 + n))/(4*x(a”2 + b~2)*d

) - (Cosl[c + d*x]"2x(a + b*Tan[c + d*x])~(1 + n)*(bx(a"2%(7 - n) + b™2%(5 +

n)) + ax(5%a”2 + b~2%(3 + 2*n))*Tan[c + d*x]))/(8*(a”2 + b~2)72*d)

+

Rubi [A] time = 0.803032, antiderivative size = 435, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 4, integrand size = 21, i L

0.19, Rules used = {3516, 1649, 831, 68}

integrand size

(\/—_bz (a2b2 (—nz + 61 + 6) +3a% + b (nz +4n + 3)) + ab’n (5a2 +b%(2n + 3))) (a + btan(c + dx))"*! ,F; (1,n +1

16bd(n +1) (2 + 17)° (a - \/—_bz)

Antiderivative was successfully verified.

[In] Int[Sinl[c + d*x]~4*(a + b*Tan[c + d*x]) n,x]

[Out] -((a*xb™2*n*(5*a”2 + b~2%(3 + 2#n)) + Sqrt[-b~2]*(3*a"4 + a"2%b”2%(6 + 6*n -
n~2) + b74*(3 + 4*n + n~2)))*Hypergeometric2F1[1, 1 + n, 2 + n, (a + bxTan

[c + d*x])/(a - Sqrt[-b~2])]1*(a + b*Tan[c + d*x])~(1 + n))/(16%b*x(a"2 + b~2
)7"2%(a - Sqrt[-b~2])*d*(1 + n)) - ((a*b”2*n*x(5%xa”2 + b™2%(3 + 2*n)) - Sqrt[
-b~2]*(3*%a"4 + a”2*b"2%(6 + 6%n - n"2) + b~4*x(3 + 4*n + n”2)))*Hypergeometr
ic2F1[1, 1 + n, 2 + n, (a + bxTan[c + d*x])/(a + Sqrt[-b"2])]*(a + bxTanl[c

+ d*x])~(1 + n))/(16%b*(a"2 + b72)"2%(a + Sqrt[-b~2])*d*(1 + n)) + (Cos[c +

d*x] “4%(b + a*Tan[c + d*x])*(a + b*Tan[c + d*x])~(1 + n))/(4*x(a”2 + b~2)*d

) - (Cos[c + d*x]™2x(a + b*Tan[c + d*x])~(1 + n)*(bx(a"2%(7 - n) + b™2%(5 +

n)) + ax(5*%a”2 + b~2%(3 + 2*n))*Tan[c + d*x]))/(8*(a”2 + b~2)72*d)

+
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Rule 3516

Int[sinl(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 1649

Int[(Pq_)*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :
> With[{Q = PolynomialQuotient[Pq, a + c*x~2, x], f = Coeff[PolynomialRemai
nder[Pq, a + c*x72, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + c*x72,
x], x, 11}, -Simp[((d + exx)"(m + 1)*(a + c*x72)7(p + 1)*(a*x(exf - dxg) +
(cxd*xf + axexg)*x))/(2%a*x(p + 1)*(c*xd™2 + a*xe”2)), x] + Dist[1/(2%a*x(p + 1)
x(cxd”™2 + a*e”2)), Int[(d + exx)"m*(a + c*x72)"(p + 1)*ExpandToSum[2*a*(p +
D*x(cxd™2 + a*e”2)*xQ + c*xd™2xf*(2*p + 3) - axex(d*gxm - exf*x(m + 2*p + 3))
+ ex(cxd*f + axexg)x(m + 2*p + 4)*x, x], x], x]] /; FreeQ[{a, c, d, e, m},
x] && PolyQ[Pq, x] &% NeQ[c*d~2 + axe~2, 0] & LtQlp, -1] && !(IGtQ[m, O]
&% RationalQ[a, c, d, e] && (IntegerQlp] || ILtQ[p + 1/2, 01))

Rule 831

Int[(((d_.) + (e_)*x(x D))" (m )*((f_.) + (g_)*(x_)))/((a)) + (c_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[(d + e*x)"m, (f + g*x)/(a + c*x"2), x], x
1 /; FreeQ[{a, c, d, e, £, g}, x] && NeQ[c*d"2 + a*e”2, 0] & !'RationalQ[m
]

Rule 68

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
b*xc - a*xd) nx(a + b*x) " (m + 1)+*Hypergeometric2Fi[-n, m + 1, m + 2, -((d*(a
+ bxx))/(b*c - axd))])/ (" (n + 1)*(m + 1)), x] /; FreeQ[{a, b, c, d, m}, x]
&& NeQ[b*c - axd, 0] && !'IntegerQ[m] && IntegerQ[n]

Rubi steps
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b Subst ( f E:ZZ;Z dx,x,btan(c + dx))

d

f sind(c + dx)(a + b tan(c + dx))" dx =

bt f (u+x)"(b4(a2+

cos*(c + dx)(b + atan(c + dx))(a + btan(c + dx))*"
4 (a2 +1%)d

cost(c + dx)(b + atan(c + dx))(a + btan(c + dx))1+"  cos?(c + dx)(a + bta
4(a2 +1%)d

cost(c + dx)(b + atan(c + dx))(a + btan(c + dx))1+"  cos*(c + dx)(a + bta
4(a2 +1%)d

cos*(c + dx)(b + atan(c + dx))(a + btan(c + dx))1*"  cos?(c + dx)(a + bta
4(a? +1?)d

(abzn (5a2 +b?(3 + 2n)) + V-2 (3a4 + a?b? (6 +6n — nz) + bt (3 +4n +n

16b (az + bz)z (a - \/—_172:

Mathematica [B] time = 6.5794, size = 910, normalized size = 2.09

a+b tan(c+dx) a+btan(c+dx)

Ty 1
2F1 (l'”+1'”+2' W)(‘H'b tan(c+dx))"* cos4(c+dx)(b2+a tan(c+dx)h)(a+b tan(c+dx

)(a+btan(c+dx))"+1 2F1(1,n+1;n+2;

b V=12 — +
2\/—_bz(u—\/—_bz)(n+1) 2\/—_172(a+ —bz)(n+1) 402(a2+b2)

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~4*(a + b*Tan[c + d*x]) n,x]

[Out] (bx((Hypergeometric2F1i[1, 1 + n, 2 + n, (a + b*Tan[c + d*x])/(a - Sqrt[-b~2
1)]*(a + bxTan[c + d*x])~(1 + n))/(2%Sqrt[-b"2]*(a - Sqrt[-b~2])*(1 + n)) -
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(Hypergeometric2F1[1, 1 + n, 2 + n, (a + b*Tan[c + d*x])/(a + Sqrt[-b"2])]
*(a + bxTan[c + d*x])~(1 + n))/(2+Sqrt[-b~2]*(a + Sqrt[-b~2])*(1 + n)) - (C
os[c + d*x]~"2x(a + bxTan[c + d*x])~(1 + n)*(b"2 + a*b*Tan[c + d*x]))/(b~2%(
a”2 + b72)) + (Cos[c + d*x]~4x(a + bxTan[c + d*x])~(1 + n)*(b~2 + a*b*Tanlc

+ dxx]))/(4%b"2% (2”2 + b72)) + (((Sqrt[-b~2]*(a”2 + b™2%(1 - n)) - a*b™2*n
) *Hypergeometric2F1[1, 1 + n, 2 + n, (a + b*Tan[c + d*x])/(a - Sqrt[-b~2])]
*(a + bxTan[c + d*x])~(1 + n))/(b"2x(a - Sqrt[-b"2])*(1 + n)) - ((a"2*Sqrt[
-b~2] - (-b72)7(3/2)*(1 - n) + a*xb”2xn)*Hypergeometric2F1[1, 1 + n, 2 + n,
(a + bxTan[c + dxx])/(a + Sqrt[-b~2])]*(a + b*Tan[c + d*x])~(1 + n))/(b~2%(
a + Sqrt[-b"2])*(1 + n)))/(2%(a”2 + b72)) - (b"2*((Cos[c + d*x]~2*(a + b*Ta
nlc + dxx])~(1 + n)*(b™2%(-3%a”2 - b™2x(3 - n)) + a"2*%b"2%(2 - n) + b*x(ax(-
3%a”2 - b72%(3 - n)) - axb”2x(2 - n))*Tan[c + d*x]))/(2%¥b74x(a"2 + b72)) -
(((a*b™2*(3*%a”2 + b~2*(5 - 2#n))*n - Sqrt[-b~2]*(3*a”4 + a~2*b"2*(6 - 2%n -

n~2) + b74*(3 - 4#n + n"2)))*Hypergeometric2F1[1, 1 + n, 2 + n, (a + bxTan
[c + d*x])/(a - Sqrt[-b~2])]*(a + b*Tan[c + d*x])~(1 + n))/(2*b"2*(a - Sqrt
[-b~2])*(1 + n)) + ((a*xb”2*(3*a"2 + b~2+(5 - 2#n))*n + Sqrt[-b~2]*(3*a~4 +
a"2%b72%(6 - 2%n - n”2) + b74x(3 - 4%n + n~2)))x*Hypergeometric2F1[1, 1 + n,

2 + n, (a + bxTan[c + d*x])/(a + Sqrt[-b~2])]*(a + b*Tan[c + d*x])~(1 + n)
)/ (2%b72%(a + Sqrt[-b"2])*(1 + n)))/(2%b"2*(a”2 + b72))))/(4*(a"2 + b72))))
/d

Maple [F] time = 0.556, size = 0, normalized size = 0.

f (sin (dx + ))* (2 + btan (dx + ¢))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 4*(at+b*tan(d*x+c)) n,x)

[Out] int(sin(d*x+c) ~4x*(a+b*tan(d*x+c)) n,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (btan (dx + c) + a)" sin (dx + c)4 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) ~4x(atb*tan(d*x+c)) n,x, algorithm="maxima"
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[Out] integrate((b*tan(d*x + c) + a) n*sin(d*x + c)74, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((COS (dx + c)4 —2 cos (dx + c)2 + 1)(b tan (dx + ¢) + a)", x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 4*(atb*tan(d*x+c)) n,x, algorithm="fricas")

[Out] integral((cos(d*x + c)”4 - 2*cos(d*x + c)~2 + 1)*(bxtan(d*x + c) + a)’n, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**4*(atb*tan(d*x+c))**n,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (btan (dx + ¢) + a)" sin (dx + 0)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) ~4*(atb*tan(d*x+c)) n,x, algorithm="giac")

[Out] integrate((b*tan(d*x + c) + a) n*sin(d*x + c)~4, x)
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3.85  [sin’(c+dx)(a+ btan(c + dx))" dx

Optimal. Leaf size=276

(\/—bZ (a2 + B2 + 1)) + ubzn) (a + btan(c + dx)™1,F, (1, nLin+2; WLV(_;‘”) (abzn VB2 (a2 + PP(n +1

4bd(n +1) (a2 + bz) (a - \/—_bz) 4

[Out] -((a*xb™2*n + Sqrt[-b"2]*(a"2 + b~2x(1 + n)))*Hypergeometric2F1[1, 1 + n, 2

+ n, (a + bxTan[c + d*x])/(a - Sqrt[-b"2])]*(a + bxTan[c + d*x])~(1 + n))/(

4xb* (a2 + b"2)*(a - Sqrt[-b72])*d*(1 + n)) - ((a*b™2%n - Sqrt[-b~2]*(a"2 +
b~2%(1 + n)))*Hypergeometric2F1i[1, 1 + n, 2 + n, (a + bxTan[c + d*x])/(a +
Sqrt[-b~2])]*(a + b*Tan[c + d*x])~(1 + n))/(4xbx(a"2 + b~"2)*(a + Sqrt[-b~2
1)*dx(1 + n)) - (Cos[c + d*x]~2*(b + axTan[c + d*x])*(a + b*Tan[c + d*x])~(

1 + 1n))/(2*x(a"2 + b~2)*d)

Rubi [A] time = 0.367371, antiderivative size = 276, normalized size of antiderivative =
number of rules

1., number of steps used = 6, number of rules used = 4, integrand size = 21, “ntegrand size
0.19, Rules used = {3516, 1649, 831, 68}
-b?(a* + b*(n+1)) + ab*n| (a + btan(c + dx JFilL,n+1,n+2, ——— ab‘n — V-b*(a* + b*(n +
VB2 (a2 + B2(n +1)) + ab®n) (a + btan(c + dx))™! ,F; (1,1 +1 arbtan(cidy) v — V12 (a2 + B2(n + 1

a—V-b? _

4bd(n +1) (a2 + 12) (a - \/—_bz) 4

Antiderivative was successfully verified.

[In] Int[Sin[c + d*x]"2*x(a + bx*Tan[c + d*x]) n,x]

[Out] -((a*b™2*n + Sqrt[-b"2]*(a"2 + b"2x(1 + n)))*Hypergeometric2F1[1, 1 + n, 2
+ n, (a + b*Tan[c + d*x])/(a - Sqrt[-b"2])]*(a + b*Tan[c + d*x])~(1 + n))/(

4xb* (2”2 + b"2)*(a - Sqrt[-b"2])*d*x(1 + n)) - ((a*b”2%n - Sqrt[-b"2]*(a"2 +
b~2%(1 + n)))*Hypergeometric2F1i[1, 1 + n, 2 + n, (a + bxTan[c + d*x])/(a +
Sqrt[-b~2])]*(a + b*Tan[c + d*x])~(1 + n))/(4*bx(a”2 + b~"2)*(a + Sqrt[-b~2
1)*d*x(1 + n)) - (Coslc + d*x]~2x(b + a*Tan[c + d*x])*(a + b*Tan[c + d*x])~(

1 + n))/(2%(a"2 + b~2)*d)

Rule 3516

Int[sin[(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTan[e + f*x]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]
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Rule 1649

Int[(Pq )*((d_) + (e_.)*x(x_)) " (m_.)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol]
> With[{Q = PolynomialQuotient[Pq, a + c*x~2, x], f = Coeff[PolynomialRemai
nder[Pq, a + c*x”2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + c*x72,
x], x, 11}, -Simp[((d + exx)"(m + 1)*(a + c*x"2)"(p + 1) *(a*x(exf - d*xg) +
(ckxd*xf + axexg)*x))/(2%a*x(p + 1)*(c*xd”2 + a*xe”2)), x] + Dist[1/(2%a*x(p + 1)
x(cxd™2 + a*e”2)), Int[(d + exx)"m*(a + c*x72)"(p + 1)*ExpandToSum[2*a*x(p +
D*x(cxd™2 + a*e”2)*xQ + c*xd™2xf*(2*p + 3) - axex(d*gxm - exfx(m + 2*p + 3))
+ ex(c*xd*f + axexg)*(m + 2%p + 4)*x, x], x], x]] /; FreeQ[{a, c, d, e, m},
x] && PolyQ[Pq, x] && NeQ[c*d~2 + a*e™2, 0] && LtQ[p, -1] && !'(IGtQ[m, O]
&& RationalQ[a, c, d, e] && (IntegerQ[p] || ILtQ[p + 1/2, 0]))

Rule 831

Int[(((d_.) + (e_.)*x(x_))"(m_)*((f_.) + (g_.)*(x_)))/((a_) + (c_.)*(x_)72),
x_Symbol] :> Int[ExpandIntegrand[(d + e*x)™m, (f + g*x)/(a + c*x72), x], x
1 /; FreeQ[{a, c, d, e, £, g}, x] && NeQ[c*d"2 + a*e™2, 0] & !'RationalQ[m
]

Rule 68

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
b*c - a*xd) nx(a + b*x) " (m + 1)+*Hypergeometric2Fi[-n, m + 1, m + 2, -((d*(a
+ bxx))/(bxc - a*d))])/ (b~ (n + V*(m + 1)), x] /; FreeQ[{a, b, ¢, 4, m}, x]
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] && IntegerQ[n]

Rubi steps
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T

; dx,x,btan(c + dx))

x2(a+x)
b Subst ( f )

f sin?(c + dx)(a + b tan(c + dx))" dx = -

(a+x)" (—bz(az

_ _cosz(c +dx)(b + atan(c + dx))(a + btan(c + dx))1*" Subst (f -

2(a2 +12)d -
ab*n-b2V-1
Subst [f(&

21

_ _cosz(c +dx)(b + atan(c + dx))(a + btan(c + dx))1*"

2(a2 +12)d
2. _ A/ 2
_ _cosz(c +dx)(b + atan(c + dx))(a + btan(c + dx))1*" ~ (ab n=V-b? (a +0
2(a2 +12)d
2 2 (2 2 . _a+b tan(c+dx))
(ab n+V-b (a + b (1 + n))) »F1 (1,1 +1;2 +n; — V7 (a + btan(c

4 (@ + 12) (a - \/—_b2) d(1 + )

Mathematica [A] time = 1.08754, size = 270, normalized size = 0.98

(a + btan(c + dx))™1 ((azbz(n 1)+ VB —a (~b2) @0 +1) + bH(—(n + 1))) JF (1, nlin+2; M) - (

a—V-b2

4bd(

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~2*(a + b*Tan[c + d*x]) n,x]

[Out] (((a™3*Sqrt[-b~2] + a™2*b”2%(-1 + n) - b™4*(1 + n) - ax(-b~2)7(3/2)*(1 + 2%
n))*Hypergeometric2F1[1, 1 + n, 2 + n, (a + bxTan[c + d*x])/(a - Sqrt[-b~2]

)] - (a”3#Sqrt[-b~2] - a”2*b”2*(-1 + n) + b™4*x(1 + n) - ax(-b"2)"(3/2)*(1 +

2xn) ) *Hypergeometric2F1[1, 1 + n, 2 + n, (a + b*Tan[c + d*x])/(a + Sqrt[-b

~2]1)] + 2%b*x(a”2 + b"2)*(1 + n)*Cos[c + d*x]*(b*Cos[c + d*x] + a*Sin[c + dx
x]1))*(a + bxTan[c + d*x])~(1 + n))/(4xb*(a"2 + b"2)*(-a + Sqrt[-b"2])*(a +
Sqrt[-b~2])*d*(1 + n))

Maple [F] time = 0.473, size = 0, normalized size = 0.

f (sin (dx + 0))? (a + b tan (dx + ¢))" dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) " 2*(a+bxtan(d*x+c)) n,x)

[Out] int(sin(d*x+c) ~2*(at+b*tan(d*x+c)) n,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)" sin (dx + ¢)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(dx*x+c) 2x(at+b*tan(d*x+c)) n,x, algorithm="maxima")

[Out] integrate((b*tan(d*x + c) + a) n*sin(d*x + c)~2, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (—(COS (dx + c)2 - 1)(b tan (dx + ¢) + a)", x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 2x(atb*tan(d*x+c)) n,x, algorithm="fricas")

[Out] integral(-(cos(d*x + c)~2 - 1)*(b*tan(d*x + c) + a)"n, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**2*(atb*tan(d*x+c))**n,x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)" sin (dx + ¢)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 2*x(atb*tan(d*x+c)) n,x, algorithm="giac")

[Out] integrate((b*tan(d*x + c) + a) n*sin(d*x + c)~2, x)
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3.86 [ cscX(c+dx)(a+btan(c + dx))" dx

Optimal. Leaf size=48

b(a + btan(c + dx))"*! ,F; (Z,n +1Ln+2; btanz(szX) + 1)

a2d(n +1)

[Out] (bxHypergeometric2F1[2, 1 + n, 2 + n, 1 + (b*Tan[c + d*x])/alx(a + bxTan[c
+ d*x])~(1 + n))/(a"2*d*(1 + n))

Rubi [A] time = 0.0548995, antiderivative size = 48, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 21, L

integrand size
0.095, Rules used = {3516, 65}

b(a + btan(c + dx))"*! ,F; (2,n +1n+2; btaninX) + 1)

a2d(n +1)

Antiderivative was successfully verified.

[In] Int[Csclc + d*x] 2*(a + b*Tan[c + d*x]) n,x]

[Out] (bxHypergeometric2F1[2, 1 + n, 2 + n, 1 + (b*Tan[c + d*x])/alx(a + bxTanl[c
+ d*xx])~(1 + n))/(a"2*d*(1 + n))

Rule 3516

Int[sin[(e_.) + (f_)*x )] " (m )*((a_) + (b_.)*tan[(e_.) + (f_)*(x)1)"(n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 65

Int[((b_)*(x_))"(m_ )*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((c + d*x
)" (n + 1)xHypergeometric2F1[-m, n + 1, n + 2, 1 + (d*x)/c])/(d*x(n + 1)*(-(d
/(bxc)))"m), x] /; FreeQ[{b, c, d, m, n}, x] && !'IntegerQ[n] &% (IntegerQ[
m] || GtQ[-(d/(b*c)), 0])

Rubi steps
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b Subst ( f @+ dx,x,btan(c + dx))

x2

fcscz(c +dx)(a + btan(c + dx))" dx = y
b,F, (2,1 +m2+m1+ M) (a + btan(c + dx))*"

B a2d(1 + n)

Mathematica [A] time = 0.875393, size = 48, normalized size = 1.

b(a + btan(c + dx))™1 ,F (2,,1 1 2y L) 1)

a2d(n +1)

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~2*(a + b*Tan[c + d*x]) n,x]

[Out] (b*Hypergeometric2F1[2, 1 + n, 2 + n, 1 + (b*Tan[c + d*x])/al*(a + b*Tan[c
+ d*x])~(1 + n))/(a"2*d*(1 + n))

Maple [F] time = 0.239, size = 0, normalized size = 0.

f (csc (dx + )% (a + btan (dx + ¢))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) " 2*(a+b*tan(d*x+c)) n,x)

[Out] int(csc(d*x+c) 2*(atb*tan(d*x+c)) n,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (btan (dx + ¢) + )" csc (dx + c)? dx

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(csc(d*x+c) 2% (atb*tan(d*x+c)) n,x, algorithm="maxima")

[Out] integrate((b*tan(d*x + c) + a) n*csc(d*x + ¢c)~2, x)

455

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((b tan (dx + ¢) + a)" csc (dx + c)2 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2x(atb*tan(d*x+c)) n,x, algorithm="fricas")

[Out] integral((bxtan(d*x + c) + a) n*xcsc(d*x + c)72, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**2*(atb*tan(d*x+c))**n,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (btan (dx + ¢) + a)" csc (dx + ¢)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 2x(atb*tan(d*x+c)) n,x, algorithm="giac")

[Out] integrate((bxtan(d*x + c) + a) n*xcsc(d*x + c)72, x)
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3.87 [ csct(c+dx)(a+btan(c + dx))" dx

Optimal. Leaf size=140

btan(c+dx)

2 12 (2 1 i i
b(6a +b (n —3n+2))(a+btan(c+dx))’“r »Fq (2,n+1,n+2, +1) . b(2 — 1) cot?(c + dx)(a + b tan(c

6atd(n +1) 6a%d

[Out] (b*(2 - n)*Cot[c + d*x]~2%(a + b*Tan[c + d*x])~(1 + n))/(6%a~2xd) - (Cotlc
+ d*x]"3%(a + b*Tan[c + d*x])~(1 + n))/(3*xaxd) + (b*(6*a”2 + b~ 2%(2 - 3*n +
n~2))*Hypergeometric2F1[2, 1 + n, 2 + n, 1 + (b*Tan[c + d*x])/al*(a + b*Ta

nlc + d*x])~(1 + n))/(6*%a"4*d*(1 + n))

Rubi [A] time = 0.12994, antiderivative size = 140, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 21, number of rules

integrand size
0.19, Rules used = {3516, 950, 78, 65}

btan(c+dx)

2 12 (2 n+l ) .
b(6a +b (n —3n+2))(a+btan(c+dx)) o (2,n+1,n+2, +1) . b(2 - 1) cot(c + dx)(a + b tan(c-
6a*d(n +1) 6a2d

Antiderivative was successfully verified.

[In] Int[Csclc + d*x] 4*x(a + bxTan[c + d*x]) n,x]

[Out] (b*x(2 - n)*Cot[c + d*x]~2x(a + bxTan[c + d*x])~(1 + n))/(6xa"2xd) - (Cotlc
+ d*x]"3*%(a + b*Tan[c + d*x])~(1 + n))/(3*a*xd) + (b*x(6*a”2 + b~ 2*(2 - 3*n +
n~2))*Hypergeometric2F1[2, 1 + n, 2 + n, 1 + (bxTan[c + d*x])/al*(a + b*Ta

nlc + dxx])~(1 + n))/(6*%a"4*d*(1 + n))

Rule 3516

Int[sinl(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)]1) " (n_
), x_Symbol] :> Dist[b/f, Subst[Int[(x"m*(a + x)"n)/(b"2 + x72)"(m/2 + 1),
x], x, bxTanl[e + fxx]], x] /; FreeQ[{a, b, e, f, n}, x] && IntegerQ[m/2]

Rule 950

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*x(x_))"(n_)*((a_) + (c_.)*(x_)"
2)"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[(a + c*x72)7p, d + e*x
, x], R = PolynomialRemainder[(a + c*xx~2)7p, d + e*x, x]}, Simp[(R*x(d + exx
) (m + D*x(f + gxx)"(m + 1))/((m + 1)*(exf - dxg)), x] + Dist[1/((m + 1)*(e
xf - dxg)), Int[(d + exx)"(m + 1)*x(f + g*x) n*ExpandToSum[(m + 1)*(exf - dx
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g)*Qx - gxR*(m + n + 2), x], x], x]] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ
[exf - dxg, 0] && NeQ[c*d™2 + axe”2, 0] &% IGtQ[p, 0] && LtQ[m, -1]

Rule 78

Int[((a_.) + (b_D)*(x_))*((c_.) + (d_.)*x(x_))"(n_.)*((e_.) + (£_.)*x(x_))"(p
_.), x_Symbol] :> -Simp[((bxe - a*f)*(c + d*x)"(n + D)x(e + £xx)"(p + 1))/(
fx(p + 1)*(cxf - d*xe)), x] - Dist[(axd*fx(n + p + 2) - bx(d*ex(n + 1) + cxf
x(p + 1))/ (£x(p + 1)*(cxf - d*e)), Int[(c + d*xx)"n*x(e + f*xx)~(p + 1), x],
x] /; FreeQ[{a, b, c, d, e, f, n}, x] && LtQ[p, -1] && ( !'LtQ[n, -11 || Int
egerQlp] || !(IntegerQ[n] || !(EqQle, 0] || '(EqQlc, 0] Il LtQlp, nl))))

Rule 65

Int[((b_.)*(x )) " (m_ )*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((c + dx*x
)" (n + 1)xHypergeometric2F1[-m, n + 1, n + 2, 1 + (d*x)/c])/(d*(n + 1)*(-(d
/(b*c)))"m), x] /; FreeQ[{b, c, d, m, n}, x] && !'IntegerQ[n] && (IntegerQ[
m] || GtQ[-(d/(b*xc)), 0])

Rubi steps
a+x)" (b2 +x2
b Subst f % dx, x,btan(c + dx))
f csc(c + dx)(a + btan(c + dx))" dx = -
(a+x)”(b2(2—n)—3ax)
b Subst dx,x,bt
 cot®(c + dx)(a + btan(c + dx))+ Subs (f 2 oot
- 3ad 3ad

_b2-n) cot?(c + dx)(a + btan(c + dx))1*" ~ cot(c + dx)(a + btan(c + dx))
B 6a%d 3ad

_ b2 —n)cot?(c + dx)(a + btan(c + dx))*"  cot®(c + dx)(a + btan(c + dx))
- 6a2d 3ad

Mathematica [A] time = 1.24389, size = 78, normalized size = 0.56

b(a + btan(c + dx))" (a2 ,Fy (2,1 + 1;n 4+ 2; 222D q) 4 2 B (4,04 150+ 2, ZE2EHD g
a a
a*d(n +1)

Antiderivative was successfully verified.
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[In] Integrate[Cscl[c + dxx] 4*(a + b*Tan[c + d*x]) n,x]

[Out] (b*x(a"2+Hypergeometric2F1[2, 1 + n, 2 + n, 1 + (b*Tan[c + d*x])/a] + b~ 2*Hy
pergeometric2F1[4, 1 + n, 2 + n, 1 + (b*Tan[c + d*x])/al)*(a + bxTan[c + d*

x]1)7(1 + n))/(a"4*d*(1 + n))

Maple [F] time = 0.229, size = 0, normalized size = 0.

f (csc (dx + ) (a + btan (dx + ¢))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) " 4*(a+bxtan(d*x+c)) "n,x)

[Out] int(csc(d*x+c) 4*(at+b*tan(d*x+c)) n,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)" csc (dx + ¢)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) “4*(atb*tan(d*x+c)) n,x, algorithm="maxima")

[Out] integrate((b*tan(d*x + c) + a) n*csc(d*x + c)”4, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((b tan (dx + ¢) + a)" csc (dx + c)4 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) ~4x(atb*tan(d*x+c)) n,x, algorithm="fricas")

[Out] integral((bxtan(d*x + c) + a) n*xcsc(d*x + c)74, x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**4*(atb*tan(d*x+c))**n,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)" csc (dx + o) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 4x(atb*tan(d*x+c)) n,x, algorithm="giac")

[Out] integrate((b*tan(d*x + c) + a) n*csc(d*x + c)”4, x)
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3.88  [sin’(c+dx)(a+ btan(c + dx))" dx

Optimal. Leaf size=23

Cannotlntegrate (sin3(c + dx)(a + btan(c + dx))”,x)

[Out] CannotIntegrate[Sin[c + d*x]~3*(a + bxTan[c + d*x])"n, x]

Rubi [A] time = 1.97873, antiderivative size = 0, normalized size of antiderivative = 0.,

. . ber of rul
number of steps used = 0, number of rules used = 0, integrand size = 0, /e o0,

integrand size
Rules used = {}

f sin®(c + dx)(a + b tan(c + dx))" dx

Verification is Not applicable to the result.

[In] Int[Sin[c + d*x]~3*x(a + bxTan[c + d*x]) n,x]
[Out] Defer[Int][Sin[c + d*x]~3*(a + b*Tan[c + d*x])"n, x]

Rubi steps

f sin®(c + dx)(a + b tan(c + dx))" dx = f sin®(c + dx)(a + b tan(c + dx))" dx

Mathematica [A] time = 3.06851, size = 0, normalized size = 0.

f sin®(c + dx)(a + b tan(c + dx))" dx

Verification is Not applicable to the result.

[In] Integrate[Sin[c + d*x]~3*(a + b*Tan[c + d*x]) n,x]

[Out] Integrate[Sin[c + d*x]~3*(a + bxTan[c + d*x])"n, x]
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Maple [A] time = 0.542, size = 0, normalized size = 0.

f(sin (dx + )’ (a + btan (dx + ¢))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) " 3*(at+b*tan(d*x+c)) "n,x)

[Out] int(sin(d*x+c) " 3*x(atbx*tan(d*x+c)) n,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)" sin (dx + ¢)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 3*(atb*tan(d*x+c)) n,x, algorithm="maxima")

[Out] integrate((b*tan(d*x + c) + a) n*sin(d*x + ¢c)~3, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral (—(cos (dx + c)2 - 1)(17 tan (dx + ¢) + a)" sin (dx + ¢), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) ~3*(atb*tan(d*x+c)) n,x, algorithm="fricas")

[Out] integral(-(cos(d*x + c)~2 - 1)*(b*tan(d*x + c) + a) n*sin(d*x + c), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c)**3%(atb*tan(d*x+c))**n,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)" sin (dx + ¢)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) " 3*(atb*tan(d*x+c)) n,x, algorithm="giac")

[Out] integrate((b*tan(d*x + c) + a) n*sin(d*x + c)~3, x)
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3.89  [sin(c+dx)(a+ btan(c + dx))" dx

Optimal. Leaf size=21

Cannotlntegrate (sin(c + dx)(a + b tan(c + dx))", x)

[Out] CannotIntegrate[Sin[c + d*x]*(a + b*Tan[c + d*x])"n, x]

Rubi [A] time = 0.855052, antiderivative size = 0, normalized size of antiderivative = 0.,

. . ber of rul
number of steps used = 0, number of rules used = 0, integrand size = 0, = _ (),

integrand size
Rules used = {}

f sin(c + dx)(a + b tan(c + dx))" dx

Verification is Not applicable to the result.

[In] Int[Sin[c + d*x]*(a + b*Tan[c + d*x]) n,x]
[Out] Defer[Int][Sin[c + d*x]*(a + b*Tan[c + d*x])"n, x]

Rubi steps

f sin(c + dx)(a + b tan(c + dx))" dx = f sinc + dx)(a + b tan(c + dx))" dx

Mathematica [A] time = 2.18546, size = 0, normalized size = 0.

f sinc + dx)(a + b tan(c + dx))" dx

Verification is Not applicable to the result.

[In] Integrate[Sin[c + d*x]*(a + b*Tan[c + d*x]) n,x]

[Out] Integrate[Sin[c + d*x]*(a + b*Tan[c + d*x])"n, x]




Maple [A] time = 0.041, size = 0, normalized size = 0.

fsin (dx + ¢) (a + btan (dx + ¢))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c)*(a+b*tan(d*x+c)) n,x)

[Out] int(sin(d*x+c)*(a+b*tan(d*x+c)) n,x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

f (btan (dx + ¢) + a)" sin (dx + ¢) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(atbxtan(d*x+c)) n,x, algorithm="maxima")

[Out] integrate((b*tan(d*x + c) + a) n*sin(d*x + c), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((b tan (dx + ¢) + a)" sin (dx + ¢), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(atbxtan(d*x+c)) n,x, algorithm="fricas")

[Out] integral((b*tan(d*x + c) + a)~n*sin(d*x + c), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f(a + btan (c + dx))" sin (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(d*x+c)*(atb*tan(d*x+c))**n,x)

[Out] Integral((a + bxtan(c + d*x))**n*sin(c + d*x), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)" sin (dx + ¢) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)*(atb*tan(d*x+c)) n,x, algorithm="giac")

[Out] integrate((b*tan(d*x + c) + a) n*sin(d*x + c), x)
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390 [ csc(c+dx)(a+btan(c + dx))" dx

Optimal. Leaf size=21

CannotlIntegrate (csc(c + dx)(a + b tan(c + dx))", x)

[Out] CannotIntegrate[Csc[c + d*x]*(a + b*Tan[c + d*x])"n, x]

Rubi [A] time = 0.486547, antiderivative size = 0, normalized size of antiderivative = 0.,

. . ber of rul
number of steps used = 0, number of rules used = 0, integrand size = 0, "= _ (),

integrand size
Rules used = {}

f csc(c + dx)(a + b tan(c + dx))" dx

Verification is Not applicable to the result.

[In] Int[Csclc + d*x]*(a + bx*Tan[c + d*x]) n,x]
[Out] Defer[Int] [Csc[c + d*x]*(a + b*Tan[c + d*x])"n, x]

Rubi steps

fcsc(c + dx)(a + btan(c + dx))" dx = fcsc(c + dx)(a + btan(c + dx))" dx

Mathematica [A] time = 1.52046, size = 0, normalized size = 0.

fcsc(c + dx)(a + btan(c + dx))" dx

Verification is Not applicable to the result.

[In] Integrate[Csc[c + d*x]*(a + bxTan[c + d*x]) n,x]

[Out] Integrate[Cscl[c + d*x]*(a + b*Tan[c + d*x])"n, xI]
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Maple [A] time = 0.23, size = 0, normalized size = 0.

fcsc (dx + ¢) (a + btan (dx + ¢))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)*(a+bxtan(d*x+c)) "n,x)

[Out] int(csc(d*x+c)*(at+b*tan(d*x+c)) n,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)" csc (dx + c) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c)) n,x, algorithm="maxima")

[Out] integrate((b*tan(d*x + c) + a) n*csc(d*x + c), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((b tan (dx + ¢) + a)" csc (dx +¢), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c)) n,x, algorithm="fricas")

[Out] integral((b*tan(d*x + c) + a)~n*csc(d*x + c), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(d*x+c)*(atbxtan(d*x+c))**n,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)" csc (dx + ¢) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)*(atbxtan(d*x+c)) n,x, algorithm="giac")

[Out] integrate((b*tan(d*x + c) + a) n*csc(d*x + c), x)
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3.91 f csc(c + dx)(a + btan(c + dx))" dx

Optimal. Leaf size=23

CannotIntegrate (csc3(c + dx)(a + btan(c + dx))", x)

[Out] CannotIntegrate[Csc[c + d*x]~3*(a + b*Tan[c + d*x])~"n, x]

Rubi [A] time = 1.69981, antiderivative size = 0, normalized size of antiderivative = 0.,

. . ber of rul
number of steps used = 0, number of rules used = 0, integrand size = 0, e o e

Rules used = {}

integrand size ”

fcsc3(c +dx)(a + btan(c + dx))" dx

Verification is Not applicable to the result.

[In] Int[Csclc + d*x]~3*(a + b*Tan[c + d*x]) n,x]
[Out] Defer[Int] [Csc[c + d*xx] 3*x(a + b*Tan[c + d*x]) n, x]

Rubi steps

fcsc3(c +dx)(a + btan(c + dx))* dx = fcsc3(c +dx)(a + btan(c + dx))" dx

Mathematica [A] time = 2.85234, size = 0, normalized size = 0.

f csc3(c + dx)(a + btan(c + dx))" dx

Verification is Not applicable to the result.

[In] Integrate[Cscl[c + d*x]~3*(a + b*Tan[c + d*x]) n,x]

[Out] Integrate[Cscl[c + d*x]~3x(a + bxTan[c + d*x])"n, x]
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Maple [A] time = 0.189, size = 0, normalized size = 0.

f(csc (dx + 0))° (a + btan (dx + ¢))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) 3*(a+b*tan(d*x+c)) n,x)

[Out] int(csc(d*xx+c) " 3*x(atb*tan(d*x+c)) n,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)" csc (dx + ¢)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 3% (atb*tan(d*x+c)) n,x, algorithm="maxima")

[Out] integrate((b*tan(d*x + c) + a) n*csc(d*x + ¢c)~3, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((b tan (dx + ¢) + a)" csc (dx + c)3 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) 3*(atb*tan(d*x+c)) n,x, algorithm="fricas")

[Out] integral((bxtan(d*x + c) + a) n*xcsc(d*x + c)73, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(d*x+c)**3%(atb*tan(d*x+c))**n,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

f(b tan (dx + ¢) + a)" csc (dx + ¢)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) "3*(atb*tan(d*x+c)) n,x, algorithm="giac")

[Out] integrate((b*tan(d*x + c) + a) n*csc(d*x + ¢c)~3, x)



472



ol e S R

LT S S o S e S S S S S Sy S S et
H S © 0 N A W N R o ©

Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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94
95
96
97
98
99
100
101
102
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then




56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101

if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417
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109
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116
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131
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139
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143
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is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
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ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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